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Abstract—In mode-division-multiplexing systems, multi-input
multi-output (MIMO) equalization is used to compensate for linear impairments, including modal dispersion (MD) and modal
crosstalk. The MIMO equalizer memory length depends on the
group delay (GD) spread arising from MD. The GD spread arising
from MD can be significantly reduced by introducing strong mode
coupling via mode scramblers. We study the design of such mode
scramblers implemented as long-period multimode fiber gratings
for systems using D = 12 modes (six spatial modes). By optimizing the grating chirp function, we minimize the mode-dependent
loss (MDL) of the grating while ensuring full intergroup mode coupling. We find a design yielding MDL and mode-averaged loss in
the C band not exceeding 0.36 and 0.45 dB, respectively. We also
verify the effect of such mode scramblers on the GD scaling of a
long-haul system, demonstrating that the scramblers reduce the
scaling of GD spread with length from a linear to a square-root
dependence, as expected in the strong coupling regime.
Index Terms—Fiber gratings, mode coupling, multiplexing,
optical fibers.

I. INTRODUCTION
S Internet traffic continues growing rapidly, the capacity
of long-haul single-mode fiber (SMF) transmission systems is approaching information-theoretic limits [1]. Parallel
transmission in multi-core fibers or mode-division multiplexing
(MDM) in multi-mode fibers (MMFs) have been proposed as
methods to increase per-fiber capacity [2]–[4]. Transmission capacity in MDM systems ideally scales in proportion to the number of modes employed [3], [4]. MMF is currently widely used
for short-range optical links because of relaxed connector alignment tolerances and reduced transceiver component costs [5].
Current long-haul SMF systems already employ multiplexing
in the two polarization modes, and use coherent detection and
digital signal processing (DSP) to compensate for chromatic
dispersion (CD), polarization-mode dispersion (PMD) and polarization crosstalk [6], [7]. A 2×2 MIMO equalizer is used to
compensate for the PMD and crosstalk. Similarly, in an MDM
system employing D modes (including spatial and polarization
degrees of freedom), a D × D MIMO equalizer is used to compensate for modal dispersion (MD) and crosstalk. The computational complexity of this MIMO equalizer increases with the
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number of modes D because of an increased dimensionality, and
because of the group delay (GD) spread associated with MD,
which can far exceed the GD spread associated with PMD or
CD. One of the primary goals of MDM is reducing energy consumption per transmitted bit [8]. Hence, reducing GD spread
and the computational complexity and resulting energy consumption of the MIMO equalizer are particularly important for
the feasibility of MDM systems.
One way of reducing the GD spread in MMF is by inducing
strong mode coupling in the fiber [9], [10]. This approach is
synergistic with a low uncoupled GD spread, which tends to
facilitate mode coupling. In the presence of mode coupling, by
generalizing the concept of the polarization correlation length
in SMF [11], [12] one can define a modal correlation length
over which modal fields [13] in a MMF are correlated. In the
strongly coupled MDM system, when the total system length
is much longer than the correlation length, the GD spread due
to MD is reduced substantially, and scales in proportion to the
square-root of the total system length [9], [10].
In addition to reducing GD spread and the related MIMO
equalization complexity, strong mode coupling also mitigates
the effects of mode-dependent loss or gain (collectively referred
to as MDL), thus increasing average channel capacity and reducing outage probability [3], [14]. Strong mode coupling and
MD create frequency diversity, which further reduces the outage
probability [15].
Unintentional mode coupling can arise from random index
perturbations, bends, twists or crosstalk at modal (de)multiplexers and other components. Such unintentional mode coupling
easily occurs between modes within the same mode group,
an effect known as intragroup mode coupling, due to close
values of modal propagation constants with subsequent strong
longitudinal spatial correlation. However, coupling between
modes from different mode groups, known as intergroup mode
coupling, is harder to achieve, and might require inserting
mode scramblers in each fiber span. One way of implementing
such a scrambler is to use a long-period multimode fiber
grating (LPMFG) with grating period tuned to phase-match
modes from adjacent mode groups. However, a careful design
is required to ensure full intergroup coupling and minimal
coupling to leaky unguided modes. Such gratings are typically
fabricated using illumination of the germanosilicate fiber core
material with ultraviolet laser light, which induces a permanent
modification of the refractive index [16].
In this paper, we study LPMFGs for mode coupling in MDM
systems supporting D = 12 modes. Assuming a graded- index with graded depressed cladding (GIGDC) profile, which
achieves low uncoupled GD spread [17], we calculate the guided
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Fig. 1.

Diagram of a tilted fiber grating. Λ: grating period, θ: grating tilt.

and leaky modal field profiles, propagation constants and uncoupled GDs. We then model propagation of both guided and leaky
modes in the LPMFG by using coupled mode theory [18]. By using a multi-section LPMFG with each section having a slightly
different effective grating period, we optimize for minimal coupling to the leaky modes while maintaining full intergroup mode
coupling. We show that inserting an LPMFG in each fiber span
indeed reduces the scaling of GD spread with distance from a
linear to a square-root dependence, as expected for strong mode
coupling.
The remainder of the paper is organized as follows. Section
II describes modeling of modal propagation in LPMFGs and
the design methodology for LPMFGs. Section III presents numerical results for our design of a single LPMFG and discusses
its application in MDM systems. Sections IV and V provide
discussion and conclusion, respectively.

It is known [21] that when the medium surrounding the
cladding has a refractive index lower than the cladding, the
fiber also supports guided cladding modes. However, this case
is of limited practical interest, since deployed fibers are typically
coated by a protective polymer coating that has a refractive index
higher than the cladding.
In order to properly model modal coupling induced by an
LPMFG, we first solve for the guided and leaky modes supported by the LPMFG. We use a numerical vector mode solver
based on radial discretization [22] without assuming weak guidance, and including fiber material dispersion. In order to calculate the leaky modes, which in turn approximate a continuum
of radiation modes, the solver uses an outer perfectly matched
layer terminated with zero boundary condition. We solve for
field patterns Em (r,φ) and propagation constants βm of both
leaky and guided modes in a unified manner for modeling coupling in the LPMFG. We also calculate uncoupled GDs per unit
length of the guided modes by estimating first derivatives of
their propagation constants with respect to optical frequency for
later MDM system simulations.
It is known that guided modes in GIGDC fibers form mode
groups having nearly equally spaced average propagation constants. The propagation constant spacing Δβ between adjacent
mode groups determines the grating period Λ (Fig. 1) required
to phase-match those mode groups:

II. DESIGN AND MODELING METHODOLOGY
The diagram of a tilted fiber grating is shown in Fig. 1. We assume that LPMFG has the same GIGDC refractive index profile
as the transmission fiber and supports D guided modes.
A. Guided and Leaky Modes
In principle, any electric field distribution launched into the
fiber can be fully decomposed into a set of modes, which may
be classified as guided modes or radiation modes.
Guided modes are mutually orthogonal solutions of the wave
equation for a given refractive index profile of the fiber. These
modes are discrete, and there is a finite number of them supported by a fiber. Because the core, on average, has a higher
refractive index than the cladding, a fiber supports at least a pair
of degenerate modes, as in SMF, or multiple spatial and polarization modes, as in MMF. In our modeling, guided modes have
purely real propagation constants with no leakage, although in
practice they get slowly attenuated as a result of material absorption and coupling to radiation modes due to fiber bends and
twists.
Radiation modes comprise a continuum of modes whose
wavevectors have a component orthogonal to the fiber axis, leading to power leakage. They are also sometimes called cladding
modes or unbound modes. Radiation modes are present regardless of the relationship between the refractive indices of the
cladding and the medium surrounding it. It is known [19], [20]
that the continuum of radiation modes can be conveniently modeled as a discrete set of so-called leaky modes. Leaky modes
have complex propagation constants. The imaginary component of the propagation constant of a leaky mode represents the
leakage per unit length.
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Λ=

2π
.
Δβ

(1)

B. Coupled-Mode Propagation
In order to compute the overall coupling matrix describing the
LPMFG, we use coupled-mode theory and model propagation
of guided and leaky modes in the device for different launching
conditions. The evolution of the complex amplitude am (z) of
the mth mode is described by

dam
+ jβm am = −j
κm n an
(2)
dz
n
where κm n is a coupling coefficient between the mth and nth
modes, which in turn can be expressed in terms of an overlap of
their normalized mode profiles [18]

ε0 ω
n̄(r)Δn(z  )E m · E n dS (3)
κm n ≈
2 E tm , H tm 
where
E tm , H tm  =

1
2


(E tm × H tm ) · ẑdS.

(4)

Here, E tm and H tm are the transverse components of the
electric and magnetic field profiles of the mth mode, n̄(r)is the
refractive index profile in the absence of grating index perturbation, and Δn(z’) is the index perturbation written in the grating
along the tilt axis z’, as shown in Fig. 1.
In order to compute the integral in Eq. (4), we express
the modal electric field distributions in cylindrical coordinates
(r,φ,z). The exact form depends on the polarization of the modes.
The electric field distributions of p-polarized modes in polar
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μ+ν
−
+
Km
(10)
Km
n = (−1)
n
 2π
2π
C (r) =
cos (μφ) cos (νφ) exp j r tan θ cos φ dφ
Λ
0

coordinates are [18]
⎡

Er m (r) cos (μφ)

⎤

⎢
⎥
E m (r, φ) = ⎣ Eφm (r) sin (μφ) ⎦ ,
Ez m (r) cos (μφ)
⎡
⎤
Er n (r) cos (νφ)
⎢
⎥
E n (r, φ) = ⎣ Eφn (r) sin (νφ) ⎦ .


S (r) =
(5)

(11)
2π

sin (μφ) sin (νφ) exp j
0

2π
r tan θ cos φ dφ.
Λ
(12)

Ez n (r) cos (νφ)
Here, μ and ν are the azimuthal numbers of the modes
numbered m and n respectively; Er m (r), Eφm (r), Ez m (r) and
Er n (r), Eφn (r), Ez n (r) are the radial, azimuthal and z components of the radial-dependent part of the electric field distributions of modes m and n respectively.
Similarly, the mth and nth s-polarized modes are [18]
⎡
⎤
Er m (r) sin (μφ)
⎢
⎥
E m (r, φ) = ⎣ −Eφm (r) cos (μφ) ⎦ ,
Ez m (r) sin (μφ)
⎡

Er n (r) sin (νφ)

⎤

⎢
⎥
E n (r, φ) = ⎣ −Eφn (r) cos (νφ) ⎦ .

(6)

Ez n (r) sin (νφ)
Before we substitute Eq. (5) or Eq. (6) into (3), we assume
that the index modulation of the grating is sinusoidal and is
present only in the fiber core region:




Δn (z ) = 2χ̂ (z ) cos
≈ 2χ (z) cos

2π
z  + ϕ̂ (z  )
Λ cos θ
2π
(z + x tan θ) + ϕ (z) . (7)
Λ

Here, χ̂ (z  ) ≈ χ̂ (z cos θ) = χ (z) is the modulation depth
and ϕ̂ (z  ) ≈ ϕ̂ (z cos θ) = ϕ (z) is a grating chirp function used
to fine tune the local effective grating period. We have assumed
that the modulation depth and chirp functions vary slowly, leading to the approximation z  = z cos θ + x sin θ ≈ z cos θ in the
arguments of these functions. This approximation is applicable
because the fiber core diameter is much smaller than the grating
length.
We can now compute coupling coefficients between p-modes
by substituting Eqs. (5) and (7) into (3) and integrating over the
azimuthal angle φ:

2π
+
z
+
ϕ
(z)
exp
+j
κ m n = Km
n
Λ

2π
−
z + ϕ (z)
χ (z) (8)
+ Km n exp −j
Λ
where
+
Km
n =

ε0 ω
2 E tm , H tm 
 rc o
n̄(r)r [ (Eφm Eφn ) S (r)
×
0

+ (Er m Er n + Ez m Ez n ) C (r)] dr

(9)

We have grouped together the azimuthal integrations into
functions C(r) and S(r). To obtain coupling coefficients between
s–polarized modes, we substitute Eqs. (6) and (7) into Eq. (3)
and integrate over φ. It can be shown that Eq. (8) still holds
for the s-modes provided that C(r) and S(r) are interchanged in
Eq. (9). Note that because of orthogonality, there is no coupling
between p- and s-modes in this model.
One can easily observe from Eqs. (11) and (12) that if the
grating is not tilted, i.e. θ = 0, then there is no coupling between
modes with different angular symmetries, and in order to induce
considerable coupling between those modes, tan θ should be
sufficiently large.
By further substituting Eq. (8) into Eq. (2) and using a slowly
varying envelope substitution to mathematically isolate coupling effects from propagation:


(13)
um (z) = am (z) exp j β̄m z
we get the following system of equations


dum
= − j βm − β̄m um (z)
dz

+
−j
Km
n χ (z) un (z)
n (n = m )

× exp j β̄m − β̄n +
−j



2π
Λ

z + jϕ (z)

−
Km
n χ (z) un (z)

n (n = m )

× exp j β̄m − β̄n −

2π
Λ

z − jϕ (z) . (14)

Here, β̄ indicates the real part of a propagation constant β.
C. Design Strategy
We note that in the two sums in Eq. (14), only terms corresponding to modes from neighboring mode groups and having
the same polarization can have significant coupling to the mth
mode. The least-confined mode group is also phase-matched to
a group of leaky modes, and can potentially couple to them.
We use Eq. (14) to propagate guided and leaky modes in
the LPMFG by launching one guided mode at a time, thereby
obtaining one column of a D × D field coupling matrix Mc describing the LPMFG. From Mc , we can compute mode-averaged
and mode-dependent losses of the device [14]:

  
(15)
σM DL = std log eig M c · M H
c

  
.
(16)
σM AL = mean log eig M c · M H
c

ASKAROV AND KAHN: LONG-PERIOD FIBER GRATINGS FOR MODE COUPLING IN MODE-DIVISION-MULTIPLEXING SYSTEMS

4035

Because
√for D modes in a graded-index fiber there are a total
4D + 1 − 1 /2 mode groups [23], to study interof M =
group coupling effects, the full D × D matrix Mc can be reduced
to an M × M mode group power-coupling matrix Pc . Each element of Pc is formed by averaging squares of magnitudes of
the elements from the corresponding block of the field coupling
matrix. In order to maintain full intergroup mode coupling, the
non-diagonal elements of the matrix Pc need to be sufficiently
large.
We can then optimize the physical parameters of the device,
in particular ϕ(z), to minimize losses while maintaining full
intergroup mode coupling.
D. LPMFG Scramblers in MDM Systems
After finding a good design for the LPMFG scrambler, we
can model use of the scrambler in a long-haul MDM system to
investigate the effect on GD spread reduction.
We model field propagation of fiber modes by using a multisection model [10]. A kth fiber section is modeled as a D × D
matrix M(k) . One can express the overall propagation matrix for
a fiber span comprising K sections as
Mt =

K
−1


M(K −i) .

(17)

i=0

Each of the sections can be expressed as a product of three
matrices:
⎤
⎡ (k )
⎤
⎡ (k )
0
0
0
0
V1
U1
⎥ (k ) ⎢
⎥
⎢
(k )
(k )
⎢
M(k ) = ⎢
U2
V2
0 ⎥
0 ⎥
⎦Λ ⎣ 0
⎦
⎣0
0

(k )

0

U3

0

0

(k )

V3

(18)
where the left and right matrices are block-unitary with a number of blocks equal to the number of mode groups M, which
describe intragroup coupling in the kth section, and the Λ(k) are
frequency-dependent and represent modal dispersion:
⎡
⎤
(k )
e−j ω τ 1
0
0
⎢
⎥
⎢
⎥
..
(19)
Λ(k ) (ω) = ⎢ 0
⎥.
.
0
⎣
⎦
0

0

(k )

e−j ω τ D

Assuming that an LPMFG is placed in each fiber span, we
can model the overall propagation matrix for a series of N spans:
M=

N
−1

n =0

Mc

K
−1


(K −i)

M(N −n ) .

(20)

i=0

To calculate the end-to-end GD spread of this series of spans
with interspersed mode scramblers, we use the GD operator
G [24]:
dM −1
M (ω) .
(21)
dω
The eigenvectors of G are principal modes [24], and the eigenvalue of the ith principal mode, τi , represents its GD, which we
compute numerically. Note that the GD operator definition (21),
G=j

Fig. 2. Propagation constants of leaky and guided modes in GIGDC fiber
supporting 12 modes.

a generalization of that given in [24], is valid in the presence
of MDL. We then calculate the system’s end-to-end r.m.s. GD
spread as

D
2
i=1 (τi − τi )
.
(22)
σGD =
D
III. RESULTS
We fix the numerical aperture of the fiber to be NA = 0.15 and
the number of guided modes to be D = 12, where these modes
form M = 3 mode groups. For a given NA and D, there is a range
of core radii that support the desired number of guided modes D.
We choose the core radius such that at the shortest wavelength
of the C-band (1530 nm), the next higher-order mode is slightly
above cutoff. This optimizes mode confinement and minimizes
bending losses.
We use the numerical mode solver described in Section II-A
to calculate the electric field profiles of the guided and leaky
modes, as well as their propagation constants at a wavelength of
1550 nm (Fig. 2). The solver provides a large number of leaky
modes, while only a few of them are critical for calculating the
LPMFG coupling matrix. To reduce the computational burden
of later simulations, we sort the leaky modes according to mag+
nitudes of their Km
n coefficients relative to the guided modes
and consider only the 40 having the largest normalized coupling
coefficients.
We calculate the average difference of the propagation constants between adjacent mode groups Δβ, which yields a
corresponding grating period Λ = 787 μm. We choose a constant refractive index modulation depth χ(z) = 1.5 × 10−4 and
a large grating tilt angle θ = 85 to achieve sufficient coupling
between modes with different angular symmetries.
We further parameterize ϕ(z) as a piecewise-linear function
with ten sections, each section having a certain length and slope.
Given these 20 section lengths and slopes, we can calculate
the field coupling matrix Mc and the corresponding r.m.s. MDL,
as well as the non-diagonal elements of the mode group power
coupling matrix Pc . This sets an optimization problem with 20
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Fig. 5.

Mode-averaged and mode-dependent loss of a single LPMFG.

Fig. 6.

Group delay spread accumulation in a long-haul MDM system.

Fig. 3. Longitudinal slope variation of the grating chirp ϕ(z) for the best
design found.

Fig. 4.

Evolution of powers in different mode groups in an LPMFG.

variables. The objective function to be minimized is the r.m.s.
MDL. We further reduce the search space by only considering
designs with non-diagonal elements of the matrix Pc above a
threshold of 0.12. This threshold value was determined to be
sufficient for inducing strong overall coupling. The best design
ϕ(z) found after multiple runs of genetic algorithm has the section slopes and lengths shown in Fig. 3.
Evolution of the power in different mode groups for different
launching conditions for the optimized LPMFG design is shown
in Fig. 4. We observe that the optimized design indeed provides
significant intergroup coupling.
To verify minimal coupling to unguided leaky modes, we
calculate mode-averaged loss and r.m.s. MDL after computing
Mc (λ) for the entire C band (Fig. 5). We observe that MDL does
not exceed 0.36 dB, and mode-averaged loss is below 0.45 dB.
For numerical simulation of GD spread accumulation in
MDM systems, we choose a fiber section length of 1 km and a
fiber span length of 100 km. We calculate the r.m.s. GD spread
averaged over 300 different system realizations as a function of
the span number N. In Fig. 6, we compare the accumulation of

r.m.s. GD spread with number of spans N for three cases: (a) only
intragroup coupling is present (weak coupling); (b) each span
has intragroup coupling and an LPMFG scrambler is inserted
between spans; and (c) each span has ideal strong coupling, i.e.,
a random unitary matrix U(n) is used in each span instead of Mc
in Eq. (20). We clearly observe that placing an LPMFG scrambler into each span enables strong coupling, causing the r.m.s.
GD spread to accumulate in proportion to the square-root of the
propagation distance. By changing the operating wavelength,
we verify the same GD reduction behavior across the entire C
band.
IV. DISCUSSION
Our results demonstrate that a carefully designed LPMFG can
be used as a mode scrambler with MDL of at most 0.36 dB and
mode-averaged loss of 0.45 dB in the C band. We have shown
that placing such a device in every fiber span can induce strong
mode coupling in a multi-span system.
A possible alternative mode scrambler implementation would
employ a pair of back-to-back photonic lanterns [25]. Ideal
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photonic lanterns with adiabatic tapering can theoretically
achieve zero MDL. However, such devices might be more sensitive to vibrations and might require more careful handling than
LPMFGs.
Traditional mode scramblers, such as devices based on placing a fiber between two corrugated surfaces to induce microbending [26]–[28], are expected to have significantly higher
losses than LPMFGs, because tight bending of a fiber facilitates
coupling to radiation modes. Another traditional mode scrambler design is based on concatenating several sections of fiber
with different index profiles [29], [30]. These mode scramblers
are also expected to have higher losses than LPMFGs because of
the incomplete overlap between modes in different fiber types,
which implies strong coupling to radiation modes. Furthermore,
it is not clear how to ensure full mode coupling and low MDL
in these traditional mode scrambler designs.
In this study, we limited our LPMFG design strategy to optimizing a piecewise-linear chirp ϕ(z) with ten sections. Given
a design strategy with a larger number of sections or allowing
variation of other design parameters of the LPMFG, it might be
possible to further reduce or possibly even eliminate the MDL
of the scrambler.
An alternate method to reduce the MDL in an LPMFG scrambler is to use a refractive index profile that induces a non-uniform
spacing of the mode group propagation constants, e.g., a stepindex profile. This non-uniform spacing enables more precise
control of phase matching between mode groups, facilitating
minimization of coupling to leaky modes. Such a fiber would
likely have a larger GD spread per unit length than the GIGDC
profile, but a short LPMFG would have a very small GD. This
approach would require adiabatic index transitions between the
LPMFG and the transmission fiber, in order to achieve lossless conversion between their respective eigenmodes without
intergroup coupling.
Achieving very low MDL would allow placement of multiple scramblers within each fiber span, further reducing the GD
spread without introducing significant MDL.
A potential concern for LPMFG design is sensitivity of the
modal propagation constants to the core radius and temperature
variations.
The propagation constant spacing between adjacent mode
groups is inversely proportional to the fiber core radius, and is
thus sensitive to fluctuations in core radius occurring in fabrication. The impact of such core radius errors can be minimized if
one first measures the modal propagation constants in a section
of fiber and then fabricates the LPMFG with a grating period
appropriate for that section of fiber.
Temperature variations cause transverse and longitudinal expansion and contraction of an LPMFG. Calculations show that
these thermal effects have a negligible impact on the GD
spread reduction obtained by using LPMFGs in a multi-span
system.
V. CONCLUSION
In MDM systems, strong mode coupling can significantly
reduce the modal GD spread, thereby reducing signal processing
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complexity. Likewise, strong mode coupling can reduce MDL
and induce frequency diversity, increasing average capacity and
reducing outage probability.
Intragroup mode coupling already occurs in typical transmission fibers. LPMFGs can be used as mode scramblers to induce
intergroup coupling, thus ensuring strong overall coupling.
We described a design procedure for an LPMFG mode scrambler, presenting results for D = 12 modes. The optimized design
has a maximum of 0.36 dB MDL and 0.45 dB of mode-averaged
loss across the C band. By studying the r.m.s. GD accumulation
in a multi-span system, we verified that the LPMFG scrambler
induces strong coupling when placed in each span.
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