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Delay-Spread Distribution for Multimode
Fiber With Strong Mode Coupling
Keang-Po Ho and Joseph M. Kahn

Abstract— In the strong mode coupling regime, the delay
spread of multimode fiber is statistically the same as the
difference between the maximum and minimum eigenvalues
of a Gaussian unitary ensemble. We study the delay-spread
distribution using three methods: 1) numerical evaluation of
the Fredholm determinant; 2) numerical integration based on
the Andréief identity; and 3) approximation based on the
Tracy–Widom distribution. Results obtained using the Fredholm
determinant and the Andréief identity are virtually indistinguishable. The approximation based on the Tracy–Widom distribution
is sufficiently accurate for most engineering purposes when the
number of modes is at least 12. In a digital equalizer, a memory
length of four to five times the group-delay standard deviation is
sufficient to ensure that the delay spread will exceed the equalizer
memory length with a probability of less than 10−4 –10−6 .
Index Terms— Delay spread, mode-division multiplexing, multimode fiber, random matrices.

I. I NTRODUCTION

W

HEN mode-division multiplexing is used in multimode
fiber [1]–[5], system throughput ideally increases in
proportion to the number of propagating modes. The group
velocities of various modes are generally slightly different,
leading to modal dispersion [6]–[9]. While modal dispersion
is not fundamentally a performance-limiting factor, the intermodal group delay spread affects the complexity of digital
signal processing used to compensate modal dispersion and
separate multiplexed signals [10]. Strong mode coupling can
reduce the delay spread, making it proportional to the squareroot of the fiber length [8], [9], thereby minimizing signal
processing complexity [10]. Strong mode coupling can also
reduce the effects of mode-dependent gains and losses [11],
[12] and provides frequency diversity, so the system outage
capacity approaches the average capacity [13].
When a system is in the strong mode coupling regime, the
statistics of the modal group delays can be described by the
eigenvalues of a zero-trace Gaussian unitary ensemble (GUE)
[9]. The delay spread is the difference between the maximum
and minimum group delays [10], [14], and is equivalent to the
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difference between the maximum and minimum eigenvalues
of the zero-trace GUE. Aside from a scale factor close to
unity, the statistics of the difference between the maximum
and minimum eigenvalues are the same for GUEs with and
without the zero-trace constraint.
The statistics of the delay spread were estimated empirically
through numerical simulation in [10], [14], and these statistics
were used to study signal processing complexity in [10]. In
this letter, the statistics of the delay spread, or the difference
between the maximum and minimum eigenvalues of a GUE,
are studied by three methods. The first method is based
on numerical evaluation of the Fredholm determinant, which
is equivalent to the solution of an integral equation. The
second method uses the Andréief identity, such that only
one-dimensional numerical integration is required. These two
methods, which are exact in principle, yield almost identical
numerical results, and match the numerical simulations in
[10]. The third method approximates the statistics of the
delay spread using the Tracy–Widom distribution, under the
assumption that the maximum and minimum eigenvalues are
independent of each other. It yields results close to exact when
the number of modes is at least 12.
The remainder of this letter is organized as follows.
Section II describes the three methods and presents the delayspread statistics they yield. Sections III and IV provide discussion and conclusions, respectively.
II. D ELAY-S PREAD D ISTRIBUTION
We consider a fiber supporting D propagating modes,
including spatial and polarization degrees of freedom. The
group delays of the multimode fiber are statistically the same
as the eigenvalues of a D× D zero-trace GUE G [9]. The zerotrace GUE G is related to a GUE without trace constraint A by
G = A − tr(A)I/D, where I is an identity matrix. Comparing
G and A, the variance of the diagonal elements of G is reduced
by a factor of 1−1/D. The arithmetic average of the variance
of all the elements of G, which is also proportional to the
variance of its eigenvalues, is a factor 1−D −2 smaller than
the variance of all the elements of A. Although this factor
of 1−D −2 was found empirically in [9], it can be derived
analytically by comparing A and G in G = A − tr(A)I/D.
Without the zero-trace constraint, the eigenvalues of a GUE
have a joint probability density given by [15, Sec. 3.3]
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When the probability density (1) is expressed as a determinant,
we may obtain [15, Sec. 6.2]
1
2
det ψ j −1 (x i ) i, j =1,2,...,D
D!
1
det K D (x i , x j ) i, j =1,2,...,D
=
(3)
D!

√ −1/2
where ψn (t) = 2n n! π
Hn (t) exp(−t 2 /2) is a Hermite
function, Hn (t) is a Hermite polynomial, and
p(x) =

K D (x, y) =

D−1


ψn (x)ψn (y)

0
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Complementary Cumulative Distribution

D
with C D2 = π D/2 2−D(D−1)/2 n=1
n!. The eigenvalues
described by (1) correspond to the group delays of a multimode fiber with a normalized variance 12 D without a
trace constraint and arbitrary unit. The zero-trace constraint
reduces the eigenvalue variance to a slightly smaller value
1
2 (D − 1/D) [9].
The D × D Vandermonde determinant gives [15, Sec. 5.3]
 

j −1
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Fig. 1. Complementary cumulative distribution function of the delay spread
for multimode fibers with D = 6, 12, 20, and 30 modes indicated by different
colors. The group-delay variance is normalized to unity. Curves with different
line types are evaluated based on the Fredholm determinant (5), the Andréief
identity (12), and the Tracy–Widom approximation (16). Simulation results
are from [10].

(4)

n=0

is called the correlation function. Comparing the determinants
in (2) and (3), the Hermite polynomials provide just the
j −1
leading terms x i [15, Sec. 5.3]. According to the properties
of determinants, as long as the leading term in each entry
is maintained, the entries in the Vandermonde determinant
(2) may be replaced by a polynomial without changing the
results. In later parts of the calculation, the Hermite function
in (3) may be replaced by ψn (t) ∝ t n exp(−t 2 /2) without
changing the results by merging the exponential of (1) into
the determinant (2).
A. Fredholm Determinant
For a finite-dimensional GUE, the delay spread may be
studied using the Fredholm determinant [15, Sec. 20.1], which
was first derived to study integral equations. The solution of
an integral equation gives numerical values of the Fredholm
determinant [16], [17]. The joint probability for the maximum
and minimum eigenvalues Pr (λmax ≤ x, λmin ≥ y) is given by
[18], [15, Secs. 6.1.2, 20.1]
F (D)(x, y) = E 2 (0, J ) = det 1 − K D (x, y)| J ,

(5)

where J = (−∞, y) (x, +∞) specifies a region,
E 2 (0, J ) denotes no eigenvalue in the region J , and
det 1 − K D (x, y)| J is the Fredholm determinant for the
kernel K D (x, y) given by (4). The corresponding integral
equation for the Fredholm determinant involves the kernel
K D (x, y) integrated over the complement of J . The function
F (D)(x, y) can be found by numerically solving the corresponding integral equation [17], [18].
The delay spread has a cumulative distribution function
(CDF) given by

+∞ (D)
∂ F (t, y) 
Pr (λmax − λmin ≤ x) = −
d y.
(6)


∂y
−∞

t =y+x

Fig. 1 shows the complementary cumulative distribution
function (CCDF) Pr (λmax − λmin > x) for multimode fibers
with D = 6, 12, 20, and 30 modes. In Fig. 1, the overall groupdelay variance is normalized to unity. Fredholm determinants
are calculated using the toolbox from [18].
Numerical calculation of the delay-spread distribution using
(6) requires three numerical procedures: first obtaining the
Fredholm determinant (5) by solving the corresponding integral equation [17], [18], followed by numerical differentiation
∂ F (D)(x, y)/∂y in the integrand of (6) using the five-point
differential formula, and finally the numerical integration (6).
The three levels of numerical procedures are tedious and lead
to numerical errors at each step. Hence, methods to simply
this procedure are highly desirable.
B. Andréief Identity
The joint probability Pr (λmax ≤ x, λmin ≥ y) may be evaluated directly by
 x
 x
F (D) (x, y) =
···
p(x)dx 1 · · · dx D .
(7)
y

y

The probability density p(x) (1) is the product of two
determinants from (3). To simplify later calculations, we use
j −1 −x i2 /2 2
e
.
i, j =1,2,...D

p(x) = C −1
D2 det x i

The Andréief identity gives:

det fi (x j ) det gi (x j ) dx


= D! det
f i (x)g j (x)d x .

(8)

(9)

Given first in [19] and reintroduced in [20], the Andréief
identity is the continuous form of the Cauchy–Binet formula
[21], also called Gram formula in [15, Sec. A.12].
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Using the Andréief identity, we have
⎡x
⎤

D!
2
det ⎣ t i+ j −2 e−t dt⎦
F (D) (x, y) =
C D2
y

(10)

i, j =1,2,....,D.

x
2
Denote the integration in (10) as In (x, y) = y t n e−t dt.
We may obtain iteratively:
√
π
I0 (x, y) =
(erf x − erf y)
2


1 −y 2
2
I1 (x, y) =
− e−x
e
2

1  n−2 −y 2
2
y e
− x n−2 e−x
In (x, y) =
2
k−2
In−2 (x, y), n ≥ 2
+
(11)
2
We may further obtain
−

∂ F (D)(x, y)
∂y

Fig. 2. The Tracy–Widom distribution F2 (x) and the normalized delay-spread
distribution Fds (x).

where


D
Ii+ j −2 (x, y), i = n
D! 
det i+ j −2 −y 2
=
y
e ,i = n
C D2
n=1

+∞



Fds (x) =
i, j =1,2,...,D

(12)
which may be obtained directly using (11).
Substituting (12) in (6), the delay-spread distribution can be
obtained by only one level of numerical integration. Although
derived using different methods and for different applications,
the distribution (12) is similar to the conditional number
distribution for Wishart matrix in [22]. Fig. 1 shows the CCDF
Pr (λmax − λmin > x) for multimode fibers with D = 6, 12, 20,
and 30 modes calculated by (12). Values calculated using the
Andréief identity differ slightly from those computed using the
Fredholm determinant. The small difference arises presumably
from the multiple levels of numerical calculation involved in
using the Fredholm determinant.
C. Approximation Based on Tracy–Widom Distribution
It may be of interest to approximate the distribution of the
delay spread for many-mode fibers. For very large matrices,
the maximum eigenvalue is described by the celebrated TracyWidom distribution [23], [24]. For the GUE described by
√ the
distribution (1), the largest eigenvalue is approximately 2D
[15, Sec. 6.2]. The Tracy-Widom distribution for a GUE is
given by


√
λmax − 2D
≤ x = F2 (x),
(13)
lim Pr
D→∞
2−1/2 D −1/6
where λmax denotes the maximum eigenvalue and F2 (x) is the
CDF for the Tracy–Widom distribution with numerical values
calculated in [18], [25].
For many-mode fibers, as shown in [26], the maximum and
minimum eigenvalues are independent of each other. The delay
spread for a large GUE is given by


√
λmax − λmin − 2 2D
≤ x = Fds (x), (14)
lim Pr
D→∞
2−1/2 D −1/6

F2 (x − t)
−∞

d
F2 (t)dt
dt

(15)

is the CDF of the summation of two independent
Tracy–Widom random variables. Fig. 2 shows the Tracy–
Widom distribution F2 (x) and the corresponding delay-spread
distribution Fds (x) (15). F2 (x) is calculated using the toolbox
from [18].
Fig. 1 also shows the approximate CCDF
 

(16)
Pr (λmax − λmin > x) ≈ 1− Fds D 2/3 x 1− D −2 − 4
for fibers with D = 6, 12, 20, and 30 modes with group delay
variance normalized to unity. The approximation (16) follows
directly from (14) for all values of D and takes into account
that the group-delay variance for the statistics corresponding
to (14) is 12 (D − 1/D). The approximation (16) always overestimates the CCDF, but becomes increasingly accurate as
D increases.
III. D ISCUSSION
The CCDF of the delay spread governs the temporal memory length required in a digital equalizer for compensating
modal dispersion and separating mode-division-multiplexed
signals [10]. Following [10], given a value of D and a
probability p, we define u D ( p) to be the value of x such that
Pr (λmax − λmin > x) = p. Defining σgd to be the standard
deviation (STD) of the group delay, an equalizer length equal
to u D ( p) σgd is sufficient to span the channel memory with
probability 1 − p. For the values of D shown in Fig. 1 and
for p of order 10−4 to 10−6, u D ( p) is of order 4 to 5.
Fig. 1 shows numerically simulated values of the CCDF of
the delay spread taken from [10], which show no observable
difference from calculations using the Fredholm determinant
or Andréief identity (these two are virtually indistinguishable,
as noted previously). In [10], the CCDF is simulated by
collecting the difference between the maximum and minimum
eigenvalues of many randomly generated zero-trace Hermitian
Gaussian random matrices.
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The approximation based on the sum of two independent
Tracy–Widom random variables always over-estimates the
CCDF, but is sufficiently accurate for most engineering purposes for D ≥ 12. Expression (16) shows that as D → ∞,
the delay spread is upper-bounded by four times the STD of
group delay. In this limit, the group delay follows a Wigner
semicircle distribution [9], which has a finite support equal to
four times the STD.
The Tracy–Widom distribution has a mean of −1.77, and
the normalized delay spread has a mean of approximately
4 − 3.54D −2/3
.
(17)
√
1 − D −2
The mean delay spread (17) approaches 4 as D increases.
The Tracy–Widom distribution has an STD of 0.902 and the
normalized delay spread has an STD of approximately
1.28D −2/3
√
.
1 − D −2

(18)

The delay-spread STD (18) decreases to zero as D −2/3 as D
increases. In [14], the delay spread STD decreases asymptotically as 1/D, slightly faster than (18). The mean delay spread
(17) was not studied in [14].
IV. C ONCLUSION
In the strong mode coupling regime, the group delay of
multimode fiber has the same statistics as a zero-trace GUE.
The delay spread is the difference between the maximum
and minimum eigenvalues of a GUE, and its distribution
has been determined using three methods. Calculations using
the Fredholm determinant are consistent with those using
the Andréief identity. An approximation based on the TracyWidom distribution becomes accurate when the number of
modes D is at least 12.
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