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Delay Spread Reduction in Mode-Division
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Abstract—Reduction of the group delay (GD) spread is crucial for minimizing signal processing complexity in mode-division
multiplexing. Strong mode coupling and GD compensation (concatenating different fibers with opposing GD ordering) are two
approaches for reducing the end-to-end GD spread. In this paper,
we study the GD behavior in systems where mode coupling and
GD compensation are both present. Using a propagation model
in generalized Stokes space, we describe the evolution of the GD
variance by coupled differential equations. By integration of these
equations, we evaluate the GD variance in GD compensated systems with different mode coupling lengths and GD compensation
lengths. When the mode coupling length is much longer than the
GD compensation length, a low GD variance can be obtained as
a result of GD compensation. By contrast, when the mode coupling length is much shorter than the GD compensation length,
GD compensation becomes ineffective, but a low GD variance can
be obtained as a result of strong mode coupling. The largest GD
variance is obtained when the mode coupling length is comparable
to the GD compensation length.
Index Terms—Group delay compensation, MIMO signal processing, mode coupling, mode-division multiplexing, multi-mode
fibers, space-division multiplexing.

I. INTRODUCTION
S single-mode fiber (SMF) systems approach fundamental capacity limits [1], continued traffic growth motivates
mode-division multiplexing (MDM) in multi-mode fiber (MMF)
[2]. In MDM, the total capacity per fiber is ideally proportional
to the total number of propagating modes D [3], [4]. MDM enables integration of fibers, amplifiers, switches and other components, which facilitates economical and energy-efficient optical network scaling [5], [6]. The integration in MDM comes
at the expense of potential challenges, however. These include:
(i) crosstalk caused by mode coupling, (ii) distortion caused by
modal dispersion and (iii) capacity loss and outage caused by
mode-dependent loss/gain (MDL) [4]. An MDM receiver must
employ multi-input multi-output (MIMO) signal processing to
compensate for (i) and (ii) and achieve a low error probability,
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while tracking fast changes in the channel [7]–[9]. The cost and
power consumption of MIMO signal processing are of concern
because of the D × D matrix structure and a potentially large
group delay (GD) spread. Managing the end-to-end GD spread
of an MDM system is crucial for making MDM a practical
reality.
In some MDM systems, a sufficiently low GD can be obtained by optimization of the fiber index profile. Early MDM
experiments used step-index fibers supporting two mode groups
(D = 6), where a low GD spread can be realized by choosing a core radius at which the GD-versus-radius curves for the
two mode groups intersect [10]. This approach does not scale
easily beyond two mode groups, since the curves for different
pairs of mode groups intersect at different radii. Graded-index
fibers with large cores (D → ∞) are known to have very low
GD spreads [11]. For D∼12–30, although the GD spread can be
minimized using a graded-index core with depressed cladding
[7], [12], [13], it is not sufficiently low to realize practical MIMO
signal processing [7]–[9].
Apart from optimization of the fiber index profile, two approaches for minimizing the GD spread are (i) increasing the
mode coupling strength to introduce strong mode coupling [14]
and (ii) concatenating segments of different fiber types that have
opposing GD ordering, a method known as GD compensation
[12], [13], [15]–[18].
In the strong-coupling regime, GD accumulation is minimized by continuous intermixing as the modes propagate, and
the GD spread scales with the square-root of propagation distance [14], [19]. As the coupling length is reduced, the endto-end GD spread asymptotically approaches zero. Since the
end-to-end GD spread statistics are governed only by the rootmean-square (r.m.s.) uncoupled GD spread of each fiber section
[14], the impact of non-idealities in fiber manufacturing can
be reduced. Strong mode coupling is already used to minimize
polarization mode dispersion (PMD) in SMF [20].
In typical MMFs used for MDM, random perturbations cause
strong coupling within mode groups (intragroup coupling) over
distances less than 1 km [2], [21]. The intragroup coupling
strength can be increased further by intentionally introducing
distributed perturbations, e.g., by spinning the MMF during the
pulling process [22], similar to the spinning used to reduce PMD
in SMF [20]. On the other hand, coupling between modes in
different groups (intergroup coupling) may not occur even after
100 km of propagation [2], [21], owing to insufficient perturbation of the refractive index. It is desired to obtain substantial
intergroup coupling with low loss. An ideal approach would be
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to incorporate an appropriate distributed perturbation to induce
intergroup coupling in the transmission fiber. An alternate approach is to insert lumped mode scramblers at regular intervals
along the link, e.g., long-period fiber grating (LPFG) scramblers,
which use periodic index perturbations to phase match modes
having different propagation constants [23]. LPFG scramblers
may increase a system’s mode-averaged and MDL. Hence, it
may be desirable to minimize the number of scramblers used in
a system and to seek further GD reduction through other means,
such as GD compensation.
In GD compensation, GD accumulation is minimized by
cascading segments of MMF in which low- and high-order
modes exhibit an opposing ordering of GDs. Ideally, in the
absence of mode coupling, the end-to-end GD spread of a
system can be made zero. This can be achieved, for example, by concatenating fiber type F1 of length LC ,1 and zeromean GD values (τ1,1 , τ1,2 , . . . , τ1,D ) with fiber type F2 of
length LC ,2 and zero-mean GD values (τ2,1 , τ2,2 , . . . , τ2,D ) =
− (LC ,1 /LC ,2 ) (τ1,1 , τ1,2 , . . . , τ1,D ).
For realization of MMFs with opposing GD ordering, systematic index profile modifications, such as changes of the core
radius and index exponent, have been proposed [13], [18]. In order to minimize the impact of mode coupling, segments of each
fiber type should be much shorter than the length for mode coupling caused by random perturbations and splices. Depending
on the mode coupling strength, this condition may be difficult
to satisfy in practice. Hence, understanding the GD behavior
in GD-compensated systems with various strengths of mode
coupling is of significant interest, and is the focus of this paper.
The remainder of this paper is as follows. Section II describes a model for MDM systems including GD compensation
and mode coupling. Section III presents GD statistics computed
based on the model in Section II. Sections IV and V provide
discussion and conclusions, respectively. Appendices A and B
provide mathematical details for the computations presented in
Section III. Appendix C describes optimization of GD compensation using an arbitrary number of fiber types.
II. MODELING GD COMPENSATION AND MODE COUPLING
In the absence of MDL, and neglecting mode-averaged effects, linear propagation in a fiber can be described by a GD
operator [4], [21]. The eigenmodes of the GD operator are the
principal modes (PMs), and its eigenvalues are the GDs of the
PMs [21], [24].
In the case of SMF (D = 2), representations of the GD operator in Jones [25], [26] and Stokes [27] spaces are well known.
The PMs correspond to the two principal states of polarization
(PSPs), which can be represented by one PSP, since the other
PSP is orthogonal to it [25]. The GDs are equal and opposite,
so the differential GD (DGD) is sufficient to represent them.
Hence, in Jones space, the 2 × 2 GD operator is fully represented by a single 2 × 1 Jones vector, whose magnitude and
direction are the DGD and one of the PSPs, respectively. This
Jones vector, in turn, determines a 3 × 1 Stokes vector, whose
magnitude and direction define the DGD and one of the PSPs,
and thus fully represent the GD operator [28].
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Fig. 1. Multi-segment model for GD-compensated system with fiber types F1
and F2 , of lengths L C , 1 and L C , 2 . In total there are K segments, so the total
length is (L C , 1 + L C , 2 )K/2.

In the analysis of MMF (D > 2), both the generalized Jones
[14] and generalized Stokes [29] representations of the GD operator have been used. The generalized Stokes representation
facilitates the modeling of mode coupling even when the coupling length is greater than the system length, and enables study
of the evolution of the GD continuously along the propagation
path. In generalized Jones space, the GD operator can be represented by a D × D zero-trace Hermitian matrix [14], [21].
Equivalently it may be represented by generalized Jones vectors
whose direction and magnitude are, respectively, the PMs and
their GDs. In generalized
Stokes space, the GD operator can be

represented as a D2 − 1 × 1 generalized Stokes vector [29],
as explained in Appendix A.
Evolution of the GD operator in generalized Stokes space is
described by a stochastic differential equation [29]
∂β
∂τ
=
+β×τ
(1)
∂z
∂ω
 2

where
β
is
a
D
−
1
× 1 birefringence vector, τ is a
 2

D − 1 × 1 dispersion vector, z is propagation distance and
ω is angular frequency. Generalizing the linear birefringence
model from SMF [27], the z dependence of the birefringence
vector can be expressed as
β (z) =

∂β (z)
· ω + g (z) .
∂ω

(2)

(The dependence of β and ∂β/dω on z are suppressed in the remainder of the paper for notational simplicity.) The ∂β/dω term
in (2) represents the deterministic GD determined by the types

of fiber employed. The second term g (z) in (2) is a D2 − 1 dimensional additive noise vector representing random mode
coupling. Frequency-independent deterministic terms in (2) are
ignored for simplicity, since they do not affect the GD statistics
under the mode coupling model (2), in which the perturbations
added to birefringence vector are spatially uncorrelated along
propagation axis [29], [30].
A GD-compensated system comprises fiber segments with
opposing GD ordering such that the corresponding ∂β/dω terms
in (2) compensate each other. Here, we consider GD compensation using two fiber types F1 and F2 with lengths LC ,1 and
LC ,2 , as shown in Fig. 1, with deterministic GDs given by

⎧
z
⎪
⎪
b1 z −
∈ [0, LC ,1 )
⎨
L
+
LC ,2
∂β
C ,1

=
∂ω ⎪
z
⎪
⎩ b2 z −
∈ [LC ,1 , LC ,1 + LC ,2 ).
LC ,1 + LC ,2
(3)
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In (3), b1 and b2 are the generalized Stokes vectors corresponding to uncoupled propagation in fiber types F1 and F2 ,
2
−1
such that diag (τ1,1 , . . . , τ1,D ) = b1,0 I + D
i=1 b1,i Λi /D

The evolution of the GD operator (1) and (2) can be represented compactly as a stochastic differential equation


∂β
∂β
+
· ω × τ ∂z − τ × H0.5 ∂W.
(6)
∂τ =
∂ω ∂ω

−1
and diag (τ2,1 , . . . , τ2,D ) = b2,0 I+ D
i=1 b2,i Λi /D, where
(τ1,1 , τ1,2 , . . . , τ1,D ) and (τ2,1 , τ2,2 , . . . , τ2,D ) are the uncoupled GDs per unit length. Using (16) and (18),
2

we have
D
i=1

b1 2 /D =

D
i=1

2 /D and
τ1,i

b2 2 /D =

2 /D,
τ2,i

i.e., the modulus of ∂β/dω gives the r.m.s.
uncoupled GD per unit length scaled by D.
In SMF (D = 2), the three-dimensional random perturbation g (z) is assumed to be distributed as N (0, (1/h) I), where
N (μ, Σ) is a Gaussian distribution with mean μ and covariance
l √
Σ, and W (l) = 0 hg (z) dz is a three-dimensional standard
Wiener process (Brownian motion) [27], such that W (0) = 0,
and W (z) ∼ N (0, zI). The coupling length h, which is the inverse of the variance of the random perturbation g(z), describes
the strength of mode coupling. Strong coupling corresponds to
z >> h, while weak coupling corresponds to z << h [27].
The coupling between modes induced by random perturbations depends on phase matching, so it depends on the propagation constant mismatch between the modes and the longitudinal
spatial frequency spectrum of the perturbations [4], [30]. In
MMF, most random perturbations are more efficient in coupling degenerate or nearly degenerate modes than nondegenerate modes [21]. To take this into account while generalizing the
SMF coupling model in the simplest possible way, we define
different intragroup and intergroup coupling lengths, hintra and
hinter , respectively. A similar approach is used to distinguish the
strengths of polarization coupling and inter-core spatial coupling
in multi-core fibers [31]. Typically, we consider hinter > hintra .
Section III also considers the special case hinter = hintra , which
models mode coupling with just a single
parameter. For a D
mode fiber, we assume the D2 − 1 -dimensional g(z) is distributed as g (z) ∼ N (0, H) where H is a positive-definite reall
covariance
matrix, and W (l) = 0 H−0.5 g (z) dz is a

valued
D2 − 1 -dimensional Wiener process, such that W (0) = 0,
and W (z) ∼ N (0, zI). To further simplify the mode coupling
model, we will assume that H is diagonal with diagonal elements of either 1/hintra or 1/hinter , whose ordering depends
on the choice of the basis matrices. Using the generalized Pauli
matrix basis described in Appendix A, for D = 6 (where there
are two groups of two and four modes):

1/hintra , k ∈ [1, 9] ∪ [18, 35]
(4)
Hk ,k =
1/hinter , k ∈ [10, 17]
and for D = 12 (where there are three groups of two, four and
six modes):
Hk ,k =

1/hintra ,
1/hinter ,

Note that the (6) is valid regardless of whether H is diagonal
or non-diagonal.
III. GD STATISTICS
GD statistics are governed by the stochastic evolution of the
dispersion vector τ (6). The Hermitian matrix corresponding to
2
−1
τ, τ0 I + D
i=1 τi Λi /D is the GD operator, whose eigenvectors are the PMs and whose eigenvalues are the coupled GDs.
In the absence of random perturbations, the generalized Stokes
vector τ is deterministic and is equal to z∂β/∂ω, which yields
τ/z = β/ω = ∂β/∂ω, i.e., the three vectors τ, β and ∂β/∂ω are
aligned. In this case, the GDs are equal to the uncoupled GDs,
which accumulate linearly with fiber length. In the presence of
random perturbations, the vectors τ and ∂β/∂ω become misaligned from each other, depending on the coupling strength.
The direction and modulus of τ evolves stochastically along the
length of the fiber. The coupled GDs become random variables.
As explained in Section IV, in a system comprising many fiber
spans (typically of length Lam p = 80−100 km in terrestrial systems), strong coupling can be induced by including one mode
scrambler per span. The end-to-end peak-to-peak GD spread
that governs MIMO signal processing complexity is determined
by the r.m.s. GD per span and the total number of spans [8],
[9]. Hence, the r.m.s. GD after a span of one or more fibers
is of interest. The r.m.s. GD can be conveniently represented
√
as τ · τ/D = τ2 /D (see [29] or Appendix A), which is
independent of the direction of τ and depends on τ only through
its modulus.
Evolution of the probability density function of τ along z is
described by Fokker–Planck equations [26], [32], and the expected value of a function of τ can be described by a set of
deterministic ordinary differential
equations. The deterministic

differential equation for E τ2 (where E{} denotes expectation) is derived in [31] and is re-derived in Appendix B using
a different approach (see (41)):


∂  2
∂β
∂β
E τ = E 2
·τ =2
· E {τ} .
(7)
∂z
∂ω
∂ω
The deterministic differential equation for E {τ} is derived in
Appendix B (see (50) and (51)):
∂
∂β
E {τ} =
− Q · E {τ}
(8)
∂z
∂ω
 


where the elements of the D2 − 1 × D2 − 1 matrix Q are
given by
D −1
1 
=
fk ,m ,l fk ,m ,j Hk ,k .
2
2

k ∈ [1, 18] ∪ [27, 30] ∪ [55, 58] ∪ [71, 143]
k ∈ [19, 26] ∪ [31, 54] ∪ [59, 70] .
(5)

Qj,l

(9)

m ,k =1

Modification of Q for the general case beyond the assumed
mode coupling model is also described in Appendix B. In the
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special case H = (1/h) I (hinter = hintra = h), Q = (1/h) I,
and using property (24), expression (8) simplifies to
∂β
1
∂
E {τ} =
− E {τ} .
(10)
∂z
∂ω h
Analytical solutions of the linear equations (7), (8) and (10)
can be obtained when ∂β/∂ω is a simple function of z.
We focus first on the case where ∂β/∂ω is constant, which
corresponds to a system comprising a single fiber type. Assuming an initial condition E {τ} = 0 at z = 0, integration of (8)
yields
∂β
.
(11)
∂ω


Using (11) and assuming an initial condition E τ2 = 0 at
z = 0, integration of (7) yields


 ∂β
∂β  −1
E τ2 = 2
· Q z − Q−2 (I − exp(−zQ))
.
∂ω
∂ω
(12)
Expression (12) is also given in [31], where the matrix Q is
defined in terms of a cross correlation of the perturbation vector.
In the special case H = (1/h) I with hinter = hintra = h, we
have Q = (1/h) I and (11) simplifies to
E {τ} = Q−1 (I − exp(−zQ))

∂β
∂ω
and the squared modulus (12) simplifies to [27]
 2


 ∂β 
2
2
−z /h

E τ = 2 
 ∂ω  hz − h 1 − e
E {τ} = h 1 − e−z /h

(13)

.

(14)

In the weak-coupling regime, where h >>
and h2 e−z /h ≈
 z

h2 − zh + z 2 /2, the r.m.s. GD is
E τ2 /D2 ≈
∂β/∂ω2 /D2 z, which is proportional to the r.m.s. uncoupled GD per unit length, and scales linearly with propagation
length [27]. In the strong-coupling regime,where h << z and


hz + h2 e−z /h − h2 ≈ hz, the r.m.s. GD is E τ2 /D2 ≈
2 ∂β/∂ω2 hz/D2 , i.e., it is proportional to r.m.s. uncoupled
√
GD per unit length and scales with z [27]. As a side note, we
can relate the generalized Stokes and generalized Jones representations using the ratio between the r.m.s.
 GDs in the strongand weak-coupling regimes, which is 2h/z. In the generalized Jones representation, the coupling strength is described by
a section length Lsec in a multi-section model [14], which corresponds to the length over which a propagating electric field
remains correlated. The ratio between 
the r.m.s. GDs in the
strong- and weak-coupling regimes is Lsec /z [14]. Equating the r.m.s. GD reduction ratios found in the two models,
we find that the section length in the multi-section generalized
Jones model [14] is twice the coupling length in the generalized
Stokes model, Lsec = 2h.
We now focus on the case where ∂β/∂ω is a piecewise
constant function of z, which describes a system with GD
compensation. We assume the model in Fig. 1 such that
each span comprises K segments of fiber types F1 and F2

Fig. 2. R.M.S. GD spread versus propagation distance z for D = 12 modes
in a 100-km fiber span comprising ten GD compensation segments of length
L C , 1 = L C , 2 = 10 km. The legends correspond to different intra- and intergroup coupling lengths (h intra , h inte r ) in kilometer.

and ∂β/∂ω takes the form (3). The method of solution for
E {τ} in this case differs in three ways from (11) because
∂β/∂ω is piecewise constant and E {τ} is continuous. First,
different values of ∂β/∂ω for different fiber segments are
used in (11). Second, in each fiber segment, the function
(11) is computed at (z − z ∗ ) instead of z, where z ∗ is
the end point of the previous fiber segment. Third, a term
exp (− (z − z ∗ ) Q) (E {τ})∗ is added to (11) to account for a
nonzero initial condition, where (E {τ})∗ denotes the value of
E {τ} at the end of the previous fiber segment. For example, for
z ∈ [LC ,1 , LC ,1 + LC ,2 ), the expression for E {τ} becomes
Q−1 (b2 +exp (− (z − LC ,1 ) Q) (b1 − b2 ) − exp(−zQ)b1 ).
Since analytical expressions become unwieldy as the number
of fiber segments increases, numerical integration of (7), (8)
and (10) is preferable in most cases of practical interest.
In computing numerical results, we consider D = 12 modes
and GD values in b1 corresponding to a graded-index graded
depressed-cladding (GIGDC) fiber [7], which has uncoupled
GD values of (17.6, 17.6, 7.6, 7.6, 15.6, 15.6, −27.9, −27.9,
−14.4, −14.4, 1.5, 1.5) ps/km. We assume b1 = −b2 and
LC ,1 = LC ,2 for precise GD compensation. Numerical analysis
of the GIGDC fiber and a compensating fiber designed following [13], [18] confirms that the mode group degeneracies and
the ordering of the propagation constants are preserved while
the ordering of the GDs is reversed. We assume a span length
of K (LC ,1 + LC ,2 ) /2 = 100 km. Figs. 2 and 3 show the evolution of the r.m.s. GD with propagation distance z, assuming
compensation segment lengths LC ,1 = LC ,2 of 10 and 5 km,
respectively, for different values of intragroup and intergroup
coupling lengths (hintra , hinter ).
We also consider the special case hinter = hintra using the
differential equations (7) and (11). Fig. 4 shows the evolution of
the r.m.s. GD along z, assuming compensation segment lengths
LC ,1 = LC ,2 = 10 km for different values of hinter = hintra .
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the uncoupled GDs [14]. Hence, the overall r.m.s. GD does not
depend on LC ,1 = LC ,2 , and is reduced by decreasing hinter .
In the intermediate-coupling regime, i.e., where hinter and
hintra are comparable to LC ,1 = LC ,2 , the r.m.s. GD accumulates sublinearly with z, and partial GD cancellation is observed.
For a given intergroup coupling length hinter , decreasing the intragroup coupling length hintra may decrease or increases the
r.m.s. GD, depending on whether GD compensation or mode
coupling is dominant. The intermediate-coupling regime yields
the highest overall r.ms. GD values.
IV. DISCUSSION

Fig. 3. R.M.S. GD spread versus propagation distance z for D = 12 modes
in a 100-km fiber span comprising 20 GD compensation segments of length
L C , 1 = L C , 2 = 5 km. The legends correspond to different intra- and intergroup coupling lengths (h intra , h inte r ) in kilometer.

Fig. 4. R.M.S. GD spread versus propagation distance z for D = 12 modes
in a 100-km fiber span comprising ten GD compensation segments of length
L C , 1 = L C , 2 = 10 km. The legends correspond to different intra- and intergroup coupling lengths (h intra , h inte r ) in kilometer, where h i ntra = h inte r .

In the weak-coupling regime, i.e., hinter , hintra >> LC ,1 =
LC ,2 , the r.m.s. GD accumulates almost linearly with z. Since
opposing GDs in consecutive segments cancel each other, a very
small overall r.m.s. GD is obtained. For the values of hinter and
hintra considered, the overall r.m.s. GD is reduced by decreasing
LC ,1 = LC ,2 .
In the strong-coupling regime, i.e., hinter , hintra << LC ,1 =
LC ,2 , the observed r.m.s. GD is consistent with results obtained from the multi-section generalized Jones matrix model
√
[14]. The r.m.s. GD accumulates
√ roughly in proportion to z,
and is roughly proportional to hinter . GD cancellation is not
observed, because in each compensation segment of length
LC ,1 = LC ,2 , the GD accumulation depends only on the r.m.s.
uncoupled GDs in fiber types F1 and F2 , and not on the signs of

The results of Section III show that careful engineering of a
transmission link and its components is required to minimize
the end-to-end GD spread of the link.
When mode coupling is very weak, GD compensation is
highly effective in minimizing the end-to-end r.m.s. GD. For
the values considered here, this requires hinter to be three to
four orders of magnitude larger than LC ,1 and LC ,2 , and also
requires hintra to be two to three orders of magnitude larger
than LC ,1 and LC ,2 , since modes within a group do not generally have degenerate GDs. To satisfy these conditions, short
compensation lengths LC ,1 and LC ,2 should be used, and mode
coupling within compensating fiber segments should be minimized. Furthermore, two types of fibers with nearly precisely
opposing GD profiles, τ2,i ≈ − (LC ,1 /LC ,2 ) τ1,i , 1 ≤ i ≤ D
are required. In practice, for D > 6, obtaining precise GD cancellation using two, or even more, types of fiber is challenging
[33]. When precise GD cancellation is not possible, the compensation lengths can be optimized to minimize the GD spread.
Appendix C describes a procedure to optimize the compensation
lengths for a general number of fiber types.
When mode coupling is strong, GD compensation becomes
ineffective, and the ordering of GD values becomes immaterial.
For the values considered here, this requires both the coupling
lengths hinter and hintra to be three to four orders of magnitude
smaller than both LC ,1 and LC ,2 . In the strong-mode-coupling
√
regime, the r.m.s. GD accumulates in proportion to z, and
decreases with an increase in coupling strength. To achieve a
low r.m.s. GD using mode coupling, strong perturbations should
be introduced within the fiber segments, which may increase
mode-averaged and MDL.
In order to control the complexity of cable manufacturing and
installation, the compensation lengths LC ,1 and LC ,2 presumably cannot be much smaller than the splice spacing in current
systems, which is about 1–5 km. Experiments [2] and estimation
[21] suggest that typically, hintra is of order 0.1–1 km, while
hinter is of order 10–100 km. Given these values, Figs. 2 and 3
suggest that GD compensation is likely to be only partially effective in reducing the end-to-end GD spread in deployed systems.
Thus far, we have only focused on the GD of a single span
comprising multiple GD compensation segments. In a long-haul
system comprising multiple spans, the end-to-end GD spread
depends on the GD spread in each span and also on the coupling between spans. A promising design strategy is to insert
mode scramblers (e.g., LPFGs [23]) between spans, as this can
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minimize the accumulation of GD spread [14], MDL [34] and
nonlinear impairments [35–[37]. In a system using mode scramblers 
between spans, the end-to-end peak-to-peak GD spread is
∼4.5 Kam p times the r.m.s. GD spread per span, where Kam p
is the number of spans, assuming Kam p >> 1 [9]. For example,
consider a system employing 20 GD-compensated spans, each
100 km long, with mode scrambling between spans. Assuming
compensation lengths of 5–10 km and D = 12 modes, and using
the values in Figs. 2 and 3, the end-to-end peak-to-peak GD
spread should not exceed ∼6 ns. Assuming a symbol rate of
35 Gbaud, this corresponds to ∼210 symbol intervals, which is
sufficiently small to render the complexity of adaptive MIMO
signal processing acceptable [8].
V. CONCLUSION
In MDM systems, minimization of the GD spread is crucial to render MIMO signal processing complexity acceptable.
We studied the behavior of the GD spread in systems having
both GD compensation and mode coupling. Using a propagation model in generalized Stokes space, we derived ordinary
differential equations describing the evolution of the GD variance. GD compensation is found to be highly effective only
when both intra- and intergroup coupling lengths are far larger
than the lengths of GD compensating segments, a condition that
may be difficult to achieve in deployed systems. Combining
intra-span GD compensation with inter-span mode scrambling
may achieve acceptably low GD spread in practice.
APPENDICES
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where I is the identity matrix, and the coefficients
 2 are

The
D −1 m0 = T r {M} = 0 and mi = T r {Λi M} [29].

dimensional vector m = m1 · · · mD 2 −1 is the generalized
Stokes space vector corresponding to M.
Two multiplication operations for Stokes space vectors
are


the dot and cross products. Let a and b be two D2 − 1 dimensional vectors. The dot product between a and b is [29]
⎧⎛
⎞⎛
⎞⎫
2
2
2
D
−1
−1
D
−1
⎨ D
⎬
1
a·b=
ai bi = T r ⎝
ai Λi ⎠ ⎝
bi Λi ⎠ .
⎩
⎭
D
i=1

i=1

i=1

(18)
Using (16) and (18), we observe T r {MM∗ } = m2 /D. Note
that if M is the GD operator, the GD values are the eigenvalues
of M and the sum of the square of eigenvalues is equal to
T r {MM∗ } or m2 /D. Hence, the r.m.s. GD is given by
m2 /D [29]. The cross product between a and b is [29]
a×b=

2
D
−1

fi,j,k ai bj ek ,

(19)

i,j,k =1

ek are the orthogonal unit-length basis vectors of the
where
D2 − 1 -dimensional generalized Stokes space and fi,j,k are
structure coefficients given by [29], [39]
fi,j,k =

j
T r {Λk (Λi Λj − Λj Λi )} .
D2

(20)

Apart from the factor of 1/D2 , the structure coefficients are the
same as those used in Lie algebra [39]. The structure coefficients
have the following properties [39]:

A. Stokes Space Operator Representations

fk ,l,m = fl,m ,k = fm ,k ,l ,

(21)

Here, we review some operator representations in generalized
Stokes space.
The GD operator may be represented in generalized Jones
space by a D × D zero-trace Hermitian matrix M. Alternatively, M may be represented in generalized Jones space by
its eigenvectors (the PMs) and its eigenvalues (the GDs of the
PMs). In generalized Stokes space, the GD operator may be
represented in a basis of matrices Λi (1 ≤ i ≤ D2 − 1). A convenient basis is the set of generalized Pauli matrices [29], which
are also the generator matrices for the special unitary (SU) group
in its Lie algebra up to a simple scaling [38]. The generalized
Pauli matrices are traceless:

fk ,l,m = −fl,k ,m = −fk ,m ,l ,

(22)

fk ,k ,m = fm ,k ,k = fk ,m ,k = 0,

fk ,l,m fk ,l,n = 2δn ,m .

(23)

T r {Λi } = 0

(15)

(24)

k ,l

Properties (21)–(23) can easily be observed from the definition (20). Property (24) holds because the Killing form for the
compact group SU(D) is the Kronecker delta [39]. The cross
product a × b can also be represented

 as Ab, where the elements of the D2 − 1 × D2 − 1 matrix A are given by
−1
Aj,k = D
i=1 fi,j,k ai . We use this property in Appendix B,
while using the cross product operator notation for matrix multiplication.
2

and have the trace orthogonality property
1
T r {Λi Λj } = δi,j
D

(16)

where δi,j is the Kronecker delta. Methods to generate generalized Pauli basis matrices are given in [29]. A general representation of M is given by
⎛
⎞
2
D
−1
1 ⎝
m0 I +
M=
(17)
mi Λi ⎠
D
i=1

B. Fokker–Planck Equation Derivations


Consider a D2 − 1 -dimensional stochastic differential
equation in the form
∂X = μ∂z + Σ∂W,
(25)

 2
where μ is a D − 1 -dimensional drift vector withelements μi
corresponding
to evolution of the mean of X, Σ is a D2 − 1 ×
 2

D − 1 matrix with elements σi,j and W is a Wiener process.
Evolution of p (x, z), the probability density function of X as a
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function of z, is described by a differential equation [32]

∂β/∂ω × τ, so the order of differentiation can be exchanged:


∂β
∂β
2
+ω
× τ · ∇τ τ2 .
(34)
G1 τ =
∂ω
∂ω

∂
p (x, z) = (G1 + G2 ) p (x, z) .
∂z
Here, the operator G1 is
D
−1

(26)

Because ∇τ τ2 = 2τ,



2

G1 = ∇x · μ =

k =1

∂
μk ,
∂xk

D −1 D −1
−1
D
∂
1   ∂
=
σn ,k
σm ,k .
2
∂x
∂x
n
m
n =1
m =1
2

G1 τ = 2

(27)

where ∇x is the gradient vector with respect to x. Choice of
the operator G2 depends on the interpretation of the stochastic differential equation. There are two widely used stochastic
calculi: the Stratonovich and Ito calculi [32]. The Ito interpretation is typically used in biological sciences and mathematical
finance, where the future of a stochastic process is considered
unknown and a continuous approximation of a discrete system
is employed [32]. The Stratonovich interpretation is typically
used in physical systems when white noise is used as an idealization of a smooth noise process [27], [32], [40]. Here, we
adopt the Stratonovich interpretation, in which the operator G2
is [27], [32], [40]:
T  T

1 T
Σ ∇x
Σ ∇x
G2 =
2
2

2

2

(28)

k =1


∂β
∂β
+ω
× τ · τ.
∂ω
∂ω

(35)

Using structure coefficient properties (22) and (23), it can be
shown that the second term of (35) can be expressed as


∂β
∂β
×τ ·τ=−
· (τ × τ) .
(36)
∂ω
∂ω
Here, the kth component of τ × τ is given by i,j fi,j,k τi τj and
is decomposed as



fi,i,k τi2 +
fi,j,k τi τj +
fj,i,k τi τj .
(37)
i

i,j
i< j

i,j
i< j

Using the structure coefficient properties (22) and (23), it is
observed that (37) yields 0, which can also be interpreted as
implying that ∂β/∂ω × τ is perpendicular to τ. Hence, we find
that
∂β
· τ.
(38)
G1 τ2 = 2
∂ω
The G2 operator yields

Using (23), for a differentiable function f , the evolution of
E {f (X)} can be expressed as [27], [32]

1
G2 τ2 = − (∇τ )T τ × Hτ × ∇τ τ2 .
2

∂
E {f (X)} = E {(G1 + G2 ) f (X)} .
(29)
∂z
Considering the stochastic differential equation (6), we have
X = τ, μ = ∂β/∂ω + ω∂β/∂ω × τ and Σ = −τ × H1/2 . The
corresponding G1 and G2 operators are


∂β
∂β
G1 = ∇τ ·
+ω
×τ
(30)
∂ω
∂ω

Using ∇τ τ2 = 2τ, it follows that (Hτ × ∇τ ) τ2 =
2Hτ × τ. Since τ × τ = 0, as shown above, we have

and
1
G2 =
2


τ×H

1/2

T

T 
∇τ

τ×H

1/2

T


∇τ . (31)

Using structure coefficient property (22), we observe that
(τ×)T = −τ×. Furthermore, HT = H, since H is a covariance
matrix. Hence, (31) simplifies to
1
(32)
G2 = − (∇τ )T τ × Hτ × ∇τ .
2
Using the operators
1 and G2 , we will derive differential
 G
2
and E {∂β/∂ω · τ}, considering the
equations for E τ
functions f (τ) = τ2 and f (τ) = ∂β/∂ω · τ.
We first compute G1 and G2 operators for τ2 . The G1
operator yields


∂β
∂β
G1 τ2 = ∇τ ·
+ω
× τ τ2 .
(33)
∂ω
∂ω
Using the property of structure coefficients (23), it is observed
that the variable τk does not appear in the kth element of

G2 τ2 = 0.
Combining operators G1 and G2 using (29), we get


∂β
∂β
∂  2
E τ = E 2
·τ =2
· E {τ} .
∂z
∂ω
∂ω

(39)

(40)

(41)

We now compute G1 and G2 operators for ∂β/∂ω · τ for a
diagonal H. The G1 operator yields




∂β
∂β
∂β
· τ = ∇τ
·τ ·
G1
∂ω
∂ω
∂ω
 


∂β
∂β
+ ω∇τ
·τ ·
×τ .
(42)
∂ω
∂ω
Note that ∇τ · (∂β/∂ω · τ) = ∂β/∂ω and ∂β/∂ω· (∂β/∂ω
×τ) = 0 (similar to the argument made for τ using (36) and
(37)). Hence
 2


 ∂β 
∂β
∂β ∂β
·τ =
·
=  .
G1
(43)
∂ω
∂ω ∂ω  ∂ω 
The G2 operator yields




∂β
∂β
1
· τ = − (∇τ )T τ × Hτ × ∇τ
· τ . (44)
G2
∂ω
2
∂ω
Simplification of the first differentiation yields


∂β
1
∂β
G2
· τ = − (∇τ )T τ × Hτ ×
.
∂ω
2
∂ω

(45)
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The kth component of (Hτ × ∂β/∂ω) is
 

∂β
fi,j,k τi
.
Hk ,k
∂ω
j
i,j

C. Optimal GD Compensation Lengths
(46)

The mth element of the cross product between τ and
(Hτ × ∂β/∂ω) is
2
D
−1

fl,k ,m τl Hk ,k


i,j

l,k =1


fi,j,k τi

∂β
∂ω


.

(47)

j

The derivative of (44) with respect to τm has non-zero terms only
when l = m or i = m. However, when l = m, fl,k ,m becomes
0. Using this simplification, we obtain

G2


 
D 2 −1
∂β
∂β
1  
·τ =−
fk ,m ,l fk ,m ,j τl Hk ,k
.
∂ω
2 m =1
∂ω j

Assume a system that concatenates n different fibers types,
each supporting D modes, with negligible mode coupling.
Let τi = (τi,1 , τi,2 , . . . , τi,D ) and LC ,i denote the GDs and
length of the ith fiber for 1 ≤ i ≤ n. Constraining the span
n
length
i=1 LC ,i = Lam p , our goal is to find the optimal
lengths LC ,i , 1 ≤ i ≤ n (which have n − 1 degrees of freedom) for the given τi that minimize the peak-to-peak GD spread
max ( ni=1 LC ,i τi ) − min ( ni=1 LC ,i τi ). We observe that if
τj is a linear combination of τi for 1 ≤ i ≤ n and i = j, the
minimum peak-to-peak GD spread is zero. In all other cases, a
zero peak-to-peak GD spread cannot be obtained.
Determination of the optimal LC ,i can be expressed as a linear
program [41] with the following objective and constraints:
minimize τT ,m ax − τT ,m in ,

j,k ,l

(48)
Combining operators G1 and G2 using (29) we obtain
 


 ∂β 2
∂β
d

E
·τ =E 
 ∂ω 
dz
∂ω
−

1
2

2
D
−1




fk ,m ,l fk ,m ,j τl Hk ,k

m =1 j,k ,l

−

LC ,i τi − τT ,m ax · 1 ≤ 0,

(53)

n


LC ,i τi + τT ,m in · 1 ≤ 0,

(54)

j⎭

n


.

j,k ,l

In (49), all of the terms have a common ∂β/∂ω dot product
operation. Removing this ∂β/∂ω common factor yields:
∂
∂β
E {τ} =
− Q · E {τ}
(50)
∂z
∂ω
 


where the elements of the D2 − 1 × D2 − 1 matrix Q are
given by
D −1
1 
=
fk ,m ,l fk ,m ,j Hk ,k .
2

(52)

i=1

⎫

∂β ⎬
∂ω

subject to

n

i=1

In the above expression, the term ∂β/∂ω is deterministic and
piecewise constant in the case of GD compensation. Using the
linearity of expectation operator, we obtain
 2
∂β 
∂β dE {τ} 

·
=
 ∂ω 
∂ω
dz
 
D 2 −1
∂β
1  
−
fk ,m ,l fk ,m ,j E {τl } Hk ,k
. (49)
2 m =1
∂ω j

2

Qj,l
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(51)

m ,k =1

In this paper, we focus on the case of diagonal H for the coupling model considered. For a general covariance matrix H, the
derivations above are modified slightly and can be expressed in
terms of its eigenvalue decomposition H = UNUT where N is
the diagonal matrix of eigenvalues. The basis change from H to
N does not change (41) because both τ and ∂β/∂ω rotate simultaneously, and the inner product between them remains constant.
On the other hand, Q in (50) can be replaced by UQUT while
replacing Hk ,k in (51) by Nk ,k ..

LC ,i − Lam p = 0.

(55)

i=1

In the above, τT ,m ax , τT ,m in and LC ,i are variables and 1 denotes
a D × 1 vector of ones. This linear program can be solved using
a standard optimization package, e.g., [42].
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