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Preface

Source coding theory has as its goal the characterization of the optimal
performance achievable in idealized communication systems which must
code an information source for transmission over a digital communication
or storage channel for transmission to a user. The user must decode the
information into a form that is a good approximation to the original. A code
is optimal within some class if it achieves the best possible fidelity given
whatever constraints are imposed on the code by the available channel. In
theory, the primary constraint imposed on a code by the channel is its rate
or resolution, the number of bits per second or per input symbol that it can
transmit from sender to receiver. In the real world, complexity may be as
important as rate.

The origins and the basic form of much of the theory date from Shan-
non’s classical development of noiseless source coding and source coding
subject to a fidelity criterion (also called rate-distortion theory) [73] [74].
Shannon combined a probabilistic notion of information with limit theo-
rems from ergodic theory and a random coding technique to describe the
optimal performance of systems with a constrained rate but with uncon-
strained complexity and delay. An alternative approach called asymptotic
or high rate quantization theory based on different techniques and approx-
imations was introduced by Bennett at approximately the same time [4].
This approach constrained the delay but allowed the rate to grow large.

The goal of both approaches was to provide unbeatable bounds to the
achievable performance using realistic code structures on reasonable mathe-
matical models of real-world source coding systems such as analog-to-digital
conversion, data compression, and entropy coding. The original theory
dealt almost exclusively with a particular form of code—a block code or,
as it is sometimes called in current applications, a vector quantizer. Such
codes operate on nonoverlapping blocks or vectors of input symbols in a
memoryless fashion, that is, in a way that does not depend on previous
blocks. Much of the theory also concentrated on memoryless sources or
sources with very simple memory structure. These results have since been

ix



X PREFACE

extended to a variety of coding structures and to far more general sources.
Unfortunately, however, most of the results for nonblock codes have not ap-
peared in book form and their proofs have involved a heavy dose of measure
theory and ergodic theory. The results for nonmemoryless sources have also
usually been either difficult to prove or confined to Gaussian sources.

This monograph is intended to provide a survey of the Shannon coding
theorems for general sources and coding structures along with a treatment
of high rate vector quantization theory. The two theories are compared
and contrasted. As perhaps the most important special case of the the-
ory, the uniform quantizer is analyzed in some detail and the behavior of
quantization noise is compared and contrasted with that predicted by the
theory and approximations. The treatment includes examples of uniform
quantizers used inside feedback loops. In particular, the validity of the
common white noise approximation is examined for both Sigma-Delta and
Delta modulation. Lattice vector quantizers are also considered briefly.

Much of this manuscript was originally intended to be part of a book
by Allen Gersho and myself titled Vector Quantization and Signal Com-
pression which was originally intended to treat in detail both the design
algorithms and performance theory of source coding. The project grew too
large, however, and the design and applications-oriented material eventu-
ally crowded out the theory. This volume can be considered as a theoretical
companion to Vector Quantization and Signal Compression, which will also
be published by Kluwer Academic Press.

Although a prerequisite graduate engineering level of mathematical so-
phistication is assumed, this is not a mathematics text and I have been
admittedly somewhat cavalier with the mathematical details. The argu-
ments always have a solid foundation, however, and the interested reader
can pursue them in the literature. In particular, a far more careful and
detailed treatment of most of these topics may be found in my manuscript
Mathematical Information Theory.

The principal existing text devoted to source coding theory is Berger’s
book on rate-distortion theory [5]. Gallager’s chapter on source coding in
{28] also contains a thorough and oft referred-to treatment. Topics treated
here that are either little treated or not treated at all in Berger and Gallager
include sliding-block codes, feedback and finite-state codes, trellis encoders,
synchronization of block codes, high rate vector quantization theory, pro-
cess definitions of rate-distortion functions, uniform scalar quantizer noise
theory, and Sigma-Delta and Delta modulation noise theory in scalar quan-
tization (or PCM), in Sigma-Delta modulation, and in Delta modulation.
Here the basic source coding theorem for block codes is proved without
recourse to the Nedoma decomposition used by Berger and Gallager {5],
[28]. The variational equations defining the rate-distortion function are de-
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veloped using Blahut’s approach [6], but both Gallager’s and Berger’s so-
lutions are provided as each has its uses. The Blahut and Gallager/Berger
approaches are presented in some detail and the proofs given take advan-
tage of both viewpoints. In particular, the use of calculus optimizations is
minimized by repeated applications of the divergence inequality.

The primary topic treated by Berger and Gallager and not included
here is that of continuous time source coding theory. Noiseless coding is
also not treated here as it is developed in the companion volume as well
as in most information theory texts (as well as texts devoted entirely to
noiseless coding, e.g., [77].)

This book is intended to be a short but complete survey of source cod-
ing theory, including rate-distortion theory, high rate quantization theory,
and uniform quantizer noise theory. It can be used in conjunction with
Vector Quantization and Signal Compression in a graduate level course to
provide either background reading on the underlying theory or as a supple-
mentary text if the course devotes time to both the theory and the design
of vector quantizers. When I teach an “Advanced Topics” course on data
compression, I proceed from a brief review of the prerequisite random pro-
cess material into Part III of Vector Quantization and Signal Compression,
that is, directly into the development of code design algorithms for vector
quantizers. I treat the design material first as this is usually the preferred
material for term papers or projects. The second half of the course is then
devoted to Chapters 3, 4, and 5 of this book. Portions of Chapter 6 are
treated if time permits and are used to point out the shortcomings of the
asymptotic approximations as well as to provide an introduction into the
theory of oversampled analog-to-digital converters.

Robert M. Gray
Stanford, California
July 1989
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Chapter 1
Information Sources

An information source is modeled mathematically as a discrete time ran-
dom process, a sequence of random variables. This permits the use of all of
the tools of the theory of probability and random processes. In particular,
it allows us to do theory with probabilistic averages or expectations and
relate these to actual time average performance through laws of large num-
bers or ergodic theorems. Such theorems describing the long term behavior
of well behaved random systems are crucial to such theoretical analysis.
Relating expectations and long term time averages requires an understand-
ing of stationarity and ergodic properties of random processes, properties
which are somewhat difficult to define precisely, but which usually have a
simple intuitive interpretation. These issues are not simply of concern to
mathematical dilettants. For example, stationarity can be violated by such
commonly occurring phenomena as transients and variable length coding,
yet sample averages may still converge in a useful way. In this chapter we
survey some of the key ideas from the theory of random processes. The
chapter strongly overlaps portions Chapter 2 of Gersho and Gray [30] and
is intended to provide the necessary prerequisites and establish notation.
The reader is assumed to be familiar with the general topics of probability
and random processes and the chapter is intended primarily for reference
and review. A more extensive treatment of basic random processes from a
similar point of view may be found in [40] and [37].

1.1 Probability Spaces

The basic building block of the theory of probability and random processes
is the probability space or experiment, a collection of definitions and axioms
which yield the calculus of probability and the basic limit theorems relating

1



2 CHAPTER 1. INFORMATION SOURCES

expectations and sample averages. For completeness we include the basic
definitions and examples. A probability space (Q,F, P) is a collection of
three things:

2 An abstract space Q called the sample space. Intuitively this is a listing
of all conceivable outcomes of the experiment.

F A nonempty collection of subsets of 2 called events which has the fol-
lowing properties:

1. If F € F, then also F¢ € F, that is, if the set F' is in the
collection F, then so is its complement F° = {w : w ¢ F'}.

2. f F; € F,i=1,2,..., thenalso | J; F; € F, that is, if a (possibly
infinite) collection of sets F; belong to the collection F, then so
does the union | J; F; € F = {w : w € F; for some i}.

It follows from the above conditions that Q € F, i.e., the set “some-
thing happens” is an event, and the null set § = Q¢ (“nothing hap-
pens”) is an event. A collection F of subsets of Q with these proper-
ties is called an event space or a o-field. It is a standard result that
the above two conditions imply that any sequence of complements,
unions, or intersections of events (members of F) yields another event.
This provides a useful algebraic structure to the collection of sets for
which we wish to define a probability measure.

P A probability measure on an event space F of subsets of a sample space
Q1 is an assignment of a real number P(F) to every F' in F which
satisfies the following rules (often called the azioms of probability):

1. P(F) > 0 for all F € F, that is, probabilities are nonnegative.

2. P(Q2) = 1, that is, probability of the entire sample space (“some-
thing happens”) is 1.

3. If events F;, i = 1,2,... are disjoint, that is, if F;(Fj = {w :
w € F; and w € Fj} = 0 for all ¢ # j, then

o0

P F) =) P(F);

i=1 i=1

that is, the probability of the union of a sequence of disjoint
events is the sum of the probabilities.

It is important to note that probabilities need be defined only for events
and not for all subsets of the sample space. The abstract setup of a
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probability space becomes more concrete if we consider the most important
special cases. One basic example is the case where § = R = (—o0, ),
the real line. The most useful event space in this case is called the Borel
field and is denoted B(R). We will not delve into the theoretical details
of Borel fields, but we shall point out that it contains all of the subsets
of the real line that are sufficiently “nice” to have consistent probabilities
defined on them, e.g., all intervals and sets constructable by sequences of
complements, unions, and intersections of intervals. It is a basic result of
measure theory, however, that the Borel field does not contain all subsets
of the real line. The members of the Borel field, that is, the events in the
real line, are called Borel sets.

Suppose that we have a real valued function f defined on R with the
following properties:

1. f(r)>0,alreRr,

2. ffooo f(r)dr: 1.

Then the set function P defined by

P(F) = /F £(r)dr

is a probability measure and the function f is called a probability density
function or pdf since it is integrated to find probability. There is more going
on here than meets the eye and a few words of explanation are in order.
Strictly speaking, the above claim is true only if the integral is considered as
a Lebesgue integral rather than as the Riemann integral familiar to most
engineers. As is discussed in some length in [40], however, this can be
considered as a technical detail and Riemann calculus can be used without
concern provided that the Riemann integrals make sense, that is, can be
evaluated. If the Riemann integral is not well defined, then appropriate
limits must be considered. Some of the more common pdf’s are listed
below. The pdf’s are 0 outside the listed domain. b > a, A > 0, m, and
o > 0 are real-valued parameters which specify the pdf’s.

The uniform pdf f(r) =1/(b—a) forr € [a,b] = {r: a <r < b}.
The exponential pdf f(r) = le™>"; r > 0.

The doubly exponential or Laplacian pdf f(r) = %e‘)‘"‘; reR.

The Gaussian pdf f(r) = (2n02)~/2e=(r=m)*/2> p e R
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A similar construction works when Q is some subset of the real line
instead of the entire real line. In that case the appropriate event space
comprises all the Borel sets in . For example, we could define a prob-
ability measure on ([0, c0), B([0,00))), where B([0, o)) denotes the Borel
sets in [0, 00), using the exponential pdf. Obviously we could either define
this experiment on the entire real line using a pdf that is 0 for negative
numbers and exponential on nonnegative numbers or we could define it on
the nonnegative portion of the real line using a pdf that is an exponential
everywhere. This is strictly a matter of convenience. Another common
construction of a probability measure arises when all of the probability sits
on a discrete subset of the real line (or any other sample space). Suppose
that Q' is an arbitrary sample space and F a corresponding event space.
Suppose that an event 2 C Q' consists of a finite or countably infinite col-
lection of points. (By countably infinite we mean a set that can be put into
one-to-one correspondence with the nonnegative integers, e.g., the nonneg-
ative integers, the integers, the even integers, and the rational numbers.)
Suppose further that we have a function p defined for all points in  which
has the following properties:

l.plw)>0allw e Q.

2. Zweﬂ p(w) =1.

Then the set function P defined by

P(Fy= Y pw)
weFﬂﬂ

1s a probability measure and the function p is called a probability mass
function or pmf since one adds the probability masses of points to find
the overall probability. That P defined as a sum over a pmf is indeed a
probability measure follows from the properties of sums. (It is also a special
case of the Lebesgue integral properties.) Some of the more common pmf’s
are listed below. The pmf’s p(w) are specified in terms of parameters: p
is a real number in (0,1), n is a positive integer, and A is a positive real
number.

The binary pmf Q = {0,1}. p(1) = p, p(0) = 1 —p.
The uniform pmf Q = {0,1,...,n—1}. p(k) = 1/n; k € Q.
The geometric pmf Q = {1,2,...}. p(k) = p(1 — p)*~1; k€ Q.

The Poisson pmf Q = {0,1,2,...}. p(k) = Ae~*/k!; k € Q.
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In summary, one can define probability measures on the real line by inte-
grating pdf’s or by summing pmf’s. Note that probability measures are set
functions; that is, they are defined for all events or sets in an event space.
Probability functions such as pdf’s and pmf’s, however, are point func-
tions: They are defined for all points in the sample space. The probability
functions must satisfy properties similar to those of probability measures,
i.e., nonnegativity and normalization. The countable additivity property
of probability measures then follows from the properties of integration or
summation. One can also combine pdf’s and pmf’s into a single probabil-
ity measure; e.g., suppose that P; is a probability measure on Q' defined
by a pdf f and P, is a probability measure defined by a pmf p such that
P(Q2) = 1 for some discrete set Q C . Given any A € [0,1] we can define
a mizture probability measure P by

P(F) = AP(F)+(1=))Py(F)
= )\/Ff(r)dr-i»(l-—)\) > p(r).

reFnQ

P can represent an experiment with both continuous and discrete compo-
nents. By choosing A to be 1 (or 0) we have the purely continuous {or
discrete) special cases. It is common practice and sometimes convenient
to use a pdf for such a mixed probability distribution using Dirac delta
functions. With this notation, the composite pdf f.(r) can be written as

Fe(r) = M)+ (1= 1) p(s)é(r — 5)

€N

which defines the same mixed probability measure as above assuming the
same care is taken in defining the integral of the pdf over a set with a
boundary point located at a mass point in F. One might suspect that
such a mixture of discrete and continuous parts is the most general form
of probability measure on the real line, but this is unfortunately not the
case. There is a third type probability measure that is called singular which
cannot be evaluated as an integral of a pdf or a sum of a pmf. Happily
one rarely encounters such probability measures and hence we can usually
consider the above mixtures to be the most general form.

Another probability function of interest that is defined in both the con-
tinuous and discrete case is the cumulative distribution function or cdf as
follows: Given a probability measure P on the real line (or some subset
thereof), define the cdf F(r) by

F(r)y=P{{w: w<r});
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that is, F(r) is simply the probability of getting a value less than or equal
to r. If P is defined by a pdf f, then

)= [t

and hence the fundamental theorem of calculus implies that

and hence the pdf is the derivative of the cdf. Alternatively, if the cdf is
differentiable, then the pdf exists and the probability measure of events
can be found by integrating the pdf. In the discrete case, the pmf can be
found as the differences of the cdf, e.g., if Q is the set of integers, then
p(k) = F(k) — F(k —1).

The above ideas are easily extended to sample spaces consisting of real
valued vectors rather than just real numbers, that is, Euclidean vector
spaces. Suppose that = R", the space of all vectors x = (z¢,21,...,Zn-1)
with z; € R. A Borel field can be constructed for this sample space, but we
will not consider the details. Suffice it to say that it contains all sets usually
encountered, e.g., multidimensional rectangles and all sets constructable by
sequences of set theoretic operations on rectangles.

A function f defined on R" is called a joint pdf or n-dimensional pdf
or simply a pdf if

1. f(x) >0, x € R".

2. fxe‘lz" f(x)dx =1,
where the vector integral notation is shorthand for

/ / / f(xo,l‘l,...,l‘n_l)dxodl‘l d.rn_l.
ro€R Jz,ER Tp-1ER

Then the set function P defined by the integral

H®=Lﬂﬂﬁ

is a probability measure (subject to considerations like those of the scalar
case).

In a similar manner we can consider pmf’s for vectors. We can com-
pletely describe a probability measure on Euclidean space by giving the
cdf (or in special cases a pdf or pmf). This lets us describe two of the
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most common and important examples of probability measures on vector
spaces: The product measure and the Gaussian measure. Suppose that we
have a collection of cdf’s Fi(r); i=0,...,n — 1. They may be identical or
different. Define an n-dimensional cdf F"(r) by

n—1
Fr(r) = [[ F(m).
1=0

(It is straightforward to verify that F" is indeed a cdf.) A cdf of this form
is called a product cdf and the resulting probability measure is called a
product probability measure. If the original cdf’s F; are defined by densities
fi, then the above is equivalent to saying that the n-dimensional pdf f is
given by

n-1
ey =TT £
i=0

Similarly, if the original cdf’s F; are defined by pmf’s p;, then the above is
equivalent to saying that the n-dimensional pmf p" is given by

n—1
pi(r) = HP:'(”:’)-

Thus any of the scalar pdf’s or pmf’s previously defined can be used to con-
struct product measures on vector spaces. The second important example
is the multidimensional Gaussian pdf. Here we describe the n-dimensional
pdf which in turn implies the probability measure and the cdf. A pdf f on
R" is said to be Gaussian if it has the following form:

e—%(x-m)'A“(x-m)

fe = V2r)rdeth

where the superscript ¢ stands for “transpose”, m = (mo,...,my-1)" is
a column vector, and A is an n X n square symmetric matrix, e.g., A =
{AGG,7); i=0,...,n—=1; j=0,...,n—1} and A(4,j) = A(j,7), all 7, ;.
Equivalently, A* = A. We also require that A be strictly positive definite,
that is, for any nonzero vector y the quadratic form y'Ay is positive, that

1s,

n-1ln-1
Y Ay =)D wihijy; > 0.
i=0 j=0
A standard result of matrix theory ensures that if A is strictly positive
definite, then the inverse exists and the determinant is not 0 and hence the
above pdf is well defined.
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1.2 Random Variables and Vectors

A random variable can be thought of as a measurement on a probability
space: an experiment produces some outcome w and an observer then mea-
sures or some function of w, say X (w). This measurement a random variable
defined on the underlying probability space or experiment. For example,
if w i1s a real vector, X could be its Euclidean norm, the minimum coordi-
nate value, the third component, and so on. The basic idea is that if w is
produced in a random fashion as described by a probability space, then X
should inherit a probabilistic description from the underlying space, thereby
giving us a new probability space which describes the possible outcomes of
X. Suppose then that we have a probability space (2, F, P) and a function
or mapping X : Q@ — R, that is, X assigns a real number to every point in
the sample space. We wish to construct a new probability space that de-
scribes the outcomes of X, say (R, B(R), Px), where Px (G) is the probabil-
ity that the measurement X assumes a value in the event G. We abbreviate
this English statement to Pr(X € G). We should be able to compute this
probability by referring back to the original probability space, that is, we
should have that Px(G) = Pr(X € G) = P(w: X(w) € G) = P(X~Y(G)),
where the inverse image X ~1(G) of a set G under the mapping X is defined
is the collection of all w points which map into G:

X HG) ={w: X(w) €G]}

In other words, Px (G) should be the probability of the set of sample points
that are mapped by X into G. This will be the case if and only if the set
X~Y(G) is indeed an event in the original space, that is, a member of
F. We force this technical condition to be satisfied by building it into
the definition of a random variable: Given a probability space (Q, F, P),
a random variable X is a mapping from 2 into the real line R with the
property that X~!(G) € F for all G € B(R). Most reasonable functions
encountered in engineering have this property, e.g., if the original space is a
Euclidean vector space, then continuous functions are random variables and
the maximum or minimum of the coordinates are random variables. The
distribution of the random variable Py is the induced probability measure
defined by
Px(G) = P(X™Y(G)); G € B(R).

Thus, for example, if the probability measure on the original space is de-
scribed by a pdf f, then

Px(@) = [ L
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If the probability measure on the original space is described by a pmf p,
then analogously

Px(G)= > plk)

k: X (k)EG

The distribution Px is specified by a cdf Fx, which in turn may be described
by a pmf px or a pdf fx, that is,

Px(G) = /eG fx(z)dz

or

Px(G)=) px(v)

z€G

depending on whether X has a differentiable cdf or takes on discrete values.

Thus a probability space (2, F, P) and a random variable X together
induce a new probability space (R,B(R), Px). If we begin with Q = R,
then a trivial random variable is X(r) = r, the identity function. In this
manner all the pdf’s and pmf’s described for the real line can be considered
as equivalent to distributions of random variables and the resulting random
variables share the name of the probability functions. For example, we
speak of a Gaussian random variable as one with a distribution induced by
the Gaussian pdf. If the distribution Px of a random variable X is induced
by a pdf f or a pmf p, then we often subscript the probability function by
the name of the random variable, i.e., fx or px.

A random vector is simply a finite collection of random variables. For
example, if X;; ¢ = 0,1,...,n — 1, are random variables defined on a
common probability space (2, F, P), then X = (Xp,...,Xn-1) is a random
vector. The distribution Px of the random vector is the induced probability
measure, that is,

Px(G) = P(w: X(w) = (Xow), ..., Xa_1(w)) € G) = P(X~1(G)).

It is a result of measure theory that the distribution is well defined.

As with any probability measure, a distribution can be specified by a
cdf Fx(x) = Pr(X; < z;; i = 0,1,...,n — 1) and possibly by a multi-
dimensional pdf fx or a pmf px. As in the scalar case, we can define a
trivial random vector on n-dimensional Euclidean space by X(r) = r. If
the probability measure is specified by a Gaussian (or other named) cdf,
then the random vector is also said to be Gaussian (or whatever).

Given a probability space (2, F, P), a finite collection of events Fj; i =
0,...,n —11s said to be independent if for any k < n and sub-collection of
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events Fj; i = 0,...,k — 1 (where the l; are distinct and 0 < l; < n —1)
we have that

k-1 k-1
P(() k) = [ P(F).
1=0 i=0
A collection of random variables X;; ¢ = 0,...,n — 1 is said to be inde-
pendent if for all collections of Borel sets G;; i = 0,...,n — 1, the events

X Y(G;) are independent. The definition is equivalent to saying that the

1
random variables are independent if and only if

n-1
Pr(X,'GG,';i:O,...,n—l): pr_(Gi), (1.21)
i=0

for all collections of Borel sets G;. It is straightforward to show that this
is true if and only if the n-dimensional cdf for X = (Xo,...,Xn-1) is a
product cdf. This definition has an interpretation in terms of elementary
conditional probability. Given two events F' and G for which P(G) > 0,
the conditional probability of F' given G is defined by

P(FG)
P(F|G) = ———.
Thus if two events F and G are independent and P(G) > 0, then P(F|G) =
P(F); that is, the knowledge of G does not influence the probability of F.
A random vector has independent components if and only if the appropriate
probability functions factor in a manner analogous to 1.2.1, that is, if

n—1
Fx(x) = H FX‘(I’z),
i=0
or
n-1
fxx) = [T fx.(@),
1=0
or

n—1
px(x) = ][ px.(z:)-
i=0

A random vector is said to be independent and identically distributed
or iid if it has independent components with identical marginals, that is,
all of the distributions Px, (or the corresponding probability functions) are
identical.
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1.3 Random Processes

A random process is an indexed family of random variables {X;;t € 7} or
{X(t);t € T}. The index t corresponds to time. Both forms of notation
are used, but X, is more common for discrete time and X (t) more common
for continuous time. If 7 is continuous, e.g., is (—00,00) or [0,00), then
the process is called a continuous time random process. If T is discrete,
as in the set of all integers or the set of all nonnegative integers, then the
process is called a discrete time random process or a random sequence or
a time series. When considering the discrete time case, letters such as n
and k are commonly used for the index. The ¢t € T is often omitted when
it is clear from context and a random process denoted simply by {X,} or
{X()}.

The above definition for a random process is abstract and is not always
useful for actually constructing a mathematical model for a real process.
The chief tool for this purpose is the Kolmogorov extension theorem, which
we now describe. First, given a random process we can in principle compute
the distribution for any finite dimensional random vectors obtainable by
collecting a finite number of samples of the process, e.g., fix a number of
samples n and a collection of sample times to,t;,...,t,—1. We can use
the formula for finding the distribution of a random vector to find the
distribution for this collection of random variables, e.g., considering cdf’s
we have that

FX'O',_.,X"._I(X) = P(Xti <zi;1=0,...,n~— 1).

Furthermore, all of these cdf’s, that is, the cdf’s for all choices of numbers
of samples and sample times, must be consistent in the sense that we can-
not get different values for the probability of a fixed event using different
cdf’s. For example, we could find Pr(X, < 3) as Fx,(3) or Fx, x,(3,00)
and all answers must agree. The Kolmogorov extension theorem is essen-
tially a converse to this result. It states that if we have a consistent family
of distributions (or, equivalently, of cdf’s or pdf’s or pmf’s) for all possible
collections of finite samples of the process, then the process is uniquely spec-
ified. In other words, given a consistent description of finite dimensional
distributions, then there exists one and only one random process which
possesses those finite dimensional distributions. This provides a powerful
tool for constructing models of random processes. Two of the most impor-
tant examples follow. A discrete time process is said to be independent and
identically distributed or iid if there is a cdf F such that all n-dimensional
cdf’s of the process are product ¢df’s with marginal cdf F. The name fol-
lows since the condition implies that the random variables produced by the
process are independent and have identical distributions. Thus all of the
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pdf’s and pmf’s thus far considered yield corresponding iid processes. It is
straightforward to show that the resulting distributions are consistent and
hence the processes well defined.

A process is said to be Gaussian if all finite collections of samples are
Gaussian random vectors. It is straightforward (but tedious) to show that
the consistency conditions are met if the following conditions are met:

1. There exists a function {m(t);t € T}, called the mean function, and
a function {A(t,s); t,s € T}, called the covariance function, which
is symmetric and strictly positive definite, i.e., A(t,s) = A(s,t) and

for any n and ?3,...,t,, and real (yo,...,¥n—1) we have that
n—-1ln-1
Z Z yiA(ti,t]‘)yj > 0.
i=0 j=0
2. Given n and tg, - - -, 11 the vector (Xy,,..., Xy, _,) is Gaussian with
(Mig, ..., My, _,) and covariance {A(t;,t;); 1,7 =0,...,n — 1}.

A discrete time Gaussian process is iid if and only m(t) is a constant,
say m, and A(t, s) has the form ¢26;_,, where & is the Kronecker delta, 1
if k =0 and 0 otherwise.

It is often useful to consider conditional probabilities when specifying
a random process. A few remarks will provide sufficient machinery for
our purposes. Suppose that we fix n and a collection of sample times
to <ty <...<tp_1. Suppose that the process is described by pmf’s and
consider the pmf for the random vector X;,, X¢,,..., X¢,_,. We can write

pX‘O,X'l,...,X("_l(x()ixl) . ')zn—l) =

not PXig, X1y, X, (80, T1, -0, Tk)
px.,(20) [] :
b PXeg Xeyroon Xoy_, (€0, 21,0, Th—1)

The ratios in the above product are recognizable as elementary conditional
probabilities, and hence we define the conditional pmf’s

PXoy 1 Xep_ o Xeg (Zk|TR=15 0, Z0) = Pr(Xy, = 2| Xy, = 2538 =0,...,k=1)
DXy Xy, X, (B0, @1, Tx)
PXey Xey o X, (20,81, ., Tko1)

This can be viewed as a generalization of a product measure and a chain
rule for pmf’s. By analogy we can write a similar form in the continuous



1.3. RANDOM PROCESSES 13
case. Suppose now that the process is described by pdf’s. We can write

fX1o,X¢1,...,X¢n_l(anxl,° . '$xn—1) =

n-1

fX (:L'O) l I ‘f‘('o';iﬂx,v-'>xt,‘(xOv'L'l,-..,l‘k)
t
’ k=1 J

Xto,xil,m,xek_l(x())ml; .. '7'rk—l)

Define the conditional pdf’s by

FXeg XepsnXg (Z0, 21,0, Tk)
Fxeg Xy X, (T, 21,0 1)

Ixo X, X (ZE|ZTR=1, -, 20) =

These are no longer probabilities (they are densities of probability), but we
can relate them to probabilities as follows: Define the conditional proba-
bility

P(X:, €G|Xy, =24;i=0,...,k=1)=

/fX,kIX.k_l,...,X,O(-'L'kll'k—b---;zo)dl'k-
G

Thus conditional pdf’s can be used to compute conditional probabilities.

A simple example of the use of conditional probabilities to describe a
process is in the definition of Markov processes. A Markov process is one for
which for any n and any g <t; < -+ < t,_1 we have for all zg,...,zn_1
that PI’(th € GﬂlXin—l = xn—ly-“;Xto = .’L‘Q) = PI’(th (S Gﬂlth—l =
Zn_1); that is, given the recent past, probabilities of future events do not
depend on previous outcomes. If the process is described by pdf’s this is
equivalent to

fX¢n|X¢ .,X.D(xn!xn—-lw . ‘)xo) = fX¢"|X¢"_l(xn|zn-—l)-

11"

If the process is described by pmf’s, it is equivalent to

X, | X Xeo (ZnlTno1,. 0, 20) = px, 1x,_ (Zn|Tn-1).

n—11"
If a process is Gaussian and has a covariance of the form A(t,s) = o2p~It=l,
then it is Markov. This process is usually called the Gauss Markov process.
If the process is Gaussian and defined only for nonnegative time and has a
covariance of the form A(t,s) = o? min(t, s), then it is also Markov. This
process is called the Wiener process.
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1.4 Expectation

Suppose that X is a random variable described by either a pdf fx or pmf
px. The expectation of X is defined by the integral

EX = /mfx(x)dx
if described by a pdf and by the sum

EX =) zpx(z)

if described by a pmf. Given a random variable X defined on a probability
space (2, F, P), we can define another random variable, say g, which is a
function of X. That is, the composition of the two random variables X
and g yields a new random variable Y = g(X) defined on the original space
by Y(w) = ¢g(X)(w) = g(X(w)). In other words, we form the measurement
Y on Q by first taking the measurement X(w) and then taking g on the
result. We could find the expectation of Y by first finding its cdf Fy
and then taking the appropriate integral with respect to the cdf, but the
fundamental theorem of expectation provides a shortcut and allows us to use
the original pdf or pmf. For example, if the appropriate pdf’s are defined,

EY = Eg(X) = /yfy(y) dy = /g(w)fx(r)dw-

Expectations of a random variable with respect to an event are fre-
quently used. If A € Q is an event, then

E(X|A) = /z'fXIA(:L'|A) dz.

Let {A;} be a sequence of events that form a partition of the sample space

so that
Udi=q, 44 =0fori#j
i

then
EX =) E(X]A:)Pr(4).

Expectations can also be taken with respect to conditional probabil-
ity functions to form conditional expectations, e.g., given two continuous
random variables X and Y

E(Y|z) = E(Y|X = 2) = / vfrix(vle) dy.



1.4. EXPECTATION 15

It should be clearly understood that E(Y |z) is a deterministic function of
z. Then, by replacing = by the random variable X, the expression E(Y|X)
defines a new random variable that is a function of the random variable X.
Conditional expectations are useful for computing ordinary expectations
using the so-called iterated expectation or nested expectation formula:

EY)= /yfy(y)dy= /y (]fx,y(a:,y)dx> dy

= [ 1x) ( / yfnx(ylw)dy) dz = [ fx (@B |2)dz = BE(Y1X)).

Two important examples of expectation of functions of random variables
are the mean
myx = EX

and the variance
03( = E[(X - mx)z].

Expectations of the form E(X™) are called the nth order moments of the
random variable. Note that it is usually easier to evaluate the variance
and moments using the fundamental theorem of expectation than to derive
the new cdf’s. Suppose that {X;; ¢t € T} is a random process. The mean
function or mean is defined by

mx(t) = EX;.
The autocorrelation function or autocorrelation of the process is defined by
Rx(t,s) = E(X:X,).
The autocovariance function or covariance is defined by
Kx(t,s) = E((X: — mx(t))(Xs — mx(s))).

Observe that
Kx(t,t) = ox,>

It is easy to see that
Kx(t,s) = Rx(t,s) — mx(t)mx(s).
A process {X;;t € T} is said to be weakly stationary if
1. mx(t) = mx(t + 7), all ¢, r such that t,t + r € 7, and
2. Rx(t,s) = Rx(t+ 7,5+ 1), all 7 such that ¢,5,t+7r,s+7€7.
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A process is weakly stationary if the first two moments—the mean and
the correlation—are unchanged by shifting, that is, by changing the time
origin. This is equivalent to saying that the mean function is constant, that
is, there is a constant mx such that

mx(t) = mx,

(does not depend on time); and that the correlation depends on the two
sample times only through their difference, a fact that is often expressed as

Rx(t,s) = Rx(t —s).

A function of two variables which depends on the variables only through
their difference as above is said to be Toeplitz. Weak stationarity is a form
of stationarity property of a random process. Stationarity properties refer
to moments or distributions of samples of the process being unchanged
by time shifts. We shall later consider other stationarity properties. If a
process {Xy; t € T} is weakly stationary, then we define its power spectral
density Sx(f) as the Fourier transform of the correlation:

[ Rx(t)e~#2"ftdt if T continuous

Sx(f) = F(Rx(t)) =
ST Rx(k)e™i2mfk if T discrete

1.5 Ergodic Properties

We have already seen an example of a stationarity property of a process: A
process { X, } is weakly stationary if the mean function and autocorrelation
function are not affected by time shifts, that is,

EX; = EXt+T

and
Rx(t,s)= Rx(t+ 7,5+ 1),

for all values of t,s,7 for which the above are defined. While the same
thing can be stated more concisely as EX; = m and Rx(t,s) = Rx{t —s),
the above form better captures the general idea of stationarity properties.
We say that a process is strictly stationary or, simply, stationary if the
probabilities of all events are unchanged by shifting the events. A pre-
cise mathematical definition is complicated, but the condition is equivalent
to the following: For any dimension n and any choice of n sample times
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to,...,tn_1, the joint cdf for the n samples of the process at these times
satisfies
Fx,..x._ oy ,2n-1)=Fx, . . x, _ . (Zoy. ., Zn1)

for all choices of 7 and t for which the cdf’s are defined. Strict stationarity
is also equivalent to the formulas obtained by replacing the cdf’s above
by pdf’s or pmf’s, if appropriate. The key idea is that the probabilistic
description of the random process is unchanged by time shifts. There are
more general stationarity properties than the strict stationarity defined
above. For example, processes can have nonstationarities due to transients
that die out in time or periodicities. In the first case the distributions of
samples converge to a stationary distribution as the sample times increase
and in the second case a stationary distribution results if the distributions
are suitably averaged over the period. Making these ideas precise lead to the
notions of asymptotically stationary and asymptotically mean stationary,
which we mention solely to point out that there is nothing “magic” about
the property of being stationary: many of the useful properties of stationary
processes hold also for the more general notions.

There are two uses of the word ergodic in describing a random process.
The first, that of an ergodic process, is a rather abstract mathematical
definition, while the second, that of the ergodic property, describes a key
property of a random process that is important for both theory and appli-
cation. The first concept is quite technical and would require additional
notation and terminology to define precisely. Roughly speaking it states
that the process has the property that if a set of signals is unaffected by
shifts in time, that is, shifting a signal in the set gives another signal in the
set, then that set must have either probability 1 or probability 0. If the pro-
cess is also stationary (or asymptotically stationary), it can be shown that
this technical condition is equivalent to the property that events that are
widely separated in time are approximately independent. In other words,
ergodicity is a condition on the decay of the memory of a random process.

The concept of an ergodic properiy is more operational. As already
discussed, a fundamental goal of probability theory is to relate the long
term behavior of random processes to computable quantities, e.g., to relate
sample or time averages to expectations. Suppose for example that {X,}
is a real-valued discrete time random process. It is of interest to know
conditions under which the sample mean

1n—-l
n 2

converges in some sense as n — o0o. Other limits may also be of interest,
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such as the sample autocorrelation

ln—l

- ZXka+n

k=0

or the sample average power
1 n-1
2
-2 Xi
k=0

We might pass {X,} through a linear filter with pulse response hy to form
a new process {Y, } and then ask if

1n—1
PIRL

converges. In general, we could take a series of measurement g, on the
random process (such as the Y;, above) which could in principle depend on
the entire past and future and ask if the sample average

ln-l
;kzz:ogk

converges. If the process has continuous time, then we are interested in the
time averages obtained by replacing the above sums by integrals, e.g., the

limit as T" — oo of
1 /T
— X, dt
T‘/(; i 9

and so on. A random process is said to have the ergodic property if all such
time averages for reasonable measurements on the process converge in some
sense. The type of convergence determines the type of ergodic property,
e.g., convergence in mean square, in probability, or with probability one.
Theorems proving that a given process has the ergodic property are called
ergodic theorems or, occasionally, laws of large numbers. Perhaps the most
famous ergodic theorem states that if a discrete time random process is
stationary, then it has the ergodic property. If the process is also ergodic,
then with probability one sample averages converge to expectations, e.g.,

n—-1

1
Jim ~ Z_}) X; = E(Xo).
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If the process is not ergodic, then sample averages still converge, but they
will converge in general to a random variable. It is important to observe that
stationarity is sufficient for the convergence of sample averages, but it is not
necessary. Similarly, ergodicity alone is not sufficient for the convergence
of sample averages, but combined with stationarity it is. It is erroneous to
assume that either stationarity or ergodicity are required for a process to
possess the ergodic property, that is, to have convergent time averages. For
example, processes can have transients or short term behavior which will
cause them to be nonstationary, yet sample averages will still converge.

Processes may have distinct ergodic modes and hence not be ergodic,
e.g., the process may be Gaussian with a known correlation but with a
time-independent mean function chosen at random from [0,1] according
to an unknown distribution. This process can be viewed as a mixture of
ergodic processes, but it is not itself ergodic. It does, however, have the
ergodic property and time averages will converge. In fact all stationary pro-
cesses that are not ergodic can be modeled as a mixture of ergodic sources,
that is, as a doubly stochastic process where nature first selects a process
at random from a collection of ergodic processes, and then produces the
output of that process forever. If we observe a stationary nonergodic pro-
cess, then we are actually observing an ergodic process, we just don’t know
which one. We can determine which one, however, by observing the long
term behavior and estimating the probabilities from relative frequencies.
This property of stationary processes is called the ergodic decomposition
and it eases the application of random process tools to nonergodic pro-
cesses. As a final comment on the ergodic property, we note that it can
be shown that a sufficient and necessary condition for a random process
to have the ergodic property is that it be asymptotically mean stationary,
the generalization of stationary mentioned previously. Happily virtually
all information sources and processes produced by all coding structures
encountered in the real world are well modeled by asymptotically mean
stationary processes. Furthermore, for any asymptotically mean stationary
source there is an equivalent stationary source with the same long term
sample averages. For this reason it is often reasonable to assume that pro-
cesses are stationary in analysis even if they are not, provided that they do
satisfy the more general conditions.

Quasi-stationary Processes

We will occasionally need to consider spectral analysis for non-stationary
processes. In this section we review a class of processes which can be con-
sidered as the most general class of processes for which spectral analysis
makes sense. This class, called quasi-stationary processes, provides a nice



20 CHAPTER 1. INFORMATION SOURCES

generalization of both well-behaved random processes and important de-
terministic processes. A detailed treatment may be found in Ljung [60]. A
discrete time process X, is said to be quasi-stationary if there is a finite
constant C' such that

E(Xy)<C; alln

|[Rx(n, k)| < C; all n, k
where Rx(n, k) = E(X,X}), and if for each k the limit

N
1
im — 1.5.1
Nh_EnOONnZlRX(n,n—(wlc) (1.5.1)
exists, in which case the limit is defined as Rx (k). For technical reasons
we add the first moment condition that the limit

N
1
nx = lim — E(X
mx N{Enoo N Z ( n)
n=1
exists to avoid the implicit assumption of a zero mean. Following Ljung we
introduce the following notation: Given a process X,,, define

E(X) = lim % S B(X), (1.5.2)

n=1

if the limit exists. Thus for a quasi-stationary process {X,} the autocorre-
lation is given by B
Rx{k) = E{ XnXn+x}, (1.5.3)

the mean is defined by .
mx = E{X,} (1.5.4)

and the average power is given by
Rx(0) = E{X?2}. (1.5.5)

These moments reduce to the corresponding time averages or probabilistic
averages in the special cases of deterministic or random processes, respec-
tively.

The fundamental common examples of quasi-stationary processes are
the class of deterministic processes with convergent and bounded sample
means and autocorrelations and the class of stationary random processes
(with bounded mean and autocorrelation). The autocorrelation defined by
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1.5.3 reduces to the sample average in the former case and the usual prob-
abilistic autocorrelation in the latter. Useful but still simple examples are
formed by combining simple deterministic processes with stationary random
processes, e.g., adding a sinusoid to.an iid process. More general examples
of quasi-stationary random processes include processes that are second or-
der stationary processes (second order distributions do not depend on time
origin) or asymptotically mean stationary processes (processes for which
the ergodic theorem holds for all bounded measurements on the process)
provided that the appropriate moments are bounded.

The power spectrum of the process is defined in the general case as the
discrete time Fourier transform of the autocorrelation:

Sx(f)= Y Rx(n)e7i?Im, (1.5.6)

n=-—00

where the frequency f is normalized to lie in [-1/2,1/2] or [0,1] (corre-
sponding to a sampling period being considered as a single time unit). The
usual linear system input/output relations hold for this general definition
of spectrum (see Chapter 2 of Ljung [60]).

Exercises

1. Given a random variable X, two random variables W and V (consid-
ered to be noise) are added to X to form the observations

Y=X+W

Z=X+V.

Both W and V are assumed to be independent of X. Suppose that
all variables have 0 mean and that the variance of X is 0% and the
random variables W and V have equal variances, say 2. Lastly,
suppose that
E(WV) = po?.
(a) What is the largest possible value of |p|? (Hint: Look up the
Cauchy-Schwartz inequality.)
(b) Find E(Y Z).
(c) Two possible estimates for the underlying random variable X

based on the observations are

X1:Y
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and

that is, one estimate looks at only one observation and the other
looks at both. For what values of p is X, the better estimate in
the sense of minimizing the mean squared error

E[(X; - X)*]?
For what value of p is this best mean squared error minimized?

What is the resulting minimum value?

(d) Suppose now that X, W,V are jointly Gaussian and that p is
0. (We still assume that W,V are independent of X.) Find the
joint pdf

fY,Z (y) Z).
(e) Suppose that p is arbitrary, but the the random variables are

Gaussian as in part (d). Are the random variables Y + Z and
Y — Z independent?

2. Let {Y,} be a two-sided stationary process defined by the difference
equation
Yo = pYn_1 + Xy,

where {X, } is an iid process, |p| < 1, and the X,, are independent of
previous Yi; k < n. Suppose the we know that

fra(w) = JeW, ally,

a doubly exponential pdf. (This is a popular model for sampled
speech, where p is typically between .85 and .95, depending on the
sampling rate.)

(a) Find E(X), 0%, and the autocorrelation Rx (k,j).

(b) Find the characteristic function ®x (ju) = E(e/**).

(¢) Find the probability Pr(Y, X, + 1/2) and the conditional pdf
fxav. (@ly) = fx.va(z,9)/ fr.(y).
(d) What is the power spectral density of {Y,,}7?

(e) Find fy,|v,_,(y|z) and E(Y,|Y,_1).
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3. A continuous time Gaussian random process {X(t); ¢ € (—o0,00)}
is described by a mean function E[X ()] = 0 all t and an autocorre-
lation function Rx(t,s) = E(X(t)X(s)) = o2p~!*~%! for a parameter
p in [—1,1]. The process is digitized in two steps as follows: First
the process is sampled every T seconds to form a new discrete time
random process X, = X(nT'). The samples X,, are then put through
a binary quantizer defined by

_f+4a ifz>0
‘I(“’)‘{_a ifz <0

to form a new process ¢(X,).

(a) Write an expression for the pdf
an,Xk (l'ﬂ y)

(b) Find an expression for the mean-squared quantization error de-
fined by
A = E[(Xn — o(Xn))’)

What choice of ¢ minimizes A? (Hint: Use calculus.)

(¢) Suppose now that p = 1 above which means that
E(XnXy) = E(X?)

for all n and k. Is there a random variable ¥ such that

converges in mean square to Y, i.e.,

) 1 n—1 )
Jim E[(~ ; X -Y) =07
4. Let {X,} be an iid sequence of random variables with a uniform
probability density function on [0,1]. Suppose we define an N-level
uniform quantizer ¢(r) on [0,1] as follows: g¢(r) = (k + 1/2)/N if
k/N < r < (k+1)/N. In other words, we divide [0,1] up into N
intervals of equal size. If the input falls in a particular bin, the output
is the midpoint of the bin. Application of the quantizer to the process
{Xn} yields the process {g(X,)}. Define the quantizer error process

{fn} by €n = q(Xn) = Xn.
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(a) Find E(e,), E(2), and E(e,q(X,))-

(b) Find the (marginal) cumulative distribution function and the
pdf for ¢,.

(¢) Find the covariance and power spectral density of ¢,. Hint:
Break up the integrals into a sum of integrals over the separate
bins.

5. A k-dimensional random vector X is coded as follows: First it is
multiplied by a unitary matrix U to form a new vector Y = UX.
(By unitary it is meant that U* = U~!, where U* is the complex
conjugate of U). Each component Y;; ¢ = 0,1,...,k —1 is separately
quantized by a quantizer ¢; to form a reproduction Y; = q:(Y;). Let
Y denote the resulting vector. This vector is then used to produce a
reproduction X of X by the formula X = U~!Y. This code is called
a transform code.

(a) Suppose that we measure the distortion between input and out-
put by the mean squared error

k-1
X -X)'(X-X)=)_|X:i - Xil”.
1=0
Show that the distortion is the same in the original and transform
domain, that is,

(X -X)H(X-X)=(Y -Y)(Y-Y).

(b) Find a matrix U such that Y has uncorrelated components, that
1s, its covariance matrix is diagonal.

6. Consider the coding scheme of Figure 1.1 in which the encoder is a
simple quantizer inside a feedback loop. H and G are causal linear
filters. Show that if the filters are chosen so that

Xn = )?n + q(e,,),
then
[Xn — an = len — ‘I(Cn)l
and hence
E(|1Xn = Xal?) = E(len — () ),
that is, the overall error is the same as the quantizer error. Sup-

pose that (¢ is fixed. What must H be in order to satisfy the given
condition?
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Figure 1.1: Feedback Quantizer

7. Find the most reputable uniform number generator on your com-
puter. Test the uniformity of the random number generator by find-
ing the relative frequencies for a sequence of 10,000 outputs lying in
two equally sized subintervals of the overall output range (e.g., if the
uniform generator produces numbers in {0,1), find the histograms for
the intervals [0,1/2) and [1/2,1). Repeat for 4 equally sized intevals
and 8 equally sized intervals. Find the sample autocorrelation for lags
0 through 4 to see how “white” the random number generator is.

8. Suppose that you have a perfect uniformly distributed random num-
ber generator that provides a samples of a random variable U having
a uniform distribution on [0,1). How can you use this to generate
samples of a random variable X having some specified distribution
F(z)? Hint: Consider the inverse distribution F~1(r); r € [0,1] de-
fined as the smallest value of £ € R for which F(z) = r. Define a
new random variable Z = F~1(U) and derive its distribution.



Chapter 2

Codes, Distortion, and
Information

2.1 Basic Models of Communication
Systems

Information theory, the mathematical theory of communication, originated
with the classical papers of Claude Shannon [73], [74]. Shannon modeled
communication systems as random processes, introduced probabilistic def-
initions of information, and used classical ergodic theorems together with
new ergodic theorems for information to develop coding theorems, results
which quantified the optimal achievable performance in idealized commu-
nication systems. Shannon considered two fundamental aspects of com-
munication: source coding or the mapping of an information source into a
representation suitable for transmission on a channel and channel coding
or error control coding for the reliable communication over a noisy channel.
Our emphasis has been on and will remain on source coding.

There is no single mathematical model of a communication system that
captures every aspect of the corresponding physical system. The more one
tries to include, the more complicated the model becomes. Hence we aim
for a model that is sufficiently rich to capture the most important aspects
of a real system, yet is sufficiently simple to permit useful analysis and
theory. Many aspects of significance to some applications will be buried in
the models considered here, receiving at best only passing mention.

We begin with a model shown in Fig. 2.1 that is quite general and is the
starting point for most books on communication and information theory.
A communication system consists of a source, which is just a discrete time
random process {X, }, an encoder, a channel, a decoder, and a destination

27
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U, U
X, —®] Encoder = Channei |—#»{ Decoder |- X

n

Figure 2.1: Communication System

or received random process {Xn}, which should be an approximation in
some sense to the input source {X,}. In general we permit the source
to be a vector-valued process, e.g., X, may take values in k-dimensional
Euclidean space, RF. We will not usually use boldface to denote vectors,
although it will occasionally be done for emphasis. We shall usually let
A denote the sample space of possible values of X, and A be the sample
space of possible values of the reproduction X,. These two spaces are often
considered to be the same, but not always.

If the source produces one symbol every 7, seconds, then we shall refer
to Rsource = 1/75 as the source symbol rate in symbols per second. If the
discrete time source is obtained from a continuous time source by sampling,
then the source symbol rate is just the sampling rate and we speak of sam-
ples instead of symbols. The channel is usually considered to be that part
of the system which is beyond the control of the designer. It can include
deterministic operations such as filtering, modulation, Doppler shifts, mul-
tipath, and aliasing. It can include random effects such as fading, additive
noise, and jamming. In most treatments of source coding, the channel is by
and large ignored. This is justified because of Shannon’s joint source and
channel block coding theorem which implies that one can consider the two
coding operations separately. Although we do not consider error control
or channel coding here, we do devote some time to the constraints that
a channel places on a source code. In particular, we briefly relate several
notions of rate (code rate and transmission rate) and discuss the neces-
sity for matching the output rate of the source with the input rate of the
channel. While this discussion can be avoided by invoking the separation
of source and channel codes, it is included because of the insight it sheds
on connecting source coding systems to communication channels and the
bounds imposed on source coding by the physical limits of communication
or storage channels.

Our basic assumptions on the channel are twofold: First, it is digital; its
permissible inputs and outputs are in a finite collection of possible symbols.
We often assume that the channel alphabet is a space of binary vectors. Sec-
ond, it has a fixed rate, that is, a symbol comes out of the channel for every
symbol that goes in. Symbols cannot be lost or added by the channel. Thus
for every channel input symbol U,,, exactly one channel output symbol U,
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is produced. As in any compromise between mathematics and reality, this
assumption omits some interesting special cases where insertions and dele-
tions are as important as errors. In general, a channel is described by a
family of conditional probability measures, e.g., the measures for output se-
quences given input sequences. When studying data compression systems,
however, it is usually assumed that the channel is noiseless in the sense
that the output symbol is the same as the input symbol, U, = U, for all
n. The theoretical justification for this assumption is the data transmis-
sion theorem which states that one can design separate systems for data
compression (source coding) and error control (channel coding) and then
simply combine these systems in cascade to obtain a good overall system.
In other words, using error correction coding one can replace a noisy chan-
nel by a noiseless channel of a smaller rate. A practical justification for the
assumption of a noiseless channel is that it permits the designer to focus on
the data compression problem alone. We usually make the noiseless chan-
nel assumption, but we emphasize that channel errors can have disastrous
effects on data compression systems and the possibility must be considered
in any real system design, if only by simulating the system to quantify the
effects of channel errors. We will comment occasionally on the effects of
such errors on different types of data compression systems.

Suppose that the channel alphabet is B and there are ||B}| symbols in
the alphabet. If the channel accepts and transmits one symbol in B each
7. seconds and hence L = 1/, symbols each second, then we shall define
the channel rate R.hannet as L symbols per second. It is usually more
convenient to normalize such rates and hence we also consider Rchannel
to be Llog, ||B|| bits per second or Lln||B]| nats per second. The first
definition is a form of normalization since it states that regardless of the
actual channel alphabet, Rchanne; binary symbols must be sent per second
over a period of time in order to characterize the channel inputs during
that time period. The second definition is also a form of normalization, but
it is more useful for developing the theory since some tools are most easily
expressed in terms of natural logarithms.

The encoder can be viewed as a device for translating the original source
{X,} into a sequence {U,,} acceptable by the channel, that is, a sequence
of symbols drawn from the finite alphabet of the channel. The decoder
converts the channel symbol sequence into a form appropriate for approx-
imating the original input source. In general, the encoder operates on a
sequence of input symbols and produces a sequence of channel symbols.
There are, however, a variety of methods by which such a mapping can
be accomplished and we shall see many possible encoder structures. The
notion of time for the input source may not be the same as that of the
channel, that 1s, it may or may not be true that one channel input symbol
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is produced by the encoder for each source symbol input to the encoder.
We do require, however, that the encoder produce an output sequence of
channel symbols at the channel rate. In a similar manner, the decoder
must map a sequence of channel symbols into a sequence of reproduction
symbols. The emphasis of this book will be on fized rate systems, systems
wherein the coders accept input symbols and produce output symbols at
a fixed rate. For such systems we assume that there are integers k and K
such that the time required for the encoder to produce K channel symbols
is the same as that required by the source to produce k symbols. This is
In contrast to variable rate or variable length codes where, for example,
input words of fixed length can produce output words of different lengths.
While we shall see examples of such systems, the bulk of the information
theoretic development will assume fixed rate systems. In the case of a fixed
rate system producing K channel symbols at a rate of Rchanner symbols per
second in the same time it takes the source to produce k source symbols at
a rate of Rgource symbols per second, we must have that

K Ryource = kRchannel-

Equivalently, the result follows since 1 second equals both k7, = k/Rgource
and K7. = K/Rchannel. Hence we can define the quantity fransmission
rate of the system as the number of channel bits (or nats) available for
each source symbol, that is,

Rc anne K Ts
Rirans = —annel = log ||B|| = > log||B||. (2.1.1)

RSOU rce

This quantity does not explicitly involve time (which is implicitly contained
in the fact that k& source symbols and K channel symbols occupy the same
amount of time). While a similar quantity can be defined for some variable
rate systems by considering the average number of channel bits per source
sample, the definition is more complicated to use and does not always have
the desired intuition.

2.2 Code Structures

In this section we describe several code structures. The simplest structure
is a fized-length block code or vector code: Here we parse the input sequence
into nonoverlapping groups or vectors of dimension, say, k. Each successive
input k dimensional vector is mapped into a vector of channel symbols of
dimension, say, K. In more detail, each input vector

X} = (Xnk, Xnk41, - X(ng1)k=1)
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is mapped into a channel vector

U, = (Unk, Unk 41, -, Una g -1)

for all integers n. The superscript ¢ denotes transpose and is used since
X is considered to be a column vector. If the channel is noiseless, this
can be called a vector quantizer (or VQ) because it maps vectors from a
possibly continuous space into a finite set. The name vector quantizer is
more properly applied to the special case where the encoder is a minimum
distortion or nearest neighbor mapping, as will be seen later.

If a block code decoder is used to map channel K-blocks into reproduc-
tion k-blocks, then the overall system maps successive k-blocks from the
source into k-dimensional reproduction vectors. In this case it is straight-
forward to show that if the input process is stationary, then the resulting
input/output process is k-stationary. The same conclusion holds if the
input process is only k-stationary. Such vector codes are said to be mem-
oryless because each input vector is mapped into a code vector without
regard to past or future input vectors or output codewords.

In the special case where the input dimension is k=1, the code is called
a scalar code. The classic example of a scalar code is a scalar quantizer, a
vector quantizer of dimension 1. Suppose that the {X,} are real numbers
and that we have a sequence of thresholds —co < bg < by < --- < bpy < 0
and a sequence of reproduction values —co < ap < a3 < -+ < apy—1 < 00
Then a sequence of source symbols {X,} can be encoded into a sequence
of symbols from {0,1,...,M — 1} by an encoder « defined by a(X,) = ¢
if b; < X, < bi+1 and a sequence of symbols in {0,1,..., M — 1} can be
decoded by a decoder B defined by the mapping S(U,) = a; if U, = 4
that is, the received channel symbol can be viewed as an index for the
reproduction symbol stored in memory and hence the decoder is a scalar
table lookup. The overall mapping can be depicted as in Fig. 2.2, which
shows a quantizer input/output mapping for the special case of 8 equally
separated output levels, a so-called uniform quantizer.

Note that we could equally well model the channel as consisting of
scalars drawn from {0,1,..., M — 1} or as log, M-dimensional binary vec-
tors. We refer to the code as a scalar code because the input symbols are
treated as scalars and not grouped as vectors.

One generalization of the memoryless vector code described above is to
permit the dimension of the encoded word to vary, that is, the length of
a codeword can depend on the input word. Strictly speaking, this violates
our requirement that the encoder produce a sequence of channel symbols
at the channel rate. This difficulty is circumvented by assuming that the
encoder has a buffer into which the variable length codewords are put and
out of which the channel takes its symbols at a fixed rate. If the channel
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rate equals iR,ource/lc, where I is the average length of the codewords, and if
the source is such that successive k-dimensional vectors are stationary and
ergodic, then on the average the channel will accept the codewords as they
are produced. It will occasionally run out of symbols (underflow), during
which time arbitrary symbols can be sent. If the buffer has a finite length,
the encoder may occasionally lose symbols (overflow). Both events will have
small probability if the buffer is large enough and if one inserts a coding
delay of sufficient length. It should be apparent that variable-length codes
can be difficult to handle theoretically and that they can cause increases in
implementation complexity because of the required buffering. Hence one
might wonder why they are used at all. There are two reasons. First, if
one wishes perfectly noiseless data compression at rates near the theoretical
limit, then variable-length codes must be used. (See, e.g., Gallager [28].)
Second, variable length codes may provide more efficient implementations
for certain data compression systems. For example, some data sources
exhibit long periods of little change and short bursts of widely varying
behavior. By sending fewer bits during the stable periods, one has more
bits to devote to the active periods while keeping an overall average rate
constant.

Other forms of variable-length codes are possible. Variable-length to
fixed length codes are often used in noiseless coding (Tunstall codes, for
example [77]) and variable-length to variable-length codes are also possible
(e.g., arithmetic codes [77]).

A natural generalization of a memoryless vector coder is a vector coder
with memory. Here one effectively has a different encoder for each input
vector, where the encoder is selected in a manner that depends on the past.
A fairly general model for such a system is that of a sequential machine or
feedback vector coder or state machine or recursive quaniizer: Suppose that
we have a collection S of possible states, an initial state Sy, a next-state
rule g(x,s) which assigns a new state g(x,s) for an input vector x and
current state s, and a code mapping f(x, s) which assigns a channel vector
f(x,s) when the input vector x is viewed when the encoder is in state s.
The action of the encoder is then defined by the recursion relations

Sn+1 = g((Xnky . aX(n+1)k——l); Sn))

(UnK; BERE) U(n+1)K—1) = f((Xnky cee ’X(n+1)k—1);Sn)~

A decoder can be defined similarly. As with memoryless vector coders, we
say that the coder is a feedback scalar coder if k¥ = 1.

An example of such a feedback scalar coder is a simple delta modulator
as depicted in Figure 2.3. Suppose that the channel alphabet is +1 and
the code dimension is K = 1. The state can be thought of as the last
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Figure 2.3: Delta Modulator
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reproduction value. The initial state is 0. A is a fixed parameter. Define
the encoder function by

f(z,s) = sgn(z — s),

where sgn(z) is the signum function or sign of x. Thus the encoder simply
sends the sign of the “error” between the input and the current reproduc-
tion. Define the next state function by

g(z,8) = s+ Af(z,s)

and hence
Sn+1 = Sn + AUn.

The decoder simply receives the U, and puts out the state sequence
using the above recursion and initial condition. Overall, the system tries
to track the input sequence by a staircase function with steps of +A. Note
that this system has a very strong dependence on past inputs or outputs.
Note further that we have constructed the next state function so that the
decoder can track the encoder state knowing only the initial conditions and
the channel symbols. We shall return to the Delta modulator in some detail
in Chapter 6.

In the special case where there are only a finite number of states, the
code is called a finite state vector code. Finite state vector codes are useful,
for example, when one wants to use a finite collection of possible codes,
each designed to be good when the source is exhibiting a certain behavior.
The codes are selected according to recent behavior. Finite state codes
were introduced by Shannon [73].

The delta-modulation example above also provides an example of an-
other form of code: Instead of mapping nonoverlapping input vectors into
codewords, we could map overlapping input vectors into code symbols. As
an example, suppose that we have a mapping f of input k-vectors into
channel symbols. Given the input sequence {X,} we then form the chan-
nel sequence {U,} by

Uﬂ = f(XnaXn—l;" ~;Xn—k)§

that is, each successive channel symbol is found by forming a function of
a window of an input vector and then “sliding” the window one time unit
to produce the next code symbol. This is an example of a sliding-block
code or sliding window code. In the mathematics literature it is known as
a stationary code or shift-invariant code. It can also be viewed as a time-
invariant nonlinear filter. More generally, the code could depend on the
infinite past, e.g.,
Un = f(Xn,Xn—l;-“),
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or on the infinite past and infinite future
Un = f(.., Xng1, Xn, Xno1,.. ).
The code is said to have delay K if it has the form
Un = f(Xntk, s Xny Xn-1,...).

Any real world code is best modeled as having finite delay. It can be shown
that if a statlonary process is coded using a sliding-block code, then the
resulting input/output process is jointly stationary.

Still more generally, the code may accept source vectors as inputs and
produce channel vectors each time the window is slid. Both input or output
vectors can have variable length. Defining such general codes, however,
requires a lot of notation and adds little insight to the special case under
consideration. One idea is, however, worth isolating: A general code will
be said to have finite delay if there is an integer K such that for any n the
encoded output at time n does not depend on inputs more than K samples
into the future.

Most practical codes fit into the general cases cited above. Often they
fit into more than one of the classes. Usually it is natural to assume that
the encoder and decoder have the same structure, that is, they are both
block codes or both sliding-block codes or both finite state machine codes.
In some systems, however, different structures are used.

2.3 Code Rate

The first property of a general code that will prove important is its rate, a
generalization of the rate or resolution of a quantizer and a concept closely
related to the transmission rate of a channel. Roughly speaking, the rate
of a code measures how rich the reproduction alphabet of a source code is,
regardless of the particular structure of the code.

Suppose that we have a communications system with a noiseless chan-
nel with a transmission rate R,..ns bits per source symbol and an input
process or source {X,}, which may be vector-valued. In order to main-
tain generality with a minimum of technical details, we make the simpli-
fying assumption that the source is one-stded, that is, the random process
{Xn; n =0,1,...} is defined only for nonnegative times. If the various
codes depend on “past” values of their inputs, we assume that these values
are set to some arbitrary values or initial conditions. This assumption cor-
responds to the physical notion of “turning on” the code at some precise
time (chosen as time 0 for convenience), a reasonable assumption to make
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for any code designed and built by humans! It simplifies the mathematics
by avoiding having to make the following arguments conditioned on past
inputs, e.g., inputs before the code was turned on.

Suppose that we have a decoder which produces a reproduction process
{X,; n=0,1,2,...} from a channel output sequence {U,; n =0,1,2,...}.
For any integer N define My as the maximum number of possible output
N-dimensional vectors (Xo, X1,...,Xn_1) that can be produced by the
system regardless of any future inputs to the decoder. We assume that this
is a finite number. For example, suppose that the channel has transmission
rate Ryrans = K/klog || B|| bits per input symbol, where K channel symbols
are produced in the same amount of time that k source (input) symbols
are produced. Say that we have a block code with source and reproduction
block lengths of N and hence the corresponding channel block length is
L = NK/k, which we require to be an integer in order to ensure physical
implementability. In this case the maximum number of N-dimensional
outputs is the same as the maximum number of channel L-dimensional
words or '

My < ||B|fE = 2N Rumane, (2.3.1)

Furthermore observe that if the decoder provides a distinct reproduction
word for each channel word, the above bound holds with equality for all
N for which such block codes exist. Note that if the code instead had
block length J for J > N, then all we could say in general would be that
My < 2R and hence we could have that My > 2VR,

If the code is a binary Delta modulator, then My = 2V for any N,
regardless of the initial state of the Delta modulator.

Define the Nth order rate Ry of the system to be Ry = N~ !log My.
The units of rate are bits per source symbol (if the logarithm is base two)
since the time units of the reproduction vectors and the source vectors are
assumed to be the same.

In the first example above, Ry is bounded above by Rirans and can be
taken to be equal to Rirans if the decoder is chosen properly. In the second
example of a block code of length J, we can only say that Ry > Rirans. In
the Delta modulator example, Ry = 1.

For the asymptotic or long term performance results to come, it is of
interest to characterize the Nth order resolution of a code for all large
N. Toward this end we define the limiting raie or, simply, the rate of
a code to be the smallest value R for which the following is true: Given
any § > 0 there is a J large enough to ensure that Ry < R + 6 for all
N > J. (Mathematically, this is just the limit supremum limsupy_, ., R~ )
For example, if the code is such that the limit limy_.oo Ry exists, then this
limit is the rate R of the code.
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We next relate the rate of the decoder of a source coding system to
the transmission rate of the channel for the practically important case of
a finite delay code. Suppose that the decoder has a finite delay L in the
following sense: For any output time n the reproduction symbol X, is
completely determined by the channel symbols that have occurred from
time 0 up to the corresponding channel time (approximately nr,/7.) plus
an additional Lr,/r. “future” channel symbols. In particular, we assume
that there is a finite L such that X, is a deterministic function of at most
(n + L)7s/7. channel symbols for all n. This condition will be met by all
code structures modeling physically realizable codes. Thus for a fixed N,
the entire reproduction vector Xy, ... , Xn_1 is determined by a sequence
of (N + L)r, /7. channel symbols. Since there are at most || B||[(N+L)7e/Te =
2(N+L)Rirans possible sequences of channel outputs in this time, there can
be at most the same number of reproduction sequences, that is,

MN < 2(N+L)Rtrsns

and hence
N+ L

N

The limit of the right hand side as N — oo yields Ryrans Which implies
that for codes with finite (but arbitrarily large) delay

RN < Rirans- (232)

R S Rtra.ns; (233)

a fact that we formally state as a lemma:

Lemma 2.3.1 The rate of a decoder with finite delay is bound above by the
transmission rate of the channel, that is, Eq. (2.3.2) holds.

In fact the finite delay assumption is not necessary, but it is general
enough for our purposes and simpler to handle.

2.4 Code Performance

In order to have a theory which quantifies the tradeoffs between distortion
or fidelity and communication rate, we must first provide a mathematical
definition of distortion. Suppose that we have as an information source a
random process {X,,} with alphabet A, where in general A can be the real
line or k-dimensional Euclidean space. Suppose that a communications
system produces a reproduction process {X,}, where the X, are drawn
from an alphabet A. Usually A is the same as A, but often it is convenient
or necessary to consider different reproduction and input alphabets. A
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distortion measure d is an assignment of a nonnegative number d(z, )
to every input symbol z € A and output symbol # € A. In mathematical
notation, a distortion measure is a function or mapping d : Ax A — [0, 00),
where the notation means that d assigns a number in [0,00) = {r : 0 <
r < 00} to every point in the cartesian product space A x A consisting of
all pairs (z,2) with 2 € A and Z € A. The distortion d(z, £) is intended to
measure the distortion or cost incurred if an input z is reproduced as an
output .

The selection of a distortion measure for a particular problem can be
a difficult and often controversial problem. Ideally, the distortion should
quantify to subjective quality, e.g., small distortion in an image coding
system should mean a good looking image, large distortion a bad looking
image. If one is to have a useful theory, the distortion measure should
be amenable to mathematical analysis, e.g., one should be able to compute
sums or integrals of the distortion and optimize such quantities via calculus.
If the distortion measure is to be useful for practice, one should be able to
actually measure it, that is, it should be computable. Unfortunately, one
rarely has a distortion measure which has all three properties of subjective
meaningfulness, mathematical tractability, and computability. In fact, the
first property is often at odds with the second two since a distortion measure
might need to be extremely complicated to even approximate subjective
feelings of quality.

We consider several distortion measures on real vectors that have proved
useful in theory or in practice. We will not treat the issue of how to actually
choose a distortion measure for a particular application as that is more of a
psychophysical testing issue than a data compression system design issue.

Perhaps the most common distortion measure in the literature is the
squared error or mean squared error distortion: Suppose that A is k-
dimensional Euclidean space R* and that A is a subset of R*¥. Then the
squared error distortion measure is defined as

k-1
d(x,%) = 3 (@ — )2,
i=0

where x = (#o,...,25—1). The squared error distortion measure is just
the square of the Euclidean distance. It has the physical significance of
being the instantaneous energy in the error if the error is viewed as a
voltage across a 1 ohm resistor. Minimizing average error energy in a
communications system is an intuitive and often tractable problem, but
it is often inadequate as a subjectively meaningful distortion measure. For
example, if the input process is sampled speech and the reproduction is
formed by simply delaying the input, then the average squared error or
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mean squared error (MSE) will be quite large even though it sounds the
same. The arithmetic mean of the squared-error can itself be considered a
distortion measure, e.g., we can define

X 1% N2
d(x, %) = z Z(m, — ;).

1=0

The Euclidean distance in R* is an example of a norm and a distance
or metric in Euclidean space. Both norms and distances provide other
examples of distortion measures. In general, a distance or metric m on
a real vector space is an assignment of a nonnegative number m(x,X) to
every pair of elements x and x in the space so

1. m(x,%x) = m(x,x) (symmetry);
2. m(x,x) = 0 if and only if x = x;
3. for any vectors x, X, y,
m(x,x) < m(x,y) + m(y, x),
that is, m satisfies a triangle inequality.

If the second property is not satisfied, than m is called a pseudo-metric.
A norm on a real vector space assigns a nonnegative number |[x|| to
every vector in the space with the properties that

1. llax|| = |al}|x]| for all real a,
2. ||x|{ = 0 if and only if x is the vector of all 0’s, and

3. lIx+ yll < Ix|| + ||yl||; that is, norms satisfy the triangle inequality.

If the second condition is not satisfied, then |- | is called a seminorm.
The function
ko1 1/2
i = ($)
=0
is a norm and
m(x,x) = ||x - x||

is a distance, where x — x denotes the vector whose coordinates are the
differences of the coordinates of x and %. This distance is the well known
Euclidean distance and hence the MSE is simply the square of the Euclidean
distance.



2.4. CODE PERFORMANCE 41

Clearly any norm or distance on R* provides a distortion measure, along
with any nonnegative function such as a power of such norms and distances.
We say that a distortion measure is a metric distortion measure if it is a
metric, a norm distortion measure if it is the norm of the difference of the
input and reproduction, and a norm-based distortion measure if it is some
nonnegative function of the norm of the difference of its arguments. For
example, the so-called [, norms defined by

xllp = Z llp

i=0
yield distances defined by
m(x, %) = [[x — Xl

Any nonnegative function of these distances is a valid distortion mea-
sure. These distortion measures provide an example of an important class
of distortion measures: those that depend on their arguments only through
their difference. A distortion measure d on real vector spaces is called a
difference distortion measure if d(x, %) depends on x and x only through
the difference x — x.

Suppose that a k x k matrix W = {W;;; i,j =0,1,...,k—1} is positive
definite, that is, the quadratic form

k-1k-1

xth pue Z Z .’E,'W,'j.'ltj

i=0 j=0

is positive whenever x is not identically 0. Then the distortion measure
defined by
d(x, %) = (x — %)'W(x — %)

is called the weighted squared error or the weighied quadratic distortion
measure. Such distortion measures allow one to weight certain vector com-
ponents more heavily in computing the distortion. Note that this too is a
difference distortion measure. The Mahalonobis distance of statistics is of
this form.

An example of a distortion measure that is not a difference distortion
is the following: Suppose that for each input vector x we have a different
positive definite matrix W,. Then the distortion measure

d(x,%) = (x — X)'Wx(x — %)

is called an input weighted squared error distortion. For example, W might
assign more weight to coordinates in which the input vector x had high (or
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low) energy. For instance, if W, = 1/||x||*I, the identity matrix times the
reciprocal of the energy in the vector, then d(x,%) has the interpretation
of being the short term noise to signal ratio and counts the noise energy
more heavily when the signal energy is small.

A distortion measure of importance when the alphabets are discrete is
the Hamming distortion measure defined by

. 0 ifx=x
d(x, %) = { 1 otherwise;

that is, there is no distortion if the symbol is perfectly reproduced and a
fixed distortion if there is an error, no matter what the nature of the error.

Given we have a measure of the distortion of reproducing one input
symbol for one output symbol, how do we compuite the distortion of repro-
ducing a sequence of input symbols as a given sequence of output symbols?
In general, we could define a different distortion measure d, for sequences
of n input and output symbols (each of which might be a vector). Such a
family of distortion measures {d,; n = 1,2,...}, where d,,(x",%") is the
distortion between an n dimensional input sequence x" = (Xg,Xi,...,Xp-1)
with coordinates x; in A and an n dimensional output sequence with coor-
dinates in A, is called a fidelity criterion in information theory. We shall
emphasize a particular important special case: Suppose that we have a fi-
delity criterion yielding distortions d,(x",%") for all n and all sequences
x" in A" and X" in A", respectively. We say that the fidelity criterion is
additive or single letter if

n-1
dn(x™,%") = 3 dy (1, 8:);
1=0

that is, the distortion between a sequence of n input symbols and n output
symbols is simply the sum of the distortions incurred in each input/output
symbol pair. This special case has the intuitive interpretation that the dis-
tortion between n successive symbols normalized by the number of symbols
is simply the time average distortion for the sequence:

1 18
;dn(x”’ﬁn) = ; Z d](:l,‘,', 5),)
1=0
Given such a fidelity criterion, the sample performance of a communica-
tions system with input process {X,} and reproduction process {X,} can
be measured by the long term time average distortion

n-1

1 .
lim =" dy(Xi, X2),
i=0

n—oo n 4
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if the limit exists, which it will if the pair process {X,, X,,} is asymptotically
mean stationary. We shall usually assume that the limit exists. In fact, if
the source is asymptotically mean stationary, then fixed rate code structures
considered all yield asymptotically mean stationary pair processes. (See,
e.g., [42], [58], [65], [67], [41] for detailed treatments of the stationarity
properties of sources, channels, and codes.) The limit will be a random
variable, however, unless the pair process is also ergodic, in which case the
limit is a constant. If the process is stationary, then the constant is the
expectation of d(Xo,Xo).

It is much harder to prove ergodicity for specific code structures than
it is to prove asymptotic mean stationarity. We have pointed out, however,
that nonergodic stationary sources can be considered as a mixture of er-
godic stationary sources. For this reason we will often assume ergodicity in
derivations.

If the overall process {X,,, X,,} is asymptotically mean stationary and
ergodic, then the limiting time average distortion is given by the limiting
average of the expected distortion

n-1

- - - . 1 A
d= Edy(Xp, Xp) = lim ~ gEdl(Xk,Xk),

where the bar notation is consistent with the limiting averages defined for
quasi-stationary processes. This suggests that the above limiting expecta-
tion is therefore a reasonable measure of the quality (or rather lack thereof)
of the underlying system. Even when the system is not ergodic, this lim-
iting expected distortion is the most common measure of performance. If
the overall process {X,, Xn} is stationary, then this simplifies to

d = Edy(Xy, Xo).

This happens if a stationary source is coded by a sliding-block code. Sup-
pose that the overall process { X, X’,.} is N-stationary for some integer N,
that is, vectors of dimension N are stationary. This occurs, for example, if
the original process is stationary and it is block coded by a block code of
dimension N. In this case

_ 1 N-~1 R 1 N-1 A
di=E (N kz:% dl(Xk,Xk)) =+ g E (dl(Xk,Xk)) .

With a quantitative measure of the performance of a system, we can now
formally define optimal systems.



44 CHAPTER 2. CODES, DISTORTION, AND INFORMATION

2.5 Optimal Performance

Suppose that we are given a source {X,}, a channel v described by its
alphabet and transmission rate, and a class of codes G, where by a class of
codes we mean the collection of all codes which satisfy some set of structural
constraints, e.g., memoryless vector codes or finite-state vector codes. We
assume that the original process, code structure, and channel are such that
the overall source/reproduction process {X,, X,} is asymptotically mean
stationary. We define the optimal performance theoretically achievable or
OPTA function by

Ax(v,G)= inf d

codes in ¢

If the source and code class are such that {Xn,Xn} is stationary, then

Ax(l/,g) = mf Edl(Xo,Xo).
codes in ¢

This is the case, for example, if a stationary source is coded with a sliding-

block code.

If the source and code class are such that {X,,X,} is N-stationary,
then

. 1= ;
A= ading” (N 2 "“X'“X“) |
This 1s the case, for example, if a stationary source is coded with a length
N block code.

Ideally one would like to compute the OPTA function for arbitrary
sources, channels, and code structures, but this is in general an impossible
task. Hence we shall choose the code structures to be sufficiently general
so that we can find or approximate or bound the OPTA function, but we
may find that the resulting codes are impossibly complex to build. In the
next chapters we develop OPTA functions for systems where they can be
found explicitly, bounded, or approximated.

2.6 Information

One of the primary tools of information theory is a probabilistic definition
of information which can be given operational significance in the form of
bounds on optimal performance. While the measures of information are
of importance and interest in their own right, we here consider them only
as means towards an end and limit our development to the bare essentials.
The interested reader can find complete developments of the basic proper-
ties of information measures in standard information theory texts such as
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Gallager [28] and advanced (measure theoretic) treatments in Pinsker [69]
and Gray[38].

The most important measure of information for our purposes is average
mutual information: Suppose that X and Y are two random vectors. First
suppose that X and Y are finite-valued and are described by a joint pmf
px,y and let

px(z) =Y pxy(z,y) and py(y) = ) _pxv(e,y)

Y

be the induced marginals. The average mutual information between X and
Y is defined by

‘Y) = lo PX,Y—(l',y)
I(Xl ) ng,Y(miy) gpx(it)py(y)

We define 0log0 = 0 and hence we can safely assume that the sum
is only over those z and y for which the pmfs are strictly positive. If
the logarithm is base two, then the units of information are called bits. If
natural logarithms are considered, the units are called nats. Usually natural
logarithms are more convenient for analysis and base 2 for intuition.

Next suppose that X and Y are not finite-valued but have either count-
ably infinite or continuous alphabets. We can always form a finite ap-
proximation to the random vectors by using quantizers: Let ¢ denote a
mapping from the alphabet Ax of X into a finite alphabet and let » denote
a mapping from the alphabet Ay of Y into a finite alphabet. The ran-
dom variables ¢(X) and »(Y) thus formed are finite valued and hence have
an average mutual information defined as above. We now define average
mutual information in the general case as

I(X;Y) = sup I(q(X);r(Y)),

that is, the average mutual information between two random vectors is
the supremum of the average mutual information achievable between quan-
tized versions of the random vectors. The supremum is necessary as the
maximum may not exist. If the random vectors have countably infinite al-
phabets, then the finite alphabet formula in terms of pmf’s remains valid.
If the random vectors are described by a joint pdf fxy, then it can be
shown that

o Sxren)
1(X;Y) __/d.'z:/ dyfx,y(z,y)log @y @)

the integral analog of the pmf formula.
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While the operational meaning of mutual information is supplied by
the coding theorem and bounds to come, there are some interpretations
which might help motivate its study. Since the discrete case is simpler
and forms part of the definition for the continuous case, we often focus on
finite-alphabet random variables. These properties are best introduced in
terms of another information measure, the relative entropy between two
pmf’s: Suppose that we are given two pmf’s p and ¢ on a common space.
The relative entropy (or Kullback-Leibler number or discrimination or cross
entropy) of ¢ with respect to p is defined by

Holl) = 3 p(k) og s

for pmf’s and

H(fllo) = [ dofe)iop L5

for pdf’s. The relative entropy can be viewed as a measure of the dissimi-
larity between two pmf’s because of the following result.

Lemma 2.6.1 The relative entropy between two pmf’s is nonnegative. It
ts 0 if and only if the two pmf’s are identical.

Proof:
Consider natural logarithms. Using the elementary inequality Inz <
z — 1 with equality if and only if z is 1 implies that

) (k) () ) B
~Hll) = 5 p(k) 1og X5 < 3 pth (p(—k) - ) =S gk~ 1=0

k

with equality if and only if p(k) = q(k) for all k. The proof for pdf’s follows
similarly.

Given that the relative entropy can be interpreted as a measure of dis-
similarity between pmf’s, then observing that

I(X;Y)= H(pxyllpxpy)

points out that the average mutual information between two random vari-
ables can be viewed as a measure of how dissimilar their joint pmf is from
what it would be if the two random variables were independent. Thus it
is in a sense a measure of how much information the two random vectors
provide about each other. It follows from the above lemma and formula
that

I(xX;yy>o
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with equality if and only if the two random vectors are independent. Re-
turning to the general case, the entropy or average self information of a
random vector X is defined by

H(X) = I(X; X);

that is, the entropy of a random vector is the average mutual information it
has about itself. In the discrete case where the random variable is specified
by a pmf, this becomes

H(X)=-)_ px(k)logpx ().

Since 0 < px(x) < 1 for all z, we have that
H(X)>0.

If the alphabet is finite with, say, K symbols, then application of the
previous lemma with p(z) = px(z) and ¢(z) = 1/K yields

H(X) < log K.

In the continuous case, the entropy is usually infinite. It is convenient,
however, to give a name to the pdf analog of the above formula: If a random
variable X is described by a pdf fx, then the quantity

h(X) = - / fx(2) log fx(z) de

is called the differential entropy of the random variable X. It should be
emphasized that differential entropy does not behave like an entropy. For
example, it can be negative or positive or infinite valued.

Mutual information can be decomposed into entropy terms. In the
discrete alphabet case we have

IX;Y)=H(X)+HY)-H(X,Y).
In the continuous case with pdf’s this becomes
I(X;Y)=MX)+h(Y) - Rh(X,Y).

Other useful decompositions follow from the definition of conditional
entropy. Define the conditional entropy

H(X|Y)=H(X,Y) = HY) ==Y pxy(z,y)logpxy(zly)
z.y
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or

H(X|Y) = EJW@HMW—w

where
H(X|Y =y) prp (zly)log px |y (z|y)

is the entropy with respect to the conditional pmf pxy(.ly). With this
notation,

I(X;Y)= H(X) - HX|Y),
which has the interpretation that the mutual information between two ran-
dom variables is the difference between the self information of one and

the conditional information of one given the other variable. Similarly, by
defining in the continuous case the conditional differential entropy

an:/@nwwxw=w

where

XY =) = /wkwlw%mwmw

we have that

I(X;Y) = h(X) = h(X|Y).

In some situations one has a combination of discrete and continuous
random vectors or variables. Suppose that X is discrete and Y is continuous
and can be described by a pdf fy. In this case we can write

HXﬂﬁﬁWW—/@h@HMW=w, (2.6.1)

where
H(X|Y =y) ZPXD’ z|y) log px |y (z]y),

where px|y(z|y) is the conditional pmf for the discrete variable X given
the continuous variable Y. Since H(X|Y = y) is an ordinary entropy, it is
nonnegative and hence

I(X;Y) < H(X). (2.6.2)
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2.6.1 Information and Entropy Rates

We will also be interested in the limiting behavior of average mutual infor-
mation between vectors as the vector size becomes larger. Suppose that a
process {X,,Y,} is asymptotically mean stationary. It can be shown that
under fairly general conditions the limiting average mutual information per
symbol defined by

T 1 N.UN
I(X’Y)‘Nh_l.nooNI(X ;Y

exists [69], [38]. For example, it exists if one of the alphabets is finite or if
lim I(Xo; X1,...,Xn) < o0,

n—o0
that is, the limiting information between the present and future is finite.
This quantity is called the information rate of the input/output process.
A special case of information rate is the entropy rate

A(X)= Jim LH(XY),

where we consider the rate to be defined only if the limit exists. The limit
will exist if the process is asymptotically mean stationary and the process
has a discrete alphabet. It can be shown that if the process is stationary,
then N='H(X") is nonincreasing in N and hence

H(X)= i}lvf H(XT)

where the infimum is required since the minimum may not exist. If a process
{Xn, Y} is such that X has a discrete alphabet, then H(X™) > I(X™;Y")
implies that

H(X)> I(X;Y).

2.7 Limiting Properties

Information satisfies a form of ergodic theorem and this plays a key role
in the proof of the source coding theorem. In this section we collect the
appropriate definitions and state the prerequisite results without proof.
Define the Nth order sample mutual information ix (X";Y") by

fo,YN(XN:YN)
log 7 Rt 7 )
or

PxN‘yN(XN:YN)
log = TX Y5 w7

in(XV, YNy =
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depending on whether the random vectors are described by pmf’s or pdf’s.
Note the potentially confusing dual use of the symbols X» and YV: they
are used in the subscripts to name the probability functions, but inside the
parentheses they stand for the random vectors. Similarly, define for a dis-
crete alphabet process {X,} the sample entropy nn(X™) = in(XV; XN)
given by

v (XY) = —logpxn (XM).

Observe that
IXN: YY) = Eiy(xN;, YN

and
H(XN) = Enn(X™)

The sample entropy and sample information satisfy a form of an ergodic
theorem. It can be shown for an asymptotically mean stationary and er-
godic process with certain technical conditions that

.1 Ny g
Jim Sy (XT) = H(X).

If the convergence is in probability and the process is stationary, this is
called the Shannon-McMillan theorem. If the convergence is with proba-
bility one and the process is stationary, the result is called the Shannon-
McMillan-Brieman theorem. The result is also called the asymptotic equipar-
tition property (AEP), the entropy theorem, and the ergodic theorem of
information theory. More generally, if the process {X,,Y,} is asymptot-
ically mean stationary and satisfies some additional technical conditions,
then )
Jim -ﬁiN(XN;YN) =I(X;Y).

This result is a generalization of the Shannon-McMillan-Breiman theorem
of information theory. Proofs may be found in Barron [3], Algoet and Cover
(1], and Gray [38].

If the processes are iid, then the above results are ordinary ergodic
theorems.

2.8 Related Reading

For the interested student, good treatments of information theory may be
found in the books of Gallager [28], McEliece [66], and Blahut [7]. Extensive
treatments of information and entropy rates and the convergence theorems
of information theory may be found in Pinsker [69] and Gray [38].
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Exercises

1.

If d; and d; are metric (norm, norm-based) distortion measures and
A € (0,1), then is the distortion measure d defined by d(z,%) =
Ay (z, %) + (1 — A)da(z, £) also metric (norm, norm-based)?

. Suppose that {X,} is an iid process. Show that if the process is

discrete, then for all n

H(Xo,...,Xn-1) = ni H(X).
=0

Prove the corresponding result for differential entropy. Show that in
the discrete iid case H(X) = H(X,).

Evaluate or bound H(X) for the pmf’s of Chapter 2.

Evaluate the differential entropy A(X) for a Gaussian random variable
and a uniform random variable. Give an example of a random variable
with a negative differential entropy.

If X is a discrete random variable with N letters, what is its max-
imum possible entropy and what pmf yields the maximum? If X
is a continuous 0 mean random variable with E(X?) = o2, what is
its maximum possible differential entropy and what pdf yields the
maximum?

Suppose that X and Y are two continuous real-valued random vari-
ables. Is it true that

h(X) 2 h(X[Y) 2 0.

Show that
(X -Y|Y) = h(X|Y)
and

h(X|Y) < h(X = Y).

Prove the following entropy relations (all random variables are dis-
crete):

(a)
H(X|Y) > H(X]Y, Z)
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(b)

N-1
HXNY) < ) H(XY)
k=0
(c) If {X,,Y,} is a process for which {X,} is iid, then

N-1
XNy N) > 371X V).

k=0

If the process {X,,Y,} is iid, then the above inequality is an
equality.

8. Simulate encoding a uniformly distributed random variable using a
uniform quantizer having M = 2,4, 8 levels. Find the average squared
error and the entropy of the quantized signal.



Chapter 3

Distortion—Rate
heory

3.1 Introduction

Distortion-rate theory is the information theoretic approach to the study
of optimal source coding systems, including systems for quantization and
data compression. It is also called rate-distortion theory and the theory of
source coding with a fidelity criterion. The approach was first suggested in
Shannon’s original development of information theory [73] and it was fully
developed for memoryless and Markov sources in [74]. It was subsequently
generalized to stationary ergodic processes with discrete alphabets and to
Gaussian processes by Gallager [28] and to stationary and abstract alpha-
bets by Berger [5] (as corrected by Dunham [26]). Elementary treatments
may also be found in [79] and [66].

As with the more famous channel coding theory of Shannon, the source
coding theorem combines the ergodic theorem with the idea of random
coding in order to characterize the optimal achievable behavior of a par-
ticular mathematical model of a communication system. This behavior is
characterized by the distortion-rate function (or rate-distortion function)
of the source and distortion measure. In the next section we introduce
the distortion-rate function, which we will abbreviate to DRF, and some
of its basic properties. A natural way to introduce the DRF is within a
development of the easy half of the Shannon source coding theorem, which
says that no source coding system can yield average distortion less than the
DRF. Thus Shannon theory immediately provides an unbeatable bound for
comparison with real systems. The proof of this result is surprisingly easy
in principle: One replaces the deterministic source codes used in practice

53
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by random mappings and than optimizes over all such mappings meeting
a constraint (involving mutual information) which is satisfied by the de-
terministic codes. This optimum over random mappings is just the DRF.
Since the class of random mappings includes the deterministic codes, no
deterministic code can perform any better than the DRF.

The fact that the DRF is actually achievable by deterministic codes in
a limiting sense is called the positive source coding theorem, and this result
is deferred to Sections 3.3 and 3.4 where it is proved for two special cases.

3.2 Distortion-Rate Functions

In this section we develop the Shannon distortion-rate function (DRF) as
a lower bound to the achievable performance of a communications system.
The basic idea of the bound is simple: instead of optimizing over all codes
of some given structure subject to a transmission rate constraint, we permit
random mappings (that is, channels or conditional probabilities instead of
deterministic mappings) and constrain the information rate. We shall see
that this is a direct generalization of the class of codes and hence opti-
mizing performance over the larger class must yield a lower bound to the
performance obtainable in the smaller class of deterministic codes.

Suppose that we have a communications system with a noiseless channel
with a transmission rate Rirans bits per source symbol and an input process
or source { X, }, which may be vector-valued. Suppose that we have an en-
coder and decoder which produce a final reproduction process {X,}. For
any dimension N we can consider the Nth order average distortion between
an input N-tuple X" = (X,, X;,..., Xy_1) and the corresponding repro-
duction vector XN = (Xo, Xy,... ,XN_l). Since the system is a code, in
principle XV is a deterministic function of the input (and possibly an initial
code state), but it may depend on inputs into the future. Thus we could
write the average distortion as something like dy = E(dy (X", XV (X)),
for some possibly large (but finite) L. From the fundamental theorem of
expectation, however, we could find the distribution of the random vector,
say XN,XN, and use this distribution to compute the average distortion,
that is, to write

dy = E(dn(XN, XMY).

An expression of this form holds for block codes, sliding-block codes,
and recursive codes, but the distribution may be a complicated function of
the source distribution and the code structure. If the distortion measure is
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additive, then we have for the given code that

N-1 N-1
Edy(XN,XN)=E (Z dl(Xk,Xk)) = Y Edy(Xe, Xx).
k=0 k=0

Suppose that the Nth order rate of the code and channel is Ry. Since
this is the Nth order average distortion for a particular code, it clearly
must be no smaller than the smallest average distortion achievable by any
code of the same rate. Since a deterministic mapping is a special case
of a random mapping, this in turn must be no smaller than the smallest
average distortion achievable using any conditional probability measure for
the reproduction XN given the input vector XV, where the collection of
possible outputs is assumed to be the same as that of the given code. Since
the rate is Ry bits per source symbol, the maximum number of possible
values that the reproduction vector can assume is My = 2V~ and hence
the entropy of the random reproduction vector XN satisfies the bound

H(XN)<logMy = NRy

and hence
I(XN; XNy < H(XM)< NRy. (3.2.1)

Since the average mutual information between the input vector and re-
production vector is no greater than N Ry, the performance of the given
system can be no better than that obtainable by the best random mapping
(as before), where now we do not require a finite alphabet for the repro-
duction, but we do require that the average mutual information between
the input and the reproduction be less than N Ry. Summarizing this de-
velopment we have the following lower bound to the Nth order distortion
for any system with decoder rate Ry:

dy > inf Edy (XN, YN),

where the infimum is over all conditional probability distributions for YV
given XV such that the resulting mutual information satisfies

1 N N
—I(X")Y < Rn.
N( ’ )_ N

In order to give the bound a name we now formally define the Nth order
distortion-rate function by

Dn(R) = inf Edn (XN, YY), (3.2.2)
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where the infimum is over all conditional probability distributions for Y~
given XV such that the resulting mutual information satisfies

-;TI(XN;YN) <R. (3.2.3)

To be more concrete, suppose that the input vector is continuous and
described by a pdf fx~. Then

Dn(R)= inf [ de / dyfxr (@) fywpxen (v]2)dn (2, v),

ny|xN

where the infimum is over all conditional pdf’s fy ~jx~ such that

fxn(z)fyvxn(ylz) < NR.

[ o [ dusen (@) men e tog 2 TOEEE LD <

If the input is discrete, then a similar formula follows for pmf’s:

Dn(R)=_inf 3 pxn(z)pynixn(yle)dn (XY, YV),

PlexN
where the infimum is over all conditional pmf’s such that py ~|x~ such that

px~()py vx v (yle)
px~(z)py~(y)

> pxn(@)py~ixn (ylz) log < NR.

z,y

In the discrete case it can be shown that the infimum is actually a minimum.
We summarize the above development in a lemma:

Lemma 3.2.1 Given a source, channel, and code, if for an integer N the
rate of the decoder is Ry and the average distortion of the source, code,
and channel is dn, then

dn > Dn(RN),

where DN (R) is the Nth order distortion-rate function of the source and
distortion measure.

Before continuing it is useful to point out an elementary property of
distortion-rate functions.

Lemma 3.2.2 Dy(R) is nonincreasing in R, that is, if Ry > Rz, then
Dn(R1) < Dn(Rp).
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Proof: The minimization defining Dy (Ry) is over a collection of conditional
distributions which includes that defining D(R;), hence the resulting infi-
mum can be no larger than that achievable over the smaller collection.

The simple bound of Lemma 3.2.1 is not always immediately useful
because it is in terms of the rate of the decoder rather than the transmission
rate of the channel and the rate can vary with N. If we happen to be
considering the special case of a block encoder and decoder with common
source and reproduction block length N and a corresponding channel block
length of, say, K, then the channel transmission rate R is K/N log||B||
bits per source symbol, then My = 2VF and Ry = R. More generally, we
remove the dependence of the above bound on N by considering the rate
and the long term average distortion as in the previous chapter. Recall that
for a given system, )

d= Nh_r‘noo _A—de
is the limiting per symbol average distortion. This immediately gives us
the bound 1
12 Jim, O ()
provided the limit exists. From (2.3.2) given § > 0 we can choose an Ny
large enough so that Ry < R+ 6 for all N > Ny, where R is the rate of
the decoder. Furthermore, from Lemma 2.3.1 this bound still holds if R is
considered as the transmission rate of the channel since the rate is bound
above by the transmission rate. Thus for large N, Dy (Rn) > Dn(R + 6)
from Lemma 3.2.2. We therefore have that for a transmission rate of R and
any 6§ > 0, no matter how small, that

- i 1
d> Nll_rg(} NDN(R + 6).

To formally state the main result of this section requires only two ad-
ditional details. First we give a name to the above limit and define the
distortion-rate function of the source and distortion measure to be the limit
of the Nth order distortion-rate functions per source symbol as N — oo:

D(R) = Jim %DN(R). (3.2.4)

If the limit does not exist the distortion-rate function is not defined. Second,
we require a result proved later: Provided R > 0, D(R) is a continuous
function of R. Thus given any € > 0 we can find a § > 0 sufficiently small
to ensure that

D(R+68)> D(R)—e. (3.2.5)

Putting these facts together yields the following basic bound:
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Theorem 3.2.1 Given source and distortion measure for which the distortion-
rate function D(R) is well defined and an encoder/channel/decoder for
which the channel has transmission rale R, the decoder has finite delay,
and the average distortion d is well defined, then

d > D(R);

that is, no encoder and decoder can yield lower average distortion than the
distortion-rate function evaluated at the transmission rate. Thus the OPTA
function satisfies

A(v,G) > D(R)

for any channel v with transmission rate R and for any class of codes G
with finite delay decoders for which d is well defined.

This result is called a negative coding theorem or converse coding theo-
rem because it states that no source coding system can yield performance
better than that given by the distortion-rate function.

An immediate question is whether the bound is useful. In particular,
can it be computed for interesting sources and distortion measures and is
it a realistic bound, that is, is it a good bound? In a later chapter we will
see examples where D(R) can be found analytically, evaluated numerically,
or approximated. We first consider the second question and show that not
only is D(R) a lower bound to the achievable performance, it is a bound
that can in principle be almost achieved for some sources and code classes.
The caveat “in principle” is required because the code complexity required
to achieve performance near D(R) may not be practicable.

3.3 Almost Noiseless Codes

Before turning to the positive coding theorems showing that performance
arbitrarily close to the DRF can be achieved by a variety of coding struc-
tures, we consider a very special case. This provides a result of interest in its
own right and a warmup for the more complicated result. Suppose that the
original source is a discrete alphabet stationary and ergodic source. (The
result generalizes to asymptotically mean stationary and ergodic sources.)
Suppose that the Hamming distortion measure is used as the per-letter dis-
tortion in a single-letter fidelity criterion. Then for a block code of length

N
N-1

1 N.gnNy _ ] >
T EAn (XY XY = < ;}Pr(Xk # Xi), (3.3.1)

the average probability of symbol error. Suppose that we are told that
the transmission rate is R and that R > H(X). What is the OPTA for
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block codes and what is the distortion-rate function? We shall show that
the answer to both questions is 0; that is, the given rate is sufficient to
code with arbitrarily small distortion. Codes yielding very small distortion
are called “almost noiseless.” Actually achieving 0 distortion is the goal of
noiseless codes as treated, for example, in Chapter 9 of [30].

Define 6 = (R — H(X)) > 0, by assumption. For each N define the set
of “good” N-dimensional vectors Gy by

Gn = {zV: %nN(XN) < H(X)+6/2}.

These sequences are good in the sense that their sample entropy cannot be
much larger than the limiting entropy rate. We will use the collection Gn
as a block code. Note that for each vector % in Gn

pxn(a’) 2 27 NECOHID),

and hence since this is the smallest probability of any good vector,
1> P(Gy) = Y, pxn(zN) 2 Y 27 NHEDH)

zNeGN zNeGN
= |G ||z~ NACOH),
where ||G || denotes the number of vectors in G . Thus we have that

IIGnll < oN(H(X)+6/2) _ 9N(R-§/2)

If a channel has transmission rate R = K/klog||B||, where B is the
channel alphabet and where K channel symbols are produced in the same
time as k source symbols, then there exist block codes mapping input blocks
of length N into channel blocks of length L = K N/k for all N for which L
is an integer. If the decoder yields distinct output vectors for each distinct
channel L-tuple, then the rate of the decoder is exactly R. Thus there
are 2VE possible decoder words and corresponding channel words and we
can therefore assign to each of the words in Gy a channel vector and have
at least one channel vector left over, which we call the garbage vector.
(Actually, we could use one of the regular channel vectors as the garbage
vector, but it clarifies things a bit if it is separated out.)

The encoder works as follows: Given a source vector z*°, see if it is in
Gn. If so, send the corresponding channel vector. If not, send the garbage
vector. The source word will be communicated perfectly if it is in Gy . If
it is not in Gy, then at worst every symbol would be in error. Thus the
average distortion is bounded above by

N

1 1 =
—dy = — P(X X
N N N ( k:/é k)

k=0
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Z

-1
[P(Xy # Xe| XN € Gn)P(XN € GN)
0]

1
N

+P(Xi # Xi| XN ¢ GN)P(XN ¢ Gy)]

IA

1 N-1
5 S P(xN ecy)=Px"N eGy)
k=0

= P(%nN(XN) > B(X) +6/2).

The Shannon-McMillan theorem guarantees that ny(X~)/N converges
in probability to H(X) and hence that the above probability goes to 0 as
N — oo. Thus given any € > 0, we can find an N and a block code of
length N and transmission rate R such that dy < € provided only that
R > H(X). Since this is true for any ¢, the OPTA for this class is 0. Since
the distortion-rate function is smaller than the OPTA, it too must be 0.
Observe, however, that very large blocks may be required. We summarize
these results as a lemma.

Lemma 3.3.1 Suppose that {X,} is an ergodic stationary discrete alphabet
source and d,, is a single-letier fidelity criterion with a Hamming per letter
distortion. Let v be a noiseless channel with transmission rate R and G the
class of all rate R block codes. If R > H(X) then

A(v,G) = D(R) = 0.

The above case is special because the alphabet is discrete, a special dis-
tortion measure is used, and only large rates are considered. It is important,
however, for several reasons. First, it provides operational significance for
the entropy rate of a source: It is the transmission rate needed to commu-
nicate a source almost noiselessly using block codes (and hence also more
generally with feedback or recursive codes). As an example, a source with
an alphabet of four symbols but with an entropy rate of only 1 bit per sym-
bol can be communicated through a binary channel with one source symbol
for each channel symbol and the average probability of error can be made
arbitrarily small by using long enough codes. Thus one has compressed
the original two bits per sample down to one bit per sample. There will,
however, be occasional errors. Second, it demonstrates an example of the
role played by the ergodic theorem in proving coding theorems. Here we
were able to provide a fairly simple construction for the code: We effec-
tively keep all the most likely source vectors and throw away the rest. The
general construction will unfortunately be more complicated, but again the
ergodic theorem will be crucial to the proof.
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3.4 The Source Coding Theorem for
Block Codes

In this section we show that performance arbitrarily near the distortion-rate
function is achievable using block codes or vector quantizers. Since a block
code is a special case of a finite-state code (with only one state), it also
proves that performance near the DRF is possible with the more general
class. The main distinction between the classes is that of implementation
complexity: codes of either kind can yield near optimal performance, but
one structure may be much simpler to implement for a given performance
and rate.

Unfortunately, these so-called positive coding theorems are much harder
to prove in the general case then was the negative coding theorem. In order
to prove reasonably general positive coding theorems with a minimum of
unenlightening technical details, we make some assumptions and we state
without proof a useful property of DRFs. The assumptions are that (1) the
source is stationary and ergodic, and (2) the fidelity criterion is additive
and the distortion measure is bounded in the sense that there is a finite
dmax such that dy(z,y) < dmax for all z,y. Positive source coding theorems
can be proved more generally for asymptotically mean stationary sources
without requiring ergodicity, but the proof is highly technical[38],[56]. We
point out here simply that it can be shown that the OPTA function of an
asymptotically mean stationary random process is the same as the OPTA of
a related stationary source and hence one can assume stationarity without
any real loss of generality. Nonergodic sources are handled using a trick
from ergodic theory called the ergodic decomposition which states that any
stationary nonergodic source can be decomposed into a mixture of ergodic
sources and that the OPTA function has a similar breakup. The bounded
assumption is unfortunate since it is not satisfied by the common mean
squared error, but it greatly simplifies the proof and generalizations can be
found in the literature by the persistent.

The required property of a DRF is the following: If a source {X,} is
stationary and ergodic and has a DRF D(R), then for any R > 0and 6 > 0
there is a stationary and ergodic process {Xp,Y,} such that

Edy(Xo,Ys) < D(R) + 6 (3.4.1)

and
I(X;Y)< R, (3.4.2)

that is, there is a random process with behavior similar to the random
vectors giving the Nth order DRF’s.



62 CHAPTER 3. DISTORTION-RATE THEORY

This result is a property of the so-called process definition of a distortion-
rate function. The result was first proved by using the block source coding
theorem by Marton [62] and Gray, Neuhoff, and Omura [43]. A direct proof
not assuming the coding theorem may be found in [38]. The direct proof is
preferable in the current approach in order to avoid the circular argument
of using a result based on the coding theorem to prove the coding theorem.
The general proof of this result is straightforward but tedious. It is not
too hard to show, however, that it is true for iid sources, in which case the
{X,,Yn} process is also iid This case is developed in the exercises.

3.4.1 Block Codes

A block code consists of an encoder mapping of blocks of, say, N source
symbols into a block of, say, K channel symbols and a decoder mapping of
the channel block into a block of reproduction symbols. If the transmission
rate of the channel is £ = K/N log || B||, then the maximum Nth order rate
is R since there are at most ||B||X = 2V ¥ possible channel blocks producing
the reproduction blocks. Furthermore, the block code will have Nth order
rate of exactly R if the decoder assigns distinct reproduction words to all
possible channel blocks. The collection of possible reproduction vectors is
called a code book. Since we have an optimality criterion of minimizing
the average distortion, given the code book no encoder can do better than
that which views the source vector and then produces the channel vector
which decodes into the reproduction vector with the minimum possible
distortion. This observation generalizes the basic property of scalar and
vector quantizers that the best encoders are minimum distortion mappings.
Because of its importance, we formalize it as a lemma:

Lemma 3.4.1 Suppose that a block source code has an encoder a mapping
source vectors X into channel vectors u = a(x) and a decoder 8 mapping
channel vectors u into reproduction vectors x = f(u). Let W be the code
book {B(u); allu}. Then the encoder that is optimal in the sense of mini-
mizing

E(dn (XY, B(a(X™))))

over all encoders « is given by
a*(x) = m&n‘ld(x,ﬂ(u)), (3.4.3)

where the inverse minimum notation means that the right hand side is that
u yielding the given mintmum. Thus

d(x, Ao (x)) = min d(x, %)
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that is, the optimal encoder is a minimum distortion or nearest neighbor
mapping.

A block source code with a minimum distortion mapping is commonly
called a vector quantizer.

We can therefore consider a block code to be uniquely described by
the code book: The encoder finds the best reproduction vector in the code
book, i.e., the one with the minimum distortion. The index of this codeword
is communicated over the noiseless channel to the receiver, which then
produces the output using a simple table lookup.

3.4.2 A Coding Theorem

We now have the material needed to state and prove a positive coding the-
orem for block codes. We consider the case of continuous random variables
described by pdf’s. The discrete result follows in a similar manner via
pmf’s. The principal results are given as a theorem containing the funda-
mental result and two immediate corollaries. The remainder of the section
is then devoted to the proof of the theorem.

Theorem 3.4.1 Let {X,} be a stationary and ergodic source and let v be
a notseless channel with transmission rate R. Let {d,} be a bounded single-
letter fidelity criterion, and let D(R) be the distortion-rate function. Given
arbitrarily small numbers €/2 > 6§ > 0 there exists for N sufficiently large
a block length N source code with

d= _]IVJN < D(R—¢)+8.

In other words, there exists a block code with distortion very close to the
distortion-rate function evaluated at a slightly smaller rate than the avail-
able transmission rate.

The theorem and the continuity of the DRF yield the similar statement
given in the following corollary:

Corollary 3.4.1 Given the conditions of the theorem and an arbitraridy
small number § > 0O there exisls for N sufficiently large a block length N
source code with

-1 -
d= 5dv < D(R) +8.

That is, performance arbitrarily close to the DRF at rate R can be
achieved. This follows because making € small enough makes D(R — ¢) as
close as desired to D(R).
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Corollary 3.4.2 Lel the source and channel be as in the theorem. Let G
denote any class of codes containing the block codes. Then

A(v,G) < D(R).

This corollary follows from the fact that block codes yield performance
arbitrarily close to the DRF, hence the optimal performance over all such
codes must be no greater than the DRF.

Combining the preceeding corollary and Theorem 3.2.1 provides a char-
acterization of the OPTA function for the class considered.

Corollary 3.4.3 Given a stationary and ergodic source and a bounded
single-letter fidelity criterion and a noiseless channel with transmission rate
R, let G denote any class of codes containing block codes of all possible
lengths. Then

A(v,G) = D(R).

While Theorem 3.2.1 shows that D(R) provides a lower bound to the
OPTA for other code classes such as sliding-block codes, we thus far have
a positive coding theorem only for block codes and their generalizations.

Proof of the Theorem.:

First observe that that N~'dy = d for a length N block code and a
stationary source. Hence we need to show that N~'dy can be made close
to D(R — ¢).

The fundamental idea of Shannon’s source coding theorem is this: for
a fixed block size N, choose a code at random according to a distribution
implied by the distortion-rate function. That is, perform approximately
My = 2V independent random selections of blocks of length N to form
a code book. This code book is then used to encode the source using a
minimum distortion mapping as above. We compute the average distortion
over this double-random experiment (random code book selection followed
by use of the chosen code to encode the random source). We will find that
if the code generation distribution is properly chosen, then this average
will be near D(R). If the average over all randomly selected codes is near
D(R), however, then there must be at least one code such that the average
distortion over the source distribution for that one code is also near D(R).
In other words, if an average is near a value, some of the terms being
averaged must also be near that value. This means that there exists at
least one code with performance near D(R). Unfortunately the proof only
demonstrates the existence of such codes, it does not show how to construct
them.

To find the distribution for generating the random codes we use the
stationary and ergodic process of equations (3.4.1)-(3.4.2) for D(R — ¢),
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that is, we assume that {X,,Y,} is a stationary and ergodic process and
that
Edi(Xo,Ys) < D(R—¢)+6/2 (3.4.4)

and

I(X;Y)<R—-e. (3.4.5)

Choose N large; exactly how large will be specified later. Denote the vector
pdf’s for (XN, YN), XN and YV by fx~ y~, fxn~, and fyn.

For any N we can generate a code book W at random according to fy~
as described above. To be precise, consider the random code book as a
large random vector Wy, ..., Wy, where

M= 2N(R—(/4)'

For simplicity we assume this to be an integer (otherwise just use the largest
integer contained in M). Since the transmission rate of the channel is R, it
can support codes of rate R for all those blocklengths N for which there exist
block codes mapping N source symbols into L channel symbols, where L =
KN/k and K channel symbols are produced in the same time as k source
symbols. Thus we are guaranteed that the block code decoder described
by the above code book which has rate less than R can be communicated
using the L symbols and hence the decoder can be informed which of the
M reproduction words was selected by the encoder. Note that we choose
M to have rate slightly less than R but slightly more than the rate used in
(3.4.5).

The W,, are independent random vectors and the marginal pdfs for the
W,, are given by fy~. Thus the pdf for the randomly selected code can be
expressed as

M
ww) = fw(wy, ..., wp) = [] frn(ws).
=1

This code book is then used with the optimal encoder and we denote the
resulting average distortion (over code book generation and the source) by

o = Epw(w) = [ dwhw(w)on(w)

where
pn(w) = Edn(XV,w) = / dz™ fn(2 )y (2N, W),

where
dn(zV,w) = min dy (XN, y).
YEW
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Summarizing the above we have that

o = [ dwhn(w) [ ds® pxn@)an (", w)

= [ de" fen (™) / dw fw(w)dy (2, w)].

Abbreviate D(R —€) to D and break up the integral over z into two pieces:

/ dz™ fyw(a)] / dw frv(w)dn (2", w)]

_ / dz™ frn (™) dw fy (w)dn (2™, w)
W N-ldn(eN W)<D+6/2

+/ dwfw(w)dN(xN,w)]
W N-ldn(zN,W)>D+6/2

é
< N/defXN(:cN)[(D—i- =)+ dmax/ dw fy(w)]
2 WiN-1dn (N, W)>D+5/2
6
= N[(D+ §) + dmax/da:foN(:cN) dw fw(w)),
W:N-tdn(zN W)>D+6/2

where we have used the fact that the maximum distortion is given by dpax-
Define the probability

P(N~Ydn(zN,W) > D +6/2) = / dw fw(w),
W N-1dn(zN ,W)>D+65/2
(3.4.6)

the probability that for a fixed vector zV (selected by the source) there is
no codeword in the code W (selected at random and independently of the
source) that is within D + 6/2 of the source word. Summarize the above
bounds by

N7'pn < D+ 6/2 + dmax / dz™ fxn(zV)P(N~tdn (2", W) > D +§/2).

(3.4.7)

The remainder of the proof is devoted to proving that the integral above
goes to 0 as N — oo.

We begin with the probability P(dy(z™, W) > D + 6/2) that for a

fixed input block ", a randomly selected code will result in a minimum

distortion codeword larger than D + 6/2. This is the probability that none
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of the M words selected independently at random according to the pdf fy~
lie within D + 6/2 of the fixed input word zV:

P(N~'dy(zN, W) > D+6/2) = [1 - P(N"'dn(z",ZV) < D+ 8/2))M
(3.4.8)
where ZV is a random vector chosen according to the distribution fy~ for
Y™ and

PVl (@Y, 2") < D+5/2) = [ dy fyn(y™).
yN N-1dn(zN yN)KD+6/2
Unlike YV, ZV is chosen independently of X and hence the above prob-
abilities are not conditional on the value of XV,
Now mutual information comes into the picture. The above probability
can be bound below by adding a condition:

P(N~ldn(2V,ZN)< D +6/2)

> P(%dN(:cN,ZN) < D+ 6/2 and %iN(:cN,ZN) < R—-¢€/2),

where the sample information is computed according to the joint distribu-
tion for X~ YN that is,

fo,YN(zN,ZN)
Sxn(@N)fyn (V) (3.49)

Observe that there is a “mismatch” in that the sample information between
XN and the random vector Y is being evaluated at ¥ and a random
vector ZV, the latter having the same marginal distribution as Y~ but not
the same joint distribution with XV as YV,

We now have the bound

P(dn(x",2") < D +6/2)

iN(zNazN) = ]Og

> [ ay fyn(u™).
yVi&dn(eN yN)<D+é/2 and Fin(zN yN)<R-¢/2

The information condition can be used to lower bound the pdf fy~ as
fyn(y™) > 27N E=IDfn en (YN 2V)

which yields the bound

1 6
P(5an(z",2Y) <D+ 2) 2
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gl [ dy® fympxn (¥ 12™)
yN:N=ldn(zN yN)SD+ 5, Fin(zVyN)<R-5

which with (3.4.8) gives

1 1 M
P(5dn (2™, W) > D +6/2) = (1 ~ P(5dn(=",2¥) <D + 5/2))

< [1— 2~ NB-e/2)y
/ dy™ fywpxow (o |2V
yN:gdn(zN yN)<D+6/2,4in(zN yN)<R-¢/2

Applying the inequality
(1-af)M <14eMe_p (3.4.10)

for o, 3 € [0, 1] yields
P dn(z™, W) > D+6/2) <

1 + exp[— M2~ N(R-¢/2)]
- / dy™ fympxw (V12N
yN:N_ldN(xvaN)SD+6/2|ﬁiN('rN:yN)SR—6/2

Recalling that M = 2N(R=¢/4) pesults in

P(N~ldn (¥, W) > D +6/2) < 1+ exp[-2V/4]

—/ dy®™ fywxnw (YN |2V).
yNN=Ydn(zN yN)<KD+6/2, din (=N yN)<R—¢/2

Observe that by construction the exponential term goes to 0 as N — oo.
The remaining term is

N N|.N
/ dy® fy (V™).
yN:N-1dn(zNyN)>D+6/2 OF win(aVN ,yN)>R-¢/2

Summarizing to this point we now have that

1 § . _ 6
Jim AN S Dot dma ]\}quo/defXN(xN)P(N Yan (=N, W) > D+3)

<D+ é + dmax lim / d:cfon(zN)x
2 N —c0
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/ dy" fynixn (v |zV)
yN:N-ldn(zN ,yN)>D+6/2 OF fin(eN,yN)>R—-€/2

6 . 1 N N 6 1 . N N €
= D—+——2-+dmax I\Jlﬂo P(]—v-dN(X YN) > D+§ or —N-zN(X ,YN) > R_E)
5 _ 1 NN 5
SD+'2'+dmale££r;OP(NdN(X aY )>D+'2')+
. 1. N N €
dmax }Jl_xgo P(—ﬁzN(X ,YY)>R— E)’

where we have used the union bound P(F UG) < P(F) + P(G) for the
last inequality. Since the pdf for (XN,Y") are drawn from a stationary
and ergodic distribution, we have from the ergodic theorems for N~1dy
and N-liy that N=1dy converges to Ed;(Xo,Yo) and N=1in(XN,YV)
converges to I(X;Y) and hence from (3.4.4)-(3.4.5) the above limiting
probabilities are 0. Thus we can choose N large enough to ensure that

-}Vd’NSD+6:D(R—c)+6,

which as previously argued implies there must exist a block code with nearly
the same performance.

3.5 Synchronizing Block Codes

One potential problem with block codes is that one must know where the
blocks begin in order to properly decode them. We point out two means
of synchronizing the codes so that the decoder can locate the beginnings
of the blocks. Synchronizing a block code also plays a role in the coding
theorem for sliding-block codes to be considered in the next section.

One way to synchronize a block code of length, say, N, through a noise-
less channel is to use a short synchronization sequence or synch sequence or
synch word as a prefix to each block. The synch sequence should be very
short relative to the block length so as not to waste too many bits and it
should not appear anywhere in any of the remaining portions of the channel
vectors. This restriction will reduce the rate of the code from R, but the
reduction will be small if properly done. Say that we have a channel with
transmission rate R. Construct a good block code of length N and rate
R — € for small € > 0. Since the DRF is continuous in R such a code exists
with performance fairly close to D(R). Since the rate is slightly smaller
than R, not all the channel vectors must be used, only 2¥(F=¢) and not all
2NR The channel vectors have length K where

R =1 log|Bll
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which we assume to be an integer. Suppose that we only use those channel
vectors of length K for which the first K'§ symbols form a special synchro-
nization or synch sequence and the remaining K (1 ~ §) symbols nowhere
contain the synch word. We also must ensure that no overlap of part of
the synch word with a code word can appear as a synch word. If this re-
striction is met, the decoder can always locate the block beginnings and
decode correctly by simply finding a synch sequence. (In fact, once the
synch sequence is found, the blocks are in theory all synchronized.) The
question is then how many such words are there? In particular, are there
enough to provide indices for all 2V(8~9) codewords?

To show that enough words remain to communicate the code, choose
as a particular example a synch word consisting of K§é repetitions of a
given channel symbol, say 0. To ensure that the first and last symbol of
the remaining K (1 — 6) symbols in the channel block cannot be confused
as part of a synch word, force these to be another channel symbol, say
1. We now have K(1 — §) — 2 free channel symbols to use subject to the
constraint that there not appear Ké consecutive 0’s in any channel block
of this length. There are a total of ||B||[%(1=9=2 channel K-tuples having
the synch sequence as a prefix and having a 1 at the beginning and end of
the remaining block. Of these, no more than (K (1 — 26) — 1)||B||K(1-26)~2
< K||B||¥(1=26)=2 have the synch sequence appearing somewhere in the
vector (there are K(1 — 26) — 1 possible locations for a complete synch
sequence of K6 symbols to start in a block of K(1—6)— 2 symbols and the
remaining K (1 — 26) — 2 symbols are arbitrary). Thus the total number of
channel vectors available is at least

| BIIKC=9=2 — g || B|¥( =272 = | B|| K (=D=2(1 — K[| B]|~*5),

and hence the available rate using the constrained words is

K(1-6) -2 1 K
/L — —
R = ———~—"log||B|| + +; log(1 - K||B|~*)

2log || B 1 _
= R(1-6) - —g-]\#—” + -ﬁlog(l — K||B||7*%).

Given R and ¢ as before, choose § > 0 and then N and hence K large
enough to ensure that R’ > R — ¢ (while preserving the relation that R =
(K/N)log||B||). This proves that the sychronized codebook has sufficient
rate to include all of the words in the unsynchronized codebook.

Thus one way to achieve synchronization is to use a short synchroniza-
tion sequence as a prefix to all channel code words.

Another way to synchronize is to use a longer synch sequence, but use
it very rarely, e.g., to add a synch sequence to the front of every group of
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L channel code vectors. Here, for example, given a block code of length
N and channel word length K, we might select a synch word consisting
of 3K repetitions of a single channel symbol b. If the available channel
vectors are pruned so that none begin or end with this symbol (analogous
to the more complicated pruning above), then the decoder can locate the
block beginnings by finding the synch sequences. Again the rate is reduced
slightly, but now also some source symbols will be lost while the synch
sequence is being sent and hence the distortion is also increased. If the
synch sequence is sent rarely enough, the loss will be slight.

3.6 Sliding-Block Codes

We next use the block coding results to sketch a similar result for sliding-
block codes. For simplicity we consider the case where the time duration of
source and channel symbols is the same (7, = 7.) and the channel alphabet
corresponds to an integral number of bits, that is, ||B|| = 2F for an integer
R. Thus in this case Rimans = R bits per source symbol. We will later
indicate how this restriction is removed. In this special case a sliding-block
encoder looks at a window of source symbols to produce a binary R-tuple
for the channel. It then slides the window over by one source symbol and
produces the next channel vector. The decoder is assumed to be a similar
sliding-block code, except that it windows a group of channel “symbols,”
each of which is a binary R-tuple, to produce a single reproduction sym-
bol. It then slides the window by one symbol, i.e., one binary R-tuple, and
produces the next reproduction symbol. Thus both encoder and decoder
can be viewed as shift registers with a nonlinear mapping producing the
output. We will argue that there exist such codes which perform at least
as well as block codes and hence arbitrarily near the DRF. Again the cost
is that we may need large window lengths and complicated nonlinear map-
pings. Observe that such a code will yield a stationary source/reproduction
process {X,,, Xn} and that, in particular, the decoder consists of a binary
shift register and a nonlinear mapping producing the reproduction. Each
successive reproduction is produced by shifting the contents of the shift
register R times.

While the details of the proof are involved, the basic idea is straight-
forward: Form a good synchronized block code of length, say, N, for the
source. This code has rate R and, if used as an ordinary block code, has av-
erage distortion N-1dy nearly D(R). The block code is used to construct
a sliding-block or stationary code by occasionally inserting random spacing
between the blocks. To accomplish this, select an M-dimensional source
event, that is, a collection of vectors ™ with the property that the prob-
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ability of this event is very small but not 0. First construct a sliding-block
code with a dependence on the infinite past as follows: given the current
symbol, say X,,, look at vectors Xp,_apr—it1,..., Xn—i for ¢ = 0,1,... until
a synch event corresponding to the occurrence of the synch sequence in the
input stream is seen. If the current symbol is not in that synch pattern, use
the synchronized block code to code from the pattern up to and including
the current symbol. In other words, begin parsing the input sequence into
blocks at the end of the synch sequence and continue to code successive
blocks until the block containing the current symbol is coded. The channel
symbol sent will be that corresponding to the current position in the block
code word. If the current symbol is in a synch pattern, send an arbitrary
“filler” channel letter. The encoder will send sequences of block code words
that can be decoded by the decoder (since they are synchronized) along
with occasional incomplete blocks and filler symbols which make the code
stationary. The distortion will decrease slightly because of the symbols
lost during the synch pattern or during incomplete blocks interrupted by a
synch pattern.

This code has infinite memory because there is no bound to how far
back one might have to look to find a synch pattern. The performance of
the code can be approximated, however, by a finite memory code that looks
sufficiently far back and gives up if it does not find a pattern. It can be
shown that the distortion increases only slightly because only rarely will no
synch pattern be seen in the window.

The above is certainly not a practicable scheme, but it does demonstrate
that good sliding-block codes exist. Unlike block codes, however, there do
not exist general algorithms for designing good sliding block codes and that
most such codes have been developed from heuristic arguments.

3.7 Trellis Encoding

Suppose now that we have a good sliding-block code, that is, one with
transmission rate R and performance near the distortion-rate function. Fo-
cus now on the decoder, which can be viewed as a shift register which holds,
say, K channel symbols together with a nonlinear mapping f of BX into a
source symbol or group of source symbols. For simplicity we consider the
case of a binary channel with transmission rate 1 bit per source symbol.
Thus at each unit of time R channel symbols are mapped into a single
source symbol, a fact which we can write as

Xn:f(Un—Mw-'yUn,u-,Un-{—D))
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where M is the memory length of the decoder and D is the delay. For
convenience we reindex the channel symbols so that the nonlinear filter
described by f is causal, that is, we write

Xn = f(Uﬂ—ly"‘)Uﬂ))

where [l is M + D. Alternatively, the decoder can be viewed as'a finite state
machine, where the state of the shift register corresponds to all but the
newest of the channel symbols in the register; that is, we define the state

Sy, of the decoder at time n as the vector U,_j,...,Un—1. Then we have a
finite state code representation with output

Xn = f(Un , Sn)
and the next-state mapping is given by g(a, s,) = s = (u1,u2,...,ux-1,0a)
if s, = up,uy,...,ug—1; that is, one channel symbol is shifted out and the

new symbol shifted in.

The action of the decoder can be depicted by a directed graph called
a tree as in Figure 3.1, where the channel is assumed to have a binary
alphabet (binary tree) the shift register length is 3 and hence there are
23-1 = 4 states. The outputs can then be thought of as functions of the
state (which is 00, 01, 10, or 11) and the encoded symbol (which is 1 or
0). Thus at each node the tree can advance to one of two available nodes
(because there are two possibilities for the code symbols), but the actual
outputs depend on binary triples.

Suppose that the decoder starts in the state where the shift register
contains only zeroes. A binary channel symbol forces a state change and
produces an output, the choices being shown on the first two branches of
the tree. Moving up in the tree corresponds to a channel symbol of 1 and
moving down corresponds to a 0. The nodes in the diagram correspond to
the states of the decoder and the labels on the branches correspond to the
decoder outputs when making the corresponding state transitions.

Now forget the original sliding-block encoder and consider the following
alternative: If the encoder has a copy of the decoder, it could take an input
sequence of, say, length L and try to find the minimum distortion path
through the decoder tree to a depth of L, that is, to compare all of the
possible paths through the tree and find the one which produces a sequence
of labels that has the smallest distortion with respect to the input sequence.
The corresponding channel symbols (which can be thought of as a path map
describing how to traverse the tree) are then sent to the decoder, which
produces the reproduction sequence. In other words, the encoder finds a
binary sequence that will produce a sequence of L reproduction symbols
which best match the input source L symbols. It then drives the decoder
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fo11)

f(010)

Figure 3.1: Decoder Tree
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with the sequence. The decoder can then be reset to an original state and
the process repeated. Note that this new encoder is effectively operating
as a block code of length L. This problem, finding a minimum cost path
through a tree, has been much studied in a variety of applications and
such algorithms provide encoders matched to a particular decoder. Before
considering examples of such algorithms, we consider the implication for
coding theorems. If we know that a sliding-block encoder yields an long
term average distortion of about D(R) using the given decoder and we then
replace that encoder by a tree search encoder which finds the minimum
distortion path, one would expect that for sufficiently large L the tree
search encoder should perform no worse than the original encoder since it
is finding the best possible path. This idea can be made rigorous to prove
that there exist good tree encoding systems, but the details are complicated
by the fact that the original sliding-block code yields a stationary process
while the tree search code used as above does not.

In the case of a finite state decoder, the tree diagram is highly re-
dundant, a fact which permits a simplification. In particular, all possible
decoder states have appeared by the (K — 1)st level of the tree and hence
many nodes in each level thereafter represent the same state. If we merge
these identical nodes we obtain a special form of tree called a trellis as
shown in Figure 3.2.

11
foi1)
(110)
10
10 f010)
1101/} \GI100)
01
fioo1) f001
(100)
00

f1000) f1000) (000)
Figure 3.2: Trellis

The trellis provides a useful picture of the time evolution of the decoder:
each node corresponds to a decoder state and each column to a time instant.
Since the decoder definition does not change with time, the trellis is also
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redundant in that a branch connecting two given states always has the
same label regardless of the time. Denote by g(s’, s) the label of the branch
connecting an old state s’ to a new state s and denote the channel symbol
corresponding to this transition i(s’,s).

The best path through a trellis can be found using the Viterbi algorithm
which is an application of the principle of optimality of dynamic program-
ming. (See Forney [27] for a general development of the Viterbi algorithm.
Forney brought the word trellis from gardening to coding theory by naming
the merged tree a trellis and trellis coding systems for sources and channels
owe much to him.) In our application the key idea is this: The minimum
distortion path from time 0 to time n must be an extension of one of the
minimum distortion paths to a node at time n — 1. Thus in order to find
the best possible path of length L we compute the best path into each state
for each time unit by finding the best extension from the previous states
into the current state and we perform this for each time unit up until time
L. We formalize this procedure as an algorithm:

Viterbi algorithm trellis encoder

1. Given a collection of states S = oy,...,0u, a starting state o', a
decoder f(u,s) producing a reproduction given channel symbol u
in state s, a per letter distortion measure d, a source input vector
Zg,...,2p—1. Let D;(k) denote the distortion for state k at time j.
Set D(¢’,0) =0, D(s,0) = oo for s # o’. Set | = 1.

2. For each current state s find

Di(s) = rr:;n (Di=1(s") + d(z1,9(s", 5)))

and let s’ denote the minimizing previous state. Given the path map
u'~1(s") to the best previous state s’, form the extended path map
ul(s) = (u!~1(s'),i(s',s)) giving the best (minimum distortion) path
through the trellis from the initial state into the current state s at level
I. In other words, for each current state find the distortion resulting
from extending the M best paths into the previous states into the
current state. The best is picked and the distortion and cumulative
path indices to that state saved.

3. Ifl< L,set I+1— 1 andgotol. Ifl= L, pick the final state s;
yielding the minimum of the M values D (s). Release ul(sy).

A key facet above is that we have a block code with block length L,
but we do not have to search a block code of 2L by computing all 2¢
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possible distortions. Instead we compute a sequence of M distortions and
retain the running distortion for each state along with the accumulated
distortions into each state and the accumulated channel symbol sequence.
In particular, the complexity grows with the number of states, not with L.

Trellis encoders are also known as look ahead coders since they permit
the source to view the effects of possible channel sequences into the future.
Other names are multipath search encoders and delayed decision encoders.
They provide a reasonable complexity means of having large blocklength
codes, but that also has the effect of causing large decoding delays which
can be harmful in some cases, e.g., in control loops.

If the sliding-block decoder has infinite memory, then the decoder is
not a finite state machine and the Viterbi algorithm cannot be used. In
this case, other tree search algorithms can be used. In particular, the
(M, L)-algorithm or M-algorithm of Jelinek and Anderson [53] provides a
suboptimal (it does not always find the best path, just a good one) but
efficient means of searching a tree or trellis.

Exercises

1. The Nth order rate-distortion function of a source {X,} and distor-
tion measure dp is defined by

Ry (D) = inf I(XV; XV)
where the infimum is over all conditional probability distributions for
XN given XV for which
1 N
NEdN(XN, XMy< D

(a) For fixed R > 0, relate Ry (Dn(R)) to R and for a fixed D relate
DN(RN(D)) to D.

(b) Suppose that {X,} is an iid binary process with px(1) = 1 —
px(0) = p, and that d; is a Hamming distortion measure. Let
+ denote modulo two addition (0+0 = 141 = 0,041 =1+ 0
=1).

(c) Show that

H(Xo|Yo) = H(Xo + Yo|Yo) < H(Xo + Y0),
(d) Show that
Rl(D) Z H(Xo) — max H(XolY())
PyplXxo
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where the maximum is over all conditional pmf’s py, x, with
Edi(Xo,Yy) < D.
(e) Show that
Ry(D) > H(Xo) —max H(Z)
where the maximum is over all binary pmf’s pz for which £Z <
D.

(f) Find a simple lower bound to Ry(D) in terms of p and D. What
does this imply about D;(R)?

(g) Find a simple lower bound to Ry(D) from the above bound to
R, (D).

. Use a continuous analogy to the argument of the above problem to

derive a lower bound to the first order rate-distortion and distortion-
rate functions for an iid Gaussian random process with 0 mean and
variance o?. (Hint: Use problem 2.5.)

. Prove (3.4.10).

. A binary random process {X,} has the following property: For a

fixed large integer N it is known that any time a 1 occurs, it will nec-
essarily be followed by at least N 0’s. Thus the process output tends
to produce mostly 0’s with occasional isolated ones. Find bounds
to the first order entropy H(X,) and the entropy rate H(X) of the
process. Find an almost noiseless block code with a rate or required
transmission rate that is close to the optimal value. How could you
use this process to construct a sliding-block code from a block code?

. Prove (3.4.10).

. In this problem it is shown that for an iid process X,

D(R) = ﬁvl_éi) = Dy(R)

for all positive integers N. Thus the DRF can be evaluated as a one
dimensional minimization.

(a) Suppose first that the conditional pmf py,x, achieves the mini-
mization defining D;(R), that is,

> di(2,¥)Pyo x, (yl2)Pxo(2) = Di(R)
z,y
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and

PY,, X, (Y, Z)
E o1 X0 (¥l2)px,(z) log —2=22—2 < R,
- Py, 1 X (y‘ )PX ( ) g PXo(x)pYO(y)

(b) Define the N-dimensional conditional pmf py~|x~ by the prod-

uct pmf
N-1

pynxn (YN |z = H PYo| X, (Yk|Tk).
k=0
Show that this pmf yields a mutual information

1 N.yN
SIXY; YY) < R

and an average distortion
Edy(XN,YN) = ND(R).
Show that this implies that

Dn(R)
YA
(c) Conversely, suppose that py~ x~ yields Dy(R), that is,

Dy(R) >

1 N.yN
IV YN) <R
and
Edn(XN,YN) = Dy(R).
Define
Ry = I(Xk; Yi)
and show that
N-1
Edn(XN, YY) > > Di(Ri)

k=0

and
1 M-l
¥ O B <R
k=0
Use the convexity of DRFs to then argue that
N~'Dn(R) > Di(R),
which completes the proof.

7. Use the previous problem to prove the claim of (3.4.1)-(3.4.2) for the
case of a discrete alphabet iid source.



Chapter 4

Rate-Distortion
Functions

4.1 Basic Properties

We have seen that the distortion-rate function of a source with respect to a
distortion measure provides an unbeatable, yet approximately achievable,
bound on the performance of a fixed-rate data compression system with
unconstrained block length or delay. The goal of this chapter is to provide
the tools for actually computing and bounding the distortion rate functions
for particular sources and distortion measures. Toward this end we begin
by developing variational equations for inverse distortion-rate functions or
rate-distortion functions. The focus on rate-distortion functions instead of
distortion-rate functions is both for consistency with the literature and for
simplicity. It is usually easier to find the rate as a function of distortion
rather than vice-versa.

Explicit evaluations of the rate-distortion function are often not possi-
ble, even for apparently simple sources and distortion measures. Hence we
also develop a variety of simple bounds to rate-distortion functions and a
numerical algorithm for evaluating finite order rate-distortion functions.

In the first three sections we concentrate on the first-order rate-distortion
function of a discrete alphabet random process, that is, on the rate-distortion
function of a single random variable. The results will generalize to higher
order rate-distortion functions by application of the same techniques to vec-
tors. The extensions to continuous alphabet processes will be sketched and
the results quoted. The continuous results are usually exact parallels to the
discrete results with pmfs and sums being replaced by the corresponding
pdfs and integrals. The emphasis on discrete alphabets reflects the fact
that numerical algorithms for the computation of rate-distortion functions

81
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are based in part on the variational equations and such computation is
likely to be accomplished on a digital computer and hence on a discrete
approximation to a continuous distribution.

Given a discrete random variable X, abbreviate by p; the pmf px(j) =
Pr(X = j) for j € A, the source alphabet. Given a reproduction alphabet
A and a conditional probability mass function Qi = Pr(Y = k|X =),
define the average mutual information

where the notation emphasizes the dependence on the input and conditional
distributions. We will usually abbreviate this to simply I(Q) since we
consider p to be fixed while we optimize over (). Let d be the distortion
measure on A X A. Let Qp denote the collection of all valid conditional
pmf’s Q (ie, {Qy;, j € Ak € A} such that Qr|; is nonnegative and
for any fixed j the sum over k is 1) which satisfy the average distortion
constraint

Q)= Qu;p;d(j k) < D. (4.1.2)
k.j

We similarly abbreviate this to d(Q). Then the rate-distortion function is
defined by
R(D) = mm I(Q). (4.1.3)

We assume for convenience that
rr}cin d(j, k) =0

that is, the minimum possible distortion is 0. It can be shown that this
entails no real loss of generality since results under this assumption can
easily be extended to more general distortion measures by defining a mod-
ified distortion measure d'(j,k) = d(j, k) — rr}cin d(j,k), which satisfies the
assumption of 0 minimum distortion. Given this assumption, the minimum
possible average distortion will also be 0. To see this, for each j set Qy; = 1
for the k yielding the minimum distortion.

As D increases from 0, Qp is a nondecreasing collection and hence
R(D) must be monotonically nonincreasing in D. D will increase up to
some value Dyax which is defined as the smallest distortion that can be
achieved when R(D) = 0. I(p,Q) will be 0 if and only if the input and
output are independent, in which case Q); = Qr and

d(p,Q) = > piQud(j, k).
j k
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This expression is minimized over all valid pmf’s @ by setting @ = 1 for
the k which minimizes ZJ- p;jd(j, k) and setting the remaining @ = 0. This
yields
Dimax = min }: p;id(j, k). (4.1.4)
i

Note that this rate-distortion pair is achieved by the 0 rate code consisting
of one symbol, the ¥ which minimizes the average distortion Zj p;jd(j, k) as
above. For all values of distortion D larger than Dp,a the same conditional
pmf yields both a distortion smaller than D and a mutual information of
0. Thus

R(D)=0,D > Dpax.

There is another, more operational, way to view Dpax. Suppose that
we wish to construct the best possible code with 0 rate, that is, we are
permitted only one code word, say y, and we want to choose it to mini-
mize Ed(X,y). Choosing y to achieve this minimum results in an average
distortion of exactly Dpax.

A key property of the rate-distortion function is its convexity, which is
described in the following lemma.

Lemma 4.1.1 R(D) is a convez function of D, that is, for any two values
of distortion Dy and D, and any A € (0,1)

Proof: Suppose that @' and Q? achieve the points (D, R(D;)) and
(D2, R(Dz)) on the rate-distortion curve, respectively. Define the condi-
tional pmf @ = AQ! + (1 — A)Q?. By the linearity of expectation

d(Q) = Md(Q") + (1 - 1)d(Q?)
whence Q € Qxp, +(1-2)p,. Thus
R(AD: 4 (1-2)D2) < I(Q).

It can be shown using the divergence inequality that I(Q) is convex in @
and hence that

1(Q) < A(QY) + (1 - NI(Q*) = AR(D1) + (1 = )R(D2),

which completes the proof.

Since R(D) is convex, it is also continuous, except possibly at the end-
point D = 0. Since it is convex, R(D) must be strictly decreasing and not
just nonincreasing for D € (0, Dmax). This implies further that if @ yields
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R(D), then d(@) = D and hence the optimizing @ in the collection Qp of
all Q such that d(Q) < D is on the boundary of that collection. This is
true since if d(Q) were equal to some D’ < D, then R(D) = I(Q) > R(D'),
which contradicts the fact that R(D) is decreasing in D. This provides
the relation between rate-distortion and distortion-rate functions as sum-
marized in the following lemma:

Lemma 4.1.2 The rate-distortion function and the distortion-rate func-
tion are inverses, that is, if R(8) = r, then D(r) = 6. Alternatively,
R(D(r)) = r and D(R(6)) = 6.

Proof: Suppose that Q achieves r = R(6) and hence a point (6,7) on the
rate-distortion curve. Since I(Q) = r and d(Q) = 6, we must have that
§ > D(r). Suppose that the inequality is strict. In this case there is a Q'

with I(Q') < r and d(Q’) = D(r) < § and therefore
R(6) =r > I(Q) 2 R(D(r)).

This, however, violates the fact that R(D) is strictly decreasing in D, hence
§ = D(r).

As a final property, suppose that A C A, that is, the reproduction
alphabet contains a copy of the source alphabet and suppose further that
d(j,k) is 0 if and only if k¥ = j. Then the only @Q yielding d(Q) = 0 is that
which sets Q;); = 1 for each j and hence yields R(0) = H(p), the source
entropy.

In summary, we have shown that the rate-distortion function (and hence
also the distortion-rate function) are monotonically decreasing convex func-
tions of their argument and hence are also continuous functions except pos-
sibly at the endpoints. These properties are summarized pictorially in a
typical R(D) curve in Figure 4.1.

4.2 The Variational Equations

Shannon provided the first evaluations of rate-distortion functions for sim-
ple memoryless sources and difference distortion measures [74], but the
general theory of evaluating rate-distortion functions was first developed
by Gallager (28], Chapter 9, and expanded by Berger [5]. The development
in this chapter largely follows Blahut [6], but the proofs vary somewhat from
his in order to take more advantage of the divergence inequality (Lemma
2.6.1) and to avoid minimizations by calculus.

The minimization of (4.1.3) can be accomplished by introducing a La-
grange multiplier s and replacing the minimization of (4.1.3) by paramet-
ric expressions for the rate and distortion. These parametric expressions
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R(D)
[

> D

Figure 4.1: Typical Rate-Distortion Function

in turn yield the rate-distortion function. The following theorem gathers
these pieces. Parts (a) and (c) are proved, but (b) is not.

Theorem 4.2.1 For each s < 0, define a rate-distortion pair (R,, Dy)
parametrically by

R, =sD, + ngn [1(Q) — sd(Q)] (4.2.1)

D, =d(@) =) pjQs;d0,k), (4.2.2)
k

J
where Q* is the conditional pmf yielding the minimum in ({.2.1).

a Each value of the parameter s leads to a rate-distortion pair (R, D,) on
the rate-distortion curve, that is,

R, = R(D,) (4.2.3)

(or D, = D(Ry)).

b Every point on the rate-distortion curve has this form for some s, that
is, for any D € [0, Diax] there is an s for which (4.2.1)-(4.2.2) hold.

¢ The rate-distortion function can be found from the nonparametric relation

R(D) = fgg(Rs + S(D - Ds))'

Proof:
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_ Suppose that Q* yields the minimum of (4.2.1) and hence that D, =
d(Q*). Then for this Q* we must have that

R, = sD, + (I(Q") - sD,) = I(Q*) > R(D,).

Conversely, if Q* solves the minimization defining R(D) then d(Q*) < D
and we have for any s < 0 that

R(D) = [(Q") > I(Q") + s(D — d(Q"))
=sD+1(Q*) - sd(Q*)>sD+ R, —sD, = R, + s(D — D,).
This expression is true for any value of D and any value of s. This
provides two conclusions. First, given s and hence (R;, D;), choosing D as

Dy yields
R(D,) 2 R,

proving (4.2.3) and hence (a). Second, the bound still holds if we maximize
it over s and hence

R(D) > sup(R, + (D = D).

Part (c) follows from this inequality together with (b) which implies that
the inequality must be an equality for some s.

A key facet of the variational description is that the minimization is
over all conditional pmfs @ and not just those in @p. It can be shown that
s is precisely the slope R'(D) of the rate-distortion curve at D,.

The following theorem, which is due to Blahut [6], provides the basic
relations required by the numerical algorithm for computing rate-distortion
(or distortion-rate) curves and also yields the basic variational equations
for explicit evaluation.

Theorem 4.2.2 Given the source pmf p and a conditional pmf Q, let r
denote the induced output pmf

Ty = ZP;‘QW,
j

and let ¢ denote an arbitrary pmf on the oulput alphabet A (not necessarily
the same as r). Define the functional

F(p,Q,q) = ZZPJQH, 1og

Then

- SZZPJQHJ d(j k). (4.24)
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1. the rate-distortion function is given parametrically as

R, = sD, + min ngn F(p,Q,q) (4.2.5)
q

D, =Y piQ3;d. k), (4.2.6)
i ok

where Q* is the minimizing conditional pmf.

2. for fized Q, F(p,Q,q) is minimized by

% =P Qulj» (4.2.7)
J

3. for fixed q, F(p,Q,q) is minimized by
PRRLIERD
S gD

A distribution of this form is sometimes called a tilted disiribution.

Quj = (4.2.8)

Proof: (a) We have with some algebra that

(P Q; ZZP]QkI]d(]a ) I(p; Q) = H(Tllq)

and hence from the divergence inequality (Lemma 2.6.1)

F(p,Q.9) > I(p,Q)—sY_ > piQuid(j k)
ik

with equality if and only if ¢ = r. This proves (a) since it implies that the
stated minimization is equivalent to the previous parametric minimization
for R(D).

(b) This follows from the equality condition of part (a).

(c) Observe that we can rewrite Fi(p,Q, q) as

Qklj
F(p,Q,9) = EP: (ZQHJI 5q 2sd(, k))

This resembles a relative entropy except that the potential pmf in the de-
nominator of the logarithm may not sum to one. Thus if we define a new

conditional pmf by
qk e’d(j»k)

roo_
lej - Ez qlesd(j,l)’
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then

F(p,Q,9) =Y piH(Q;1IQ);) — Y pilog Y que*d0.
j j i

The rightmost term does not depend on ). The relative entropies are
all bound below by 0 and achieve that value if and only if @ is chosen to
equal Q. This proves (c). Note that in fact we need only have Q |; = Qflj
for those j for which p; > 0 in order to have

F(p7Q1 q) = - ij IOSZ qle’d(jll)
j i

The theorem yields many corollaries describing R(D). The first follows
immediately from the final paragraph of the proof of the theorem.

Corollary 4.2.1 Given the parameter s, the corresponding (R, D,) point
on the rate-distortion curve is given by

R, = sD, in(— ] sd(3.0) 429
s =5 +mqm( JZPJ ongw ) (4.2.9)

D, =) piQi;d0, k) (4.2.10)
J k

where )
q;e’d(]xk)
Yo qresdlh’

where ¢* solves the minimizalion of (4.2.8).

Qi = (4.2.11)

Simultaneous satisfaction of both parts (b) and (c) of the theorem yield
the following corollary characterizing the optimal conditional pmf’s.

Corollary 4.2.2 If Q is a conditional pmf which achieves the point on the
R(D) curve corresponding to the parameter s, then

3d(j,k)

_ 4ke€
Qulj = S gD’ (4.2.12)
where
etd(i k)
9 = ZPijU =gk ZP;‘ T (4.2.13)
i j

Thus a necessary condition for the minimum to be achieved is that

=y, Y 0 (4.2.14)
e zj:pj S qetiGh ifar #0 -
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The following lemma shows how (4.2.14) behaves when ¢, = 0.

Lemma 4.2.1 Given the conditions of the previous corollary,
e2d(5. k)
Cr = ijw S 1 allk. (4215)
j

Proof:

From the previous corollary we need only consider the case where ¢ =
0. Suppose that the minimum over ¢ and @ of the previous theorem are
achieved yielding

1
F,=F(p,Q,q) = ]ij log S~ 3G

and that ¢ = 0 and
g’d(jyk)
k= e > 1.
= 2P

We shall show that this leads to a contradiction. In particular, we shall show
that F, can be decreased slightly by making gx > 0 and hence it cannot be
the minimum as assumed. To accomplish this suppose that € > 0 is small
(how small will be specified later) and define the pmf

t1={£1—e)q; ifl1#k

otherwise ,

that is, we increase g slightly away from 0 and we decrease all of the other
q; by a corresponding amount so that the sum over the new pmf is 1. This
new pmf results in

1 . .
F(p,Q,t) = ij log S 5erdGD ZP;‘ log [(1 ~€) qu’d("’l) + ee’d(fl")]
i ! i ]
d(4,k)
—_—— . d 'YI) — _—e:.—_——
= zj:pj log [(2{: e 4y ((1 €) +€Zz qlesd(j,1)>]
¢2dGik)
=F, - Zj:Pj log ((1 —€)+ e—————zl q,e’d(f”)>

R S pytos (14 s s~ 1))
= - i 10 + €l — .
[/ - pj g Elqlesd(]’l)
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We can use a Taylor series to expand log(1 + 6;) for small §; as
log(1+6;) ~ §; — 52 + 35;"

and hence choosing ¢ sufficiently small to guarantee that all of the second

order terms are negligible we have that

e3d(d k)

F(p,Q,t) - G(ZPJ Z P S aretdion —1]) = Fo —¢(cx — 1).

By assumption ¢, ~ 1 > 0 and hence the F(p, Q,t) is strictly smaller than
F,, yielding a contradiction and proving the lemma.

Corollary 4.2.1 and Theorem 4.2.1 immediately yield a nonparametric
variational description of R(D).

Corollary 4.2.3

— : _ _ sd(j,1)
R(D) = Tf‘é(m;n(SD Zp, logXI: qe*®9t) (4.2.16)
j

where the minimum is over all pmf’s q.

The above variational description of R(D) describes it as a maxi-min
problem. We next provide an alternative characterization in terms of a
maximum over s (as above), but which now involves a double maximization.
This form is useful for finding lower bounds to R(D).

Corollary 4.2.4

R(D) = max max(sD + Zj:pj log A;) (4.2.17)

where A, is the collection of all X = {A;} such that A; are nonnegative and
ce =D pireOH) <1, all k.
J

Proof: The result will follow if we can prove that
_ : 1 _
o = max ;pj logA; = rrzm(]ij log W) = b,

First suppose that g solves the right-hand minimization and hence Corol-
laries 4.2.3 and 4.2.2 and Lemma 4.2.1 apply. If we then define

1

Aj = S qiesdGD
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then from Lemma 4.2.1

. 3d(5.k)

sd(j k)
k= ZP Aje Z L 7 <

and hence A\ € A,. This implies that a, > B,. To derive the converse
inequality, suppose that @ € Qp, yields R(D,) as in Corollary 4.2.1 whence

R(D,) - sD, = f, = 1(Q) ~ sd(Q).
Since R(D,) = I(Q) we have for any s < 0 and any A € A,

— pjlog); = I(Q) —sD, — Y _ pjlog}
j j

= I(Q) - sd(Q) - Z Zp,Qk., log \; = Zp, Z Quj log ﬁi‘&, T

P Qrlj Gk
_ZEPJQHJ ng Iy 2240, k) Z Zp grAje’ )

ik

=1—Zchk20~
k

Thus for any s < 0

Bs > &T;%’EZP:' log Aj = as,
2

which completes the proof.

The previous corollary has a variation that is sometimes useful. If we
replace the parameter A; by a parameter f; = A;p; we get the following.

Corollary 4.2.5
R(D) = max max(H(X) +sD+ 2}: pjlog f;), (4.2.18)

where H(X) is the entropy of the random variable and the mazrimization is
over the set F, of all f = {f;} that are nonnegative and satisfy

D fie?0M <1 allk.
i
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The remaining issue is how to solve the variational equations. In para-
metric form, this reduces to the problem of solving any of the equivalent
extremum problems

mqin(—ij longze’d(j'l)) (4.2.19)
j 1

or

max Z pjlogA; (4.2.20)
i

or
}réag;pj log f;, (4.2.21)

since the resulting minimum or maximum together with the minimizing
¢ or maximizing X or f together yield the corresponding point (R,, D,)
on the R(D) curve. We now combine several previous results with one
simple manipulation to provide necessary and sufficient conditions for an
optimal solution. These conditions are called the Kuhn-Tucker conditions
in optimization theory.

Theorem 4.2.3 Necessary and sufficient conditions for a pmf ¢ on A to
solve the minimization of ({.2.16) or ({.2.19) and hence give a point on
the R(D) curve are that q satisfy the following equations:

o34 k)

St = L0 £ (122)
6ad(j,lc) ‘
zj:l’jw <1iqe=0 (4.2.23)

Proof:

We have already proved the necessity of the conditions in Corollary 4.2.4
and Lemma 4.2.1. To prove sufficiency suppose that one has a ¢ for which
the conditions are satisfied. Since R, — sD, is the minimum over all ¢ of

1
4 (q) = log =——————
/B (Q) Zj:pl g Z[ l][e"d(J")

we have that
Bs(g) 2 Ry(D) — sDs. (4.2.24)
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Letting A; = 1/ 3, ¢1e*?)) we have from Lemma 4.2.1 that A € A, and
hence that

Bs(q) = zj:pj log A\; = a,(A) < {rée}\)f = R, — sDy,

which with (4.2.24) implies that a,(¢) = R, — sD,, which completes the
proof.

Eq. (4.2.22) can be thought of as guaranteeing that the summand is a
valid pmf for any fixed output k which has nonzero probability under g.
Similarly, necessary and sufficient conditions on f to solve the maximization
of (4.2.18) or (4.2.21) are that there exist a pmf ¢ for which

5 aer i =,
i

such that .
> fe R = 1if g #£0
J

Y fie R < 1if g = 0.
i

4.3 The Discrete Shannon Lower
Bound

We now make a simplifying assumption that will yield a useful bound as
well as complete evaluations in certain examples. It is simplest at this
point to use the representation of Corollary 4.2.5, although the result can
be derived from the theorem. Suppose that the input and reproduction
alphabets have the same size and that distortion measure has the property

that for all s
E REICHY
i
does not depend on k and hence can be considered as a function of s only,
say v(s). This is the case, for example, with any distortion such that the
columns in the distortion matrix {d(j, k)} are permutations of each other.
It is also the case if A = A is a group and d(j, k) = d(j — k) is a difference
distortion measure with respect to the group difference operation. In this
case it is easy to find an f € F; and thereby obtain a lower bound to R(D):
simply define
1 1
fi= v(s) ~ S esdik)
1
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and the conditions are met and hence
Ry > sD + H(p) — logy(s). (4.3.1)

This will hold with equality if and only if there is an output pmf ¢ such
that _
St -
] fi

In matrix notation, if E, = 1/y(s){e*0*)} and p and q denote the corre-
sponding vectors, then

p= Eq.

Since the input and reproduction alphabets have the same size, the matrix
E, is square and the bound will hold with equality if and only if

g=E'p (4.3.2)

is a valid pmf, that is, has all nonnegative entries. The entries automatically
sum to 1 since
()Y Jai =7(s) > pj.
k J

This will be the case at least as s — —oo if the distortion measure satisfies
d(j,k) = 0 if and only if j = k since then the matrix tends to the identity
matrix.

The lower bound of (4.3.1) is a version of the Shannon lower bound and
we summarize it formally for reference.

Lemma 4.3.1 The Shannon Lower Bound
If the distortion measure is such that

7(5) — Zead(i,k)
i

does not depend on k, then
Ry > sD + H(p) — log7(s).

Furthermore, the bound will hold with equality if and only if the vector q in
(4.3.2) has all nonnegative entries.

The Shannon lower bound is usually considered for difference distortion
measures, that is, where the reproduction alphabet is a subset of the input
alphabet and d(j, k) is a function of a suitably defined difference k — j, say
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p(k — j). The Hamming distance and the Lee (or circular) distance are
examples. In this case the condition is met and

Y(5) = 3 etH®.

The bound can often easily be optimized using calculus or standard
inequalities and it sometimes yields the rate-distortion function or portions
thereof. 'As an example, suppose that the input alphabet has K symbols
and that d is given by the Hamming distance and hence

v(s) =1+ (K - 1)e’
yielding a lower bound
R(D) > sD + H(p) — log(1 + (K — 1)e*).

The bound can be maximized using calculus or the divergence equality.
In particular, it will be shown that the lower bound satisfies the following
inequality and actually achieves it for an appropriate choice of s:

sD —log(l + (K — 1)e*) < —Ho(D) — Dlog(K - 1)
where
H3(D) = -Dlog D — (1 — D)log(1 — D)
is the binary entropy function. To see this observe that the inequality is
equivalent to
D (1 - D)
1- D)l >

EK-Derar &= T DR =1y 20

Dlog

using the divergence inequality with equality if and only if

(K -=1e
T 14 (K -1e?
or, equivalently,
. D
= ———
(1-D)}K-1)
or D
s:logl_D—log(K—-l).
Thus

R(D) > H(p) ~ Hy(D) — Dlog(K — 1).
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This bound will hold with equality if the ¢ vector of (4.3.2) has all of its
entries nonnegative. These entries can be found to be

pell + (K - 1)e’] - ¢€*
qx = - o

which will be nonnegative if

1

> -
L § )

for all k. This will hold provided s is sufficiently negative. In summary,
R(D) > H(p) — H2(D) — Dlog(K — 1) (4.3.3)

with equality for
0< D L (K ~ D)pmin (4.3.4)

where
Pmin = H;.in pj-

If the input is equiprobable, then the above formula gives the rate-
distortion function for all D in [0,1 — 1/K]. This, however, is the entire
range of D since R(1 —1/K) = 0. To see this observe that in the general
non-equiprobable case the best zero rate code consists of only one symbol,
the most probable source symbol, say the kth symbol. Using this code-
word yields an average Hamming distortion of 3., p; = 1 — px. In the
equiprobable case, thisis 1 — 1/K.

4.4 The Blahut Algorithm

Theorem 4.2.2 yields a simple but powerful iterative algorithm for finding
rate-distortion or distortion-rate curves. For a fixed value of the param-
eter s, in order to find the (D,, R,) point on the R(D) curve we need to
accomplish the minimization

min min F(p, Q,
lin min F(p, @, ¢)

where F(p,Q,q) is given by (4.2.4). Theorem 4.2.2 part (b) provides the
optimum ¢ for a given @ and part (c) provides the optimum @ for a given
g. This suggests the following algorithm:

1. Start with an initial guess, say ¢! for ¢, the output distribution. Set
m=1.
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2. Given ¢™, find the optimal Q, say @™, for q,,. This is given by

m q’k':ne"d(j'k)

ki = v, qlmesd(j,zj '

3. Given Q™, find the optimal q, say ¢™t!, for Q™. This is given by

1
=3 pi QR
;

4. Evaluate R, = I(¢™,Q™) and D, = D(¢™,Q™) and test for ap-
proximate convergence. Either quit or set m +1 — m and go to step
1.

We will not try to prove the convergence of the algorithm, but we will
briefly describe why it works. Theorem 4.2.2 (b) and (c) prove that at each
step of the iteration F(p,Q™,q™) is decreased and hence the monotone
sequence of nondecreasing functions must have a limit. Results from ele-
mentary real analysis imply that some subsequence of ¢™ (and hence also
Q™) converges to a limiting pmf which must satisfy simultaneously condi-
tions (b) and (c) (a stationary point of the algorithm) and also must satisfy
the necessary and sufficient conditions of the lemma for achieving the mini-
mum. This algorithm where one alternatively performs easy minimizations
of an information measure with respect to two different distributions is a
special case of a general algorithm of Csiszdr and Tusnady [24] and the
convergence properties follow from their results. It is also a special case of
an algorithm called the EM algorithm.

4.5 Continuous Alphabets

When the alphabet is continuous, the calculus of variations can be used
to extend the above results. Rigorous proofs of these results require con-
siderably more care than the corresponding discrete proofs. A detailed
discussion can be found in Csiszar {23].

The following theorem summarizes several of the properties, which can
be viewed as the natural extension from sums to integrals.

Theorem 4.5.1 Let X be a random variable described by a pdf p. Then

R(D) = supmin(sD — d:cp(a:)log/ dyq(y)e*d=¥))
s<0 ¢
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Necessary and sufficient conditions for an output pdf ¢ to achieve the above
minima are that it satisfy the relations

d esd(z,y) L .
/ T dzq(2)er i) if (y) #
d e.sci(z:,y) L .
T deg(ryerde S 1 Ha) =0.
We also have that
R(D) = sup sup (h(X) + sD +/ dzp(z)log f(z)), (4.5.1)
3<0 feF,

where h(X) is the differential entropy of the random variable and the maz-
tmization is over all f = f(z) that are nonnegative and satisfy

/ dxf(:c)e’d(z'y) <1 for all y.

Necessary and sufficient conditions for the f to achieve the supremum
are that there exists a pdf q such that

2) [ dya(@)er i = p(a)

such that
/ dzf(2)e 90 = 1 if q(y) £ 0

[ dst@eten <1 ifgw) =0.

4.6 The Continuous Shannon Lower
Bound

The Shannon lower bound is most useful for continuous alphabets, in which
case a difference distortion measure is almost always assumed. The follow-
ing development is similar to Berger [5], except that (as usual) we prove
optimality via the divergence inequality (Lemma 2.6.1) instead of using
calculus to investigate first and second derivatives.

Recall that difference distortion measures have the general form

d(z,y) = L(z — y).
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We assume that the distortion measure is such that
¥(s) = / dye’t® < oo,

In this case we can use the theorem of the previous section or mimic the
discrete development of the Shannon lower bound to obtain the bound.
The arguments of the discrete case can be replaced by the corresponding
continuous arguments, replacing the pmf’s by pdf’s and the entropy by the
differential entropy to obtain the parametric bound

R(D) > h(p) + sD — logv(s). (4.6.1)

Define the pdf
et L(y)

gs(y) = W(T)‘

The best lower bound of the form (4.6.1) is obtained by choosing s to
maximize the lower bound. We claim that the globally optimum s is given
by a value, say s*, which solves the equation

/L(y)ga-(y) dy = D. (4.6.2)
To prove this claim we need to show that for all s
s*D —logy(s*) > sD — logy(s).

We have that
s*D —logy(s") — (sD — log y(s))

- / dyga-(v) (5" L(y) — log7(s") — sL(y) + log 7(s))

- 95+ (¥)
—/dyg,-(y)log 4 (0) >0,

using the continuous version of the divergence inequality.
As an aid to intuition, note that differentiating (4.6.1) with respect to
s yields (4.6.2), showing that such an s is at least a stationary point.
When s is selected in this manner, the bound can be written as

Rsus(D) = h(p) — h(g,). (4.6.3)

We summarize the bound in the following lemma, where we omit the
parameter s by replacing s by —b(D), showing that the optimizing s of
(4.6.2) depends on D, and setting a(D) = 1/¥(s).
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Lemma 4.6.1 Given a continuous random variable described by a pdf p
and a difference distortion measure d(z,y) = L(z — y), then

R(D) > Rspp(D)

where
Rs1p(D) = h(p) + log a(D) — Db(D) (4.6.4)
where a(D) and b(D) are solutions to the equations
a(D)/e‘b(D)L(’)dx =1 (4.6.5)
a(D) / L(z)e " P gy = D, (4.6.6)

Eq. (4.6.3) can be used to derive an alternative form. We have that

/m@M@@=D

The following lemma shows that the pdf g, yields the largest differential
entropy over all pdf’s which have the same or smaller distortion.

Lemma 4.6.2

h(gs) = h(g),
(9s) max (9)

where Gp s the collection of all pdf’s g for which

/ dyg(y)L(y) < D.

Proof:
As usual, the proof is based on the divergence inequality of Lemma
2.6.1. First observe that h(g,) = sD — log y(s) and then break up h(q) as

1 op IW) op —1
/9(y) IOg@dy— /y(y)l 8 0i(v) dy+/y(y)l on) dy.

Applying the divergence inequality then yields
esL(y)
h(g) <0+ /y(y) log Ol dy = S/L(y)g(y) dy — logy(s)
= sD — ~(s) = h{yg,),

proving the lemma.
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Thus the Shannon lower bound can also be written
Rs1s(D) = h{p) — max h(g), (4.6.7)
9€CD

This is the form originally developed by Shannon.
As an example, suppose that the distortion measure is the squared error
distortion L(y) = y?. Then

/e—b(D)y’ dy = T v
b(D)

™

so that

and hence the second requirement becomes

(b(f))l/2/y26—b(D)y2 dy — D.

1 —
WD)
Thus

1 1
Rs1e(D) = h(p) — 3 log 27D — 5

If we use natural logarithms this becomes
1
Rsis = h(p) — 3 log 2meD.
If in addition the source is Gaussian with 0 mean and variance ¢2, then
1 2
h(p) = 3 log 2meo

and hence
2

1
Rsua(D) = 5 log 5’]-)-, (4.6.8)

which bound is nonnegative for D € [0, 0?]. It can be shown using Theorem
4.5.1 that this is in fact the rate-distortion function for the given region.
Note that we can easily invert R(D) in this case to find the distortion-rate
function

D(R) = o%e™ R,
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4.7 Vectors and Processes

The previous techniques can be extended in a straightforward manner to
finite-dimensional vectors. All of the properties and variational descriptions
have their multidimensional analogs. The Blahut algorithm also generalizes
without difficulty. We here consider several such generalizations that are
useful for evaluating and bounding multidimensional rate-distortion func-
tions.

We begin with given a k dimensional random vector X* and a distortion
measure d(z*, y*) giving the distortion resulting between vectors. Then one
can define a rate-distortion function for the vector in exactly the same way
as before, that is,

Rxx(D) = I(X*;YF),

inf

Py xk:Ed(X*®Y*)<D
where we have subscripted the rate-distortion function with the name of the
random vector. In this form all of the previous variational expressions and
bounds have immediate generalizations. This form is somewhat clumsy,
however, when our real goal is to normalize both rate and distortion and
to consider the limiting rate and distortion per symbol. For this reason
we often instead focus on the kth order rate-distortion function Rg(D) of
a process formed by normalizing the rae-distortion function of the vector.
The relation between these two quantities depends on how we define the
distortion between vectors. Suppose that di(z*,y*) is an unnormalized
vector distortion as previously considered, e.g.,

k=1
di(z*,y%) = Z di(zi,9i)
1=0

for an additive fidelity criterion. Then if we define
d(z*,y*) = di (=%, 4"),
that is, an unnormalized distortion, then
1
Ry(D) = ERXk(kD).

If, on the other hand, we normalize the distortion and define
1
d(xka yk) = zdk(l‘k, yk)s

then 1
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Regardless of which way we define the vector distortion, both formulas
imply that
Re(D)=2 inf I(X%YH),

kuK|xK

where the infimum is over all conditional pdf’s satisfying the condition
/ dz*dy* pyr xx (y*|2*)pxx (z*)dr (2, ) < kD.
For a fixed integer k, the k dimensional version of {4.5.1) is given by the

following theorem:

Theorem 4.7.1 Let Ry (D) be the kth order rate-distortion function. Let
pr denote the pdf pxx, h(pr) denote the differential entropy

1
h(pe) = [ dzFpi(z¥)log ——
(23] / =" pr(z”) log e eh)’
and 1
d(e* 1) = phu(et, o)
denote the vector distortion per symbol. Then

kR (D) = h(px) + sup sup (sD + /pk(xk)log f(mk)dzk) (4.7.1)
s<0 feF,

where F, is the set of all f = f(z¥) that are nonnegative and satisfy

/dzkf(xk)esd(z",yk)s 1’ all yk' (4.7-2)

4.7.1 The Wyner-Ziv Lower Bound

When the source is stationary and the distortion measure is additive, that
is, when

k-1
1
d(zk’yk): E E dl(mixyi))
i=0

a simple bound to the kth order rate-distortion function can be found in
terms of the first order bound as follows: Suppose that s and fi(z) yield
the first order rate-distortion function (solves the k = 1 case above) and
hence

/ dzy fi(zy)e’ B ¥) < 1) all gy,



104 CHAPTER 4. RATE-DISTORTION FUNCTIONS

Ri(D) = h(py) + sD + /Pl(zl)IOg fi(z1) dz;y.
Define the function -
f&*y =TT A=)

i=0

Then choosing s’ = sk we have that
k-1

/ dz* f(a*)e” {=" 9" = ] / da; fi(2:)e* B 499 < 1,

i=0

and hence f € F;;. Thus

n-1
kRi(D) > h(pi) +s’D+/pk(xk)log H f(z;) de*

k-1
= h(pi) + D+ 3 [ dmips (@) log £(2:)

k-1
= h(pe) + s'D + Z(RI(D) — h(p1) — sD) = h(pi) + k(Ry (D) — h(p1)).
Thus )
Ry(D) 2 Ri(D) = (h(p1) = Lh(px)), (4.7.3)

which points out that the kth order rate-distortion function is bound below
by the first order rate-distortion function minus a term that depends only
on the source and not on the distortion measure. Note that R;(D) can
also be interpreted as the rate-distortion function of a memoryless source
having the same marginals as the original source. If the limits exist, we can
take the limit as ¥ — oo to find a bound for the rate-distortion function of
the process:

R(D) 2 Ry(D) ~ (h(p) - lim Zh(p))

= Ri(D) ~ (h(Xo) - h(X)), (4.7.4)

where h is the differential entropy rate and where we have used the notation
emphasizing the names of the random process and variables rather than
the distribution. These bounds are originally due to Wyner and Ziv [83],
but the proof is closer to Berger’s [5]. A similar bound holds for discrete
alphabet processes with entropy replacing differential entropy.
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4.7.2 The Autoregressive Lower Bound

Another lower bound can be constructed in a similar fashion in the special
case where the distortion measure is again an additive difference distortion
measure and the source is an autoregressive source: Suppose that Z, is an
iid source with rate-distortion function Rz(D) and suppose that X, is an
autoregressive source defined by

Xn== Xn-ptp+2Z,;n=0,1,2,....
k=1

We assume that the a; are square summable so that the above process will
be asymptotically stationary. Suppose moreover that fz and s yield the
supremum of the theorem and yield Rz (D). Define for k

k-1 7
f(e*) = HfZ(zi+ZajTi—j)' (4.7.5)

Observe that like the Wyner-Ziv bound the function f is constructed as
a product, but here the arguments of the terms in the product are differ-
ent. It can be shown by changing variables of integration that f meets
the conditions required by the maximization describing the kth order rate
distortion function for {X,}. This then yields from the theorem the bound

kR (D) >

k=1 i-1 k=1 i~1

h(pxx) + ksD + / de* [T pz(ei+d_ajzij)log [] fa(ei+ ) ajaiy).
i=0 j=0 =0 j=0

By repeated changes of variables it can be seen that

h(px+) = kh(pz) (4.7.6)

and that the remaining terms reduce to

k(sD + / dzps(2)log £2(2))

and hence
R (D) > Rz(D).

Since this is true for all k, taking the limit yields

R(D) > Rz(D), (4.7.7)
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which is called the autoregressive lower bound. Like the Wyner-Ziv bound,
the autoregressive lower bound bounds R(D) for a process with memory by
that of a related memoryless process. Here, however, the related process is
the memoryless innovations process which produces the source by an autore-
gressive filter and not the memoryless source having the same marginals.
A version of the bound also exists for discrete alphabet processes when a
difference distortion measure is used [35].

4.7.3 The Vector Shannon Lower Bound

We next consider a bound that does not require additive distortion mea-
sures, but does assume difference distortion measures. When the bound
for vectors is used to obtain a bound for processes, however, we will once
again assume additive distortion measures. The bound is the vector gener-
alization of the Shannon lower bound and the proof is virtually unchanged
from the scalar case. Hence the general result is stated in the following
lemma without proof. Note that in this bound we consider the ordinary
rate distortion function without normalizing either rate or distortion.

Lemma 4.7.1 Suppose that X is a k-dimensional random vector with a pdf
pr and that we are given an (unnormalized) difference distortion measure
d(z,y) = L(z —y), where the difference is an ordinary Euclidean distance.
Define Rx (D) by

Rx(D)=infI(X;Y)

where the infimum is over all conditional probability measures for which
Ed(X,Y)< D.

Then
Rx (D) > Rsrp(D)

where
Rsrp(D) = h(px) + log a(D) — Db(D)

where a(D) and b(D) are solutions to the equations

a(D)/e"b(D)L(”)dm =1

o(D) / L(z)e~ @)@ gy = p,

and where h(py) is the differential entropy of the pdf py.
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Note that in order to relate the rate-distortion function R(D) of the
vector as defined above to the kth order rate-distortion function previously
considered, we need to normalize both rate and distortion, that is,

Re(D) = %R(w).

The Shannon lower bound yields explicit lower bounds in the special case
of distortion measures that depend on norms in Euclidean space. Hence in
the next section we develop some of the basic properties of such distortion
measures and the corresponding bounds.

4.8 Norm Distortion

In this section we derive the Shannon lower bound for norm-based distor-
tion measures. This provides both specific examples of the evaluation of
Shannon lower bounds and the most general case where such bounds are
known. The general bounds were first developed for Euclidean norms by
Lin’kov [59] and were subsequently corrected and generalized to arbitrary

norms by Yamada et al. [84].
We assume that d is a distortion measure on k-dimensional Euclidean

space with the form
d(z,y) = p(llz ~ yll)

for some norm || - || and some function p which is nondecreasing in its
argument. The vector difference is ordinary Euclidean difference. The
special case of principal interest in this section is p(a) = a” for r > 1 and
we henceforth assume that

d(z,y) = [lz - ylI".

An example is the pth power distortion measure
k-1
d(z,y) =Y |z —uilP = |lz - ylf
=0

and hence also the squared error distortion measure.

The bounds for norm-based distortion measures depend on the volume
of a unit sphere with respect to the norm. Given a set G C R¥, define its
volume V(G) by the integral

V(G) = /G dz.



108 CHAPTER 4. RATE-DISTORTION FUNCTIONS

The unit sphere with respect to a seminorm is the set {z : ||z]|] < 1}. Let V4
denote the volume of the unit sphere in k dimensional space with respect
to a given seminorm

Ve :/ dz. (4.8.1)
flzll<1
This volume is computable for most interesting seminorms. For example,
for the I norms . .
2%(T(1
v = 20/ (482

~ kL (k/p)p*-"

where T" is the gamma function

oo
I‘(n):/ e *u" " ldu.
0

(See Gradshteyn and Ryzhik [34], p. 620.) For example, if p = 2 we can
use the fact that ['(1/2) = /7 to find

27l'k/2
% = (4.8.3)

For the I norm it is easily seen that V; = 1. For the weighted quadratic
norm ||z|| = z'Bz with a positive definite matrix B, the above result for
12 combined with some matrix theory and a change of variables yields

2T (1/2)*

Vi = (det B)*llzm,

(4.8.4)

where I'(1/2) = /7.
Applying the vector Shannon lower bound of Lemma 4.7.1 to seminorm-
based distortion measures using a change of variables and integral tables

the integrals can be evaluated to find that

__r YD)t
a(D) = Wi T/ (4.8.5)
b(D) = —1%- (4.8.6)

and hence

REJ5(D) = h(ps) - = +log (ﬁ(%)k/'ﬂlﬁ—)) . s
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where V} is the volume of the unit sphere with respect to the given norm.
Observe that the only dependence on the particular norm used is through
Vi

Normalizing the rate and distortion by 1/k we have (using base e loga-
rithms)

) 1 1 reD 1 Vik  k
'ERSLB(D) = ;h(l’k) - ;log P Elog ‘,.—F(;)

and hence we have the following bound for the kth order rate-distortion
function: 1 ) ) Vik &
k
> = - - ~ ~log ==T(=). 8.
Ry (D) > kh(pk) " logreD 5 log " F(r) (4.8.8)
Note that D has replaced D/k since the average distortion is so nor-

malized in the kth order rate-distortion function. We can also write this
as a distortion rate function: Defining the normalized differential entropy

he = h(p)/k
e (k)

re

ViD(1 + k)%
= ——( eI( "::r)) e~ "(R—hy) (4.8.9)

Di(R) >

Thus if the P norm is used,

ok (T( L))
Rk(D)th~llogreD—-1—log ( (p))
r

k

If p = r (and hence the distortion measure is the additive pth power
distortion measure)

1 1, 25T
Ri(D) > hi — ;logreD - Elog T
These vector bounds can be used to derive lower bounds to the pro-

cess rate-distortion function: For the general case of the rth power of an
arbitrary norm we have that

- 1 1 k
R(D) = lim Rg(D) > h(X)— =logreD — lim —log Vi kT'(—)
k—o0 r k—oo k r
where ﬁ(X) is the differential entropy rate of the process

_ ) 1
h(X) = leTo hy = leHgO 'Eh(Plc)'
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In the case of I norms this becomes

- 1 2r(i) 1 (k)
R(X) — ~log reD — log —22 — lim =1 Pl
(X) — S logreD ~log p ke k Og”r(g)

If » = p and hence the distortion measure is just the rth power (and hence
additive), we have immediately that
- 1 2r(%
R(D) > h(X) — —logreD ~ log —('—l (4.8.11)
T r
If p # r, it can be shown using Stirling’s approximation that the limit
diverges. Observe that if r = 2, then I'(1/2) = /7 and the bound reduces

to

R(D) > h(X) — %log 2reD. (4.8.12)

As an example, suppose that {X,} is a Gaussian random process with
zero mean, autocorrelation function Rx(k), and power spectral density
Sx(f). Let Ry denote the k x k autocorrelation matrix Rx = E(XX?),
where X' = (Xq,...,Xx_1). Then

6—%::'12;11: e—%x'R;'x

dz lo
o ket /(2m)Fdet Ry

h(px) = —

k
= 5]0g(27r) + %log det Ry + —;—/ depi(z)z' Ry z.
The rightmost term can be expressed as
E(X'R;'X) = E(Tr R XX') = Tr (R{'E(XXY))
= Tr (R;'Re) = Tr I = k,

where “TIr” denotes the trace of a matrix (the sum of its diagonal elements),
the representation of the quadratic form as the given trace can be verified

by direct substitution, and I denotes the identity matrix. Thus
1

1 1
Eh(m) =3 log(2me) + % log det Ry.

The Gaussian is one of the few examples where the differential entropy
of vectors can be exactly evaluated. The differential entropy rate can be

found by taking the limit using a fundamental result of Toeplitz matrices
(see, e.g., [44] or [36]):

lim ~ log det Ry =/2 log Sx (f) df = log o2

k—o0 1
2
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where o2 is called the one-step prediction error of the process. (See Chapter

6 in [30] for a derivation of the one-step prediction error using the theory
of linear prediction.) Thus in the case of a Gaussian process, we have an
explicit representation of the differential entropy rate

- 3
h= %log(27re) + %/ log Sx(f)df = %log(%reof). (4.8.13)
H

This in turn provides an explicit representation of the asymptotic Shannon
lower bound for a Gaussian process with a squared-error distortion:

R(D) > Rs1s(D) = %log(%). (4.8.14)

Note the similarity with the Shannon lower bound for a single Gaussian
random variable of (4.6.8). The variance of the single random variable has
been replaced by the one-step prediction error.

Although the good news is that we have an explicit formula for the
Shannon lower bound of a Gaussian process with a squared error distortion,
the drawback is that for the special case of a Gaussian process the rate-
distortion function can be explicitly evaluated, although the details are
somewhat tedious. The interested reader can pursue the subject in Berger
[5] and Gallager [28].

Exercises

1. Find the Shannon lower bound to the rate-distortion function of a zero
mean iid Gaussian random process with a magnitude error distortion
measure d(z,y) = | — y|. Does the Shannon lower bound to R;(D)
actually yield Ry(D) for any value of D?

2. Show that for a finite alphabet source and a distortion measure with
the property that d(k, k) = 0, all k, it is true that

Jim (Ry(D) = Rsup(D)) = 0,
where R;(D) is the first order rate-distortion function and Rspg(D)
is its Shannon lower bound.

3. Strengthen the previous problem by showing that in this case there
is a Depiy > 0 with the property that

Ri(D) = Rspe(D); 0 < D < Deit.
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10.
11.

12.

CHAPTER 4. RATE-DISTORTION FUNCTIONS

. Given two discrete random variables X,Y define the conditional rate-

distortion function Ry y(D) for X given Y by
Rxjy(D)=_inf I(X;X|Y),
Px|x,Yy
where the infimum is over all conditional pmfs Px|x,y for which
Ed(X;X) < D.

Prove that
Rx(D) > Rxjy(D) > Rx(D) - I(X;Y).

Develop the Wyner-Ziv bound for discrete alphabet stationary sources.
Evaluate the bound for the case of a binary Markov source, that is,
the source X, defined by

Xn=Xn1 + Zn»

where {Z,} is a binary iid source with Pr(Z, = 1) = 1 - Pr(Z, =
0) = p and where the addition is modulo 2. Develop an autoregressive
lower bound for the same source and compare the two bounds.

Prove that f in (4.7.5) meets the conditions of (4.7.2).
Prove (4.7.6).

Evaluate the Shannon lower bound of (4.8.5 —4.8.7) for the case of a
Gauss Markov source {X,,} with 0 mean and autocorrelation function
Rx(k) = EXoXy = o%p'*l, all k, and a squared error distortion
measure. Repeat for a magnitude error distortion measure.

Verify (4.8.4).
Verify (4.8.5 -4.8.7).
Show that for an iid process,

RN (D) = Ry(D) = R(D).

Suppose that {X,} is an iid process with a marginal pdf that is
uniform on the interval [—a, a]. Evaluate or bound the rate-distortion
function for this process, Rx (D), for a squared error and a magnitude
error distortion measure. Repeat for a Gaussian process {Y,} that
is also iid and has the same mean and variance as {X,} and has
rate-distortion function Ry (D). Compare Rx (D) and Ry (D) and
comment on the difference.
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13. Show that for an arbitrary discrete alphabet stationary source

14, Suppose that {X,} is an autoregressive Gaussian process. Show that
the autoregressive lower bound also yields the bound (4.8.14).

15. Write a program for the Blahut algorithm and try it out on a Poisson
source with a Hamming distortion measure. You may wish to read
the original Blahut development [6] in order to get a more efficient
stopping rule for the algorithm.



Chapter 5

High Rate
Quantization

5.1 Introduction

In this chapter we find bounds and approximations to the performance of
memoryless vector quantizers or block source codes under the assumption
that the rate of the code is high (and hence the distortion is low). These
approximations are also referred to as asymptotic quantization approxima-
tions (asymptotic in the sense of large rate) and fine quantization. This
approach contrasts with the usual Shannon theory in that we do not ex-
plicitly define an information theoretic optimization and then relate it to
the performance of deterministic codes via a coding theorem. Instead we
assume a certain asymptotic structure to a deterministic code and use basic
calculus approximations to find the resulting distortion, rate, and entropy.
The results so obtained do relate to the Shannon rate distortion functions
and we close with some such comparisons. The theory will be presented in
a less rigorous style than the Shannon theory because being precise would
require an unpleasant amount of detailed integration theory.

The theory of high rate quantization was first developed for scalar quan-
tizers by Bennett [4] and subsequently extended to vector quantizers by
Schutzenberger [72] and Zador [85], [86], [87]. These results were later
generalized by Gish and Pierce [32], Gersho [29], Yamada et al. [84], and
Bucklew and Wise [11]. The latter paper provides rigorous derivations of
the basic results for rth power distortion measures.

The information source {X,} is assumed to be continuous with prob-
ability density functions that are well-behaved in the sense that we can
approximate multidimensional integrals by sums and vice-versa. In ad-

115



116 CHAPTER 5. HIGH RATE QUANTIZATION

dition, we confine interest to a special class of distortion measures, the
seminorm-based distortion measures used in the examples of the Shannon
lower bound. This is unfortunately not just for convenience; the techniques
used do not work for very general distortion measures.

We now consider the coding of source vectors of fixed dimension, say
k. As k is fixed and as vectors will have the same dimension, we simplify
notation by writing random vectors as upper case italics and sample vectors
as lower case italics, e.g., we use z instead of z* or boldface x.

Let X be a k-dimensional real valued random vector described by a pdf
J (we omit the subscript X on the pdf as X is the only random vector to be
considered). We will later place constraints on f, but basically we require
that it be sufficiently “nice” for the fundamental theorem of calculus to
hold, that is, that integrals of f over small regions can be approximated by
the volume of the region times a value of f inside the region. This is the
basic assumption that we shall use repeatedly.

For an integer N let ¢ be a mapping from k-dimensional Euclidean
space R* into a reproduction alphabet Ay having N elements y1, ..., yn.
If ¢(X) = v, then the index ¢ is the channel codeword and y; is the decoded
reproduction. Define the encoder partition corresponding to the quantizer
as the collection of sets S; defined by

Si={z: q(z) =ui},

that is, the collection of all input vectors mapping into the ith reproduction
letter. The function ¢ can be described as

N
OEDRNO

where 1g (z) is the indicator function of the set S;; that is,
1 ifz€eS;
1 = o
s.(2) 0 otherwise.

As in Section 4.8, we shall consider only seminorm-based distortion
measures, that is, distortion measures of the form

d(z,y) = p(llz = yll),

where p is a nondecreasing function of its argument. The example of prin-
cipal interest is p(a) = a” for some r > 1, the example used for the vector
Shannon lower bounds.

Given a seminorm-based distortion measure, the optimum (minimum
distortion) quantization regions are given by

S ={z : p(llz—=will) < p(llz—y;ll); all j} = {z: |lz—will < llz—y;ll; all j}
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since p(a) < p(B) if and only if @« < f since p is nondecreasing in its
argument. These sets are called the Voronoi cells or Voronoi regions of
the quantizer. They are also called the nearest neighbor regions and the
Dirichlet regions.

In the special case where the Euclidean norm is used, an equivalent
definition is

1 1
Si={e: 2'w - gllullP 2 'y — 5l 1P}

and membership in the region can be determined by computation of inner
products minus a bias term. When the S; is bounded, then the region is
bounded by segments of k — 1 dimensional hyperplanes and forms a convex
polytope in k-dimensional space.

5.2 Asymptotic Distortion

Given a quantizer ¢ with output vectors {y;; i = 1,..., N} and input par-
tition {S;; i = 1,...,N} and a difference distortion measure as detailed
in the previous section, the average distortion of the quantizer can be ex-

pressed as B
d= Ed(X,q(X)) = Ep(||X - q(X)I])

N
=3 [ feedie—ulbéx

We now assume that N is so large and the pdf f sufficiently smooth so that
for all bounded cells S; the pdf f(z) is nearly constant within S;, say given
by a value f;, and we can make the approximation

/ F(@)p(llz — will) de =~ f / p(llz — will) dz.
S, Si

Furthermore, since f(z) is approximately f; within the cell, we can integrate
to obtain P; = Pr(X € S;) as

Pi= [ f@)de~ fV(S)
S
and hence the distortion approximation can also be expressed as

P
/ @l = wl) de = 5 / ol = wll d. (5.2.1)

In order to use this approximation throughout, we assume that the total
probability of the input vector falling within unbounded quantization cells
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is negligible. Extending traditional scalar quantization parlance, the union
of all of the bounded cells S; will be referred to as the granular region of the
quantizer and the remaining union of unbounded cells will be referred to as
the overload region of the quantizer. We will concentrate on the granular
region and assume that the overload region contributes a negligible amount
to the total average distortion. Before continuing with the development of
granular quantization distortion, we make some observations on extending
the analysis to include distortion contribution of the overload region.

If Q is the granular region of the quantizer (the union of all bounded
quantization cells), then we can write

=Y [ @ettle - uide+ 3 [ sl - sl ds

5.ca SH Al

=P e - [ frixea@olle - ul)dz

S,CQ

+Pe(X ¢ ) S [ rixentnlle - ul) ds

N‘4Y
= Pl‘(X € Q)d—granular + PI‘(X ¢ Q)Joverload»

where Jgranular and doverload Tefer to the conditional average distortion for
the granular and overload regions, respectively. This provides the obvious
bounds

(igra.nular PI‘(X € Q) < CZ < _granular + PI‘(X ¢ Q)Joverload- (522)

Thus Eq.(5.2.2) provides bounds as well as an approximation that becomes
increasingly accurate as Pr(X € Q) — 1. The first term Jgranular will
be the focus of subsequent analysis, the underlying assumption being that
Pr(X ¢ Q) is so small that the corresponding contribution to the average
distortion is negligible in comparison. Thus the basic approximation is that

d ~ dgranular- (5.2.3)

If the quantization reproduction levels are chosen for all cells in an
intelligent fashion, e.g., choosing y; to be the generalized “centroid” of its
region S;, that is,

yi = muin E(d(X,uw)lX € S;)

(this is the optimum choice, see [30]), then a simple upper bound to the
overload distortion is obtained by mapping all inputs in the overload region
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into a fixed reproduction level, say the k-dimensional vector 0 (which we
will assume to be available). In this case we have the bound

< dyanne + ([ Irixea(@p(lel} dz ) Pr(X ¢ ),

which is often readily computable or boundable.

In practice we can force the importance of granular noise by making
the input lie within the granular region before quantizing. In practice this
is usually accomplished by “limiting” or “clipping” the input to force it
to fall within the granular region. This can be done, for example, using a
mapping g(X,) which leaves the input untouched provided it falls within
some allowed region [—b,b] and maps the input into b (—b) if it is greater
than b (less than —b). The value of b is chosen so that the limited input
lies within the granular region. This mapping will incur some distortion (in
fact, this is the overload distortion), but then no further overload distortion
will occur in the quantization itself. By choosing b sufficiently large, the
contribution of the limiting distortion can be made small.

Returning to the general development for granular distortion, we now
have the asymptotic approximation

N .
i~3 ;%7 /S ke = wl) (5.2.5)

where we have assumed that the overload distortion is negligible.

This high rate approximation has two uses in the analysis of vector
quantizers. The first application is a lower bound to the average distortion
obtained by considering the optimum shaped cells S; without regard to
whether or not a quantizer can actually have such cells. This bound is an
extension of a result of Zador [85] by Yamada, et al. [84] and will provide a
lower bound to the performance of high rate vector quantizers of arbitrary
structure. We shall see that for a constrained class of norm-based distortion
measures, the optimal quantization cell shape (in the sense of minimizing
the individual terms of 5.2.5) is a k-dimensional sphere with respect to the
seminorm used to define the distortion measure. Unfortunately, one cannot
partition k-dimensional space into spheres and hence this bound is overly
optimistic.

The second application is an approximation to the actual average dis-
tortion (rather than just a lower bound) for a highly structured class of
vector quantizers, those whose reproduction levels form a lattice in Eu-
clidean space. Lattice quantizers constitute an important special case of
vector quantizers and can be viewed as a multidimensional generalization
of the ubiquitous scalar quantizer.
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We first focus on the general lower bounds and later return to the case
of the lattice quantizers. Both approaches have (5.2.5) as their starting
point.

5.3 The High Rate Lower Bound

The following lemma provides a lower bound to each of the terms of the
sum by replacing the cells by spheres having the same volume. The result
can be viewed as a generalization of the fact that a sphere has the minimum
possible moment of inertia with respect to its centroid of any convex poly-
tope with the same volume. To state the lemma we require a definition.
Given a bounded set S with volume V(S), define the equivalent spherical
region Ty (S) centered at y as the k-dimensional sphere centered at y having
the same volume as S. Thus

Ty(S) ={z: llz -y}l < R(S)}

where . (K‘(;f—)> "

is called the effective radius of S. Recall that V} is the volume of the
unit sphere with respect to the given seminorm in k-dimensional space. To
explain the above formula and the name of R(S) observe that the volume
of a sphere of radius a centered at y is given by

Viz: lle—yl| <a)=V(z: |zl < a) =/ dz

z: {|z]|<a

:/ dx:/ a’“du:a"Vk,
z:||z/al}<1 u]|u]|<1

where we have used the fact that volume is invariant to translation. Thus
R(S) is the radius of a sphere which has the same volume as S as claimed.

Lemma 5.3.1 Given a seminorm-based distortion measure d(z,y) = p(||z—
y|]), then for any bounded set

/pmx—yu)dzz/ p(llz — yll) dz.
S T,,(S)

In words, the average distortion resulting by representing a vector with
a uniform distribution in a set S by a single point y is bound below by the
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average distortion resulting when the set S is replaced by a sphere of the
same volume.

Proof:

Since y is fixed, abbreviate T, (S) to T(S). The set S{JT(S) can be
written as S (J(T'(S)(N S¢) and T(S) U(SNT(S)°) and hence

p(llz — i) dz = / oIl — yl]) dz

/SU(T(s)nsc) TS JS T (5)e)

which implies that

Jotle= et [ plle =i as

= [ slle=sdz+ [ -yl
T(S) sSOT8)e

so that
[otiz=sibdz= [ iz = sl o+
s T(S)

]sn:r(syp(”z—y”)dx_/T(s)nscp(”z_y”)d”'

The lemma will be proved by the above formula if we can show that

z— dz—/ z— de > 0.
i ey Pz [ el de 2

Recall that « € T'(S) if and only if ||z—y|| < R(S). Since we are considering
a seminorm-based distortion measure, this is true if and only if d(z,y) =
p(llz = yll) < p(R(S)). Thus the integrand of the left hand integral above
is bound below by p(R(S)) and the integrand in the right hand integral is
bound above by p(R(S)) and hence the difference is bound below by

p(R(S)) ]S ey S PEE [
= p(R(S))(V(S[T(S)) = V(T(S)[)5°)).

We will be done if we can show that the difference of the volumes inside the
parentheses is nonnegative. Since S = (S(T(S5)°) U(SNT(S)) and hence
V(S) = V(SNT(S)®) + V(SNT(S)) since the union is of disjoint sets, we
have that

V(S(T(S)?) = V(T(S)()S°) = V(S) = V(S T(S)) = V(T(S)[)5°)



122 CHAPTER 5. HIGH RATE QUANTIZATION

= V(5) - V(T(5)),
where we have used a similar argument to conclude that V(SN T(S)) +
V(S*NT(S)) = V(T(S)). By construction of T(S), however, V(S) =
V(T(S)), which completes the proof.

The above lemma can be combined with (5.2.5) to provide a lower bound
to the average distortion. Before writing the lower bound, however, we
further develop the average distortion over spherical regions. We have that

o T= -yl dz = z||) dz
'/';'(S)p(“ yH)d /:c:IIac—yHSl‘Z(S)p(“:c yH) ’ /:L‘:HxHSR(S)p(“ H)

= | pllelds = RS [ p(R(S)|ull dw
z: ||z/R(S)|{<1

u: [|u]l<1

where u = z/R(S). Using the fact that R(S) = (V(S)/Vi)'/* by definition,
we have that

Jrog e =viae = 52 [ (Gl
7(5) {lull<1

Note in particular that the right-hand side does not depend on y.
Define the Gish-Pierce function My(v) by

M) = g [V )
Then we can write
[, ollls =yl de = V)MV (S,
T(S)

M, (v) can be thought of as the average distortion resulting when a random
vector with a uniform distribution on a sphere of volume v* is represented
by a point at the center of the sphere.

Combining the above formula with (5.2.5) we have the following lower
bound to the average distortion:

N
d> > PM(V(S)'H).

i=1
We now proceed to approximate this sum by an integral. In preparation,

we introduce the idea of a reproduction vector density gy () defined by

1 . .
gN(z):m, 1fx€S,~, 221,2,...,N.
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Suppose that as N — oo this quantity has a limiting value A(z) which
has unit integral. Then, for sufficiently large N, A(z)AV(z) is the fraction
of reproduction vectors in an incremental volume containing x and the total
number of reproduction vectors in a set is N times the integral of the density
over the set. Thus for large N, gn(z) approximates its limit and V(S;) is
therefore approximately 1/(NA(y;)). This gives us the approximate lower

bound
N

d> > PiMy((N (%)) %),
i=1
Recall that f(z) is approximately P;/V(S;) for any € S;. Because the
volumes are small and the reproduction vectors dense, y; must be in S; or
very close to it and hence f(y;) is also approximately P;/V(S;) and hence

Zf(y,)v (S Mr((NA(5:)) ™).

As N becomes large the volumes V(S;) become small and approximate
a volume differential and hence the above sum can be approximated by the
integral

T2 [ @MW) = M) (531)

We define the final quantity above as the high rate quantizer distortion
lower bound and we denote it by df.

The bound can be put in a more useful form by evaluating the integral
defining M. For the assumed case of a seminorm-based distortion measure
we have that

1 -
M) =g [ ol d
k Juljull<1
The above integral can be evaluated as (see [84])
1 1
M(0) = [ o/ Ve o) da = [ oV omptt do.
0 0
For the particular form p(a) = o, r > 1, this becomes

~rlk
-y,

1
k
M (v) = v'V—r/k/ a*da ="
( ) k o k+
Note that the above integrals are one-dimensional integrals.
We now summarize the main results of this section: Given a k di-
mensional quantizer with a seminorm-based distortion measure d(z,y) =
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||z — y||", where || - || is a seminorm in k-dimensional Euclidean space and
r > 1, then

d = Ed(X,q(X)) 2 dL = EMx((NX(X))™'/%)
_ ;%(va)—r/kE(A(X)w/k), (5.3.2)

where A(z) is the asymptotic quantizer density. Later we will obtain bounds
on the optimal performance by optimizing over A subject to constraints on
the coding rate.

As a simple example, note that if A(z) is chosen to be a constant over
some bounded region S with volume V, then since A(z) must have unit
integral,

AMz) = %/-15(39) (5.3.3)
and hence v v
dp = NEy-rilk,
L= W)

If A(z) i1s constant over a region, then the quantizer output vectors are
uniformly distributed through this region. For example, they could be the
points corresponding to an ordinary scalar uniform quantizer used k times
to quantize a vector. The points formed in this way form an example of
a k-dimensional rectangular lattice. We shall shortly define lattices more
carefully as they provide a highly structured class of vector quantizers with
several nice properties.

If the density A(z) of quantization intervals is constant, then one can
think of the quantization levels being spread uniformly throughout some
region of space so that the corresponding Voronoi regions are all congruent,
that is, if the points are uniformly spread, the collection of nearest neighbors
around each point should look the same for most points (except those near
the boundary of the granular region). In particular, these cells should all
have the same volume, which we define as

V .
N
that is, the volume of the granular region divided by the total number of
cells. With this definition we have that

ko Vi
k+ r(z—

If the squared error distortion is used, the » = 2 and V; can be applied

from Eq. (4.8.3) to obtain

A=

dp = yrlk, (5.3.4)

: k 2,
di = k+2(Akr(1c/2)) ", (5:35)
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5.4 High Rate Entropy

In a manner similar to that used to approximate the average distortion of a

vector quantizer when the rate is high, we can approximate the entropy of

the quantizer output. This is primarily useful if subsequent noiseless coding

is to be permitted, in which case the entropy of the quantized signal is the

appropriate measure of coding rate. (See any book on information theory

or Storer {77] or Gersho and Gray [30] for treatments of noiseless coding.)
The entropy of the quantized vector is given by

N
H=H(g(X))=-)_ PlogP,
=1

where P; = fSe f(z)dz. As before we make the approximation that P; is
nearly f(u:)/(NXMw:)) = f(y:)V(S;) and therefore that

S f(w)
NX(w)

f(yi)

H=x~ -
NX(y:)

log

1=1

N N
== > V(Si)f(w)log f(wi) + Z V(Si)f () log(N M(w:))

i=1

which as in the previous section we can approximate by the integral

1
- [ dusu)ton s0)+ [ dus(w) og(NAw) = A(X) - Ellog 375,
where h(X) is the differential entropy of the random vector X. We therefore
have the approximation for large N that

1

H(¢(X)) = h(X) — E(log W)'

(5.4.1)
This formula is of independent interest because it relates the actual
entropy of the quantized vectors to the differential entropy of the input. It
thereby provides a connection between differential entropy and entropy.
As a simple, but important, example, again consider the case of a vector
uniform quantizer with A given by (5.3.3). In this case,

H(g(X)) ~ h(X) — 1og7VV- = h(X) - log A, (5.4.2)

where again we have defined A as the volume of a single Voronoi cell.
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5.5 Lattice Vector Quantizers

We have observed that both the average distortion and entropy have very
simple high rate approximations when the quantization level density A(z)
is uniform. In this section we define a class of quantizers which have a
constant level density, the lattice quantizers whose reproduction points form
a regular lattice in k dimensional space. We shall see that for lattices it is
easy to find (or at least write down) a good high rate approximation for
the average distortion. This approximation can then be compared to the
previously derived lower bound.

Our treatment of lattice quantizers will be quite brief, we will not treat
their principal attraction: many fast and simple algorithms exist for actu-
ally implementing lattice vector quantizers and the performance improve-
ment over scalar quantizers is worth the effort. The interested reader is
referred to Conway and Sloane [22] and Gibson and Sayood [31] for thor-
ough treatments.

Suppose now that the collection {y;; i = 1,...,N} is chosen from a
subset of a lattice in R¥. A k-dimensional latfice A in R* has the form
A= {Zf;ol livi; all integers I;; 1 = 0,1,...,k — 1}, where vy, ..., vx—1
are k linearly independent vectors in R¥ called the generator vectors for
the lattice. Thus a lattice consists of all integral linear combinations of its
generator vectors. The lattice goes on forever, but any quantizer uses only
a finite subset of the lattice for reproduction points. The choice of which
finite collection of points is important in practice, but here we will continue
to focus on the quantizer behavior only in the region where the reproduction
points are and we ignore the effects of overload, effectively assuming that
the total distortion contribution due to overload is negligible with respect
to that within the region covered by the points.

A lattice automatically partitions R¥ into the collection of nearest-
neighbor or Vorono: regions corresponding to the lattice points. The Voronoi
region of a lattice point contains all of the points in R*¥ closer to that point
than to any other point. (As before, we assume that there is negligible
probability on the boundaries between the Voronoi regions.) Suppose that
Sp is the Voronoi region of the lattice point 0 (k-dimensional 0), which we
assume to be a quantizer reproduction vector. Then the Voronoi region
of any lattice point a will simply be a + Sy, that is, a region of the same
shape and size as Sp, but “centered” at a instead of 0. Because of this fact
we have using a simple variable change that for any difference distortion
measure

/sp(nr—y,-n)dx:/S oIzl de,

a quantity independent of the particular reproduction level y; or its index
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i. Furthermore, all of the Voronoi regions (ignoring the overload regions)
have the same volume so that (5.2.5) becomes

N .
i~y v](js“)ﬂ olllz = yill) do = %5)‘/5 plel)dz.  (5.5.1)

For example, for the case of the Euclidean norm and p(u) = u?, we have

that
- 1

dr ———o
V(So) Js,

This normalized second moment (and various moments related to it) has
been evaluated for a variety of lattices [22]. As a simple example, suppose
that we consider a rectangular lattice with orthogonal vectors of length b
as generators and we consider the squared error distortion measure. Then
the volume of a Voronoi cell is b* and the average distortion normalized to
the number of dimensions is given by

||z||% dz. (5.5.2)

5/2 b2 k-1
i1 _2/2--~ —{;/2 Yo &tdzo .. dziy g2

1 _
YTk E T 12

(5.5.3)

an ubiquitous formula in the quantization literature.

This formula provides a relatively simple means of evaluating the aver-
age distortion of a high rate lattice vector quantizer with a smooth input
probability. No optimization has been done, so that one would expect the
distortion to be larger than that predicted by the previous sections and
larger than that predicted using the equivalent sphere argument. On the
other hand, many good lattices are known which have fast and simple en-
coding algorithms. The above formula shows that knowing only a form
of generalized moment, one has an estimate of the average distortion for
the entire quantizer. (See, e.g., [22].) The lattices minimizing (5.5.2) for
dimensions 1 and 2 are the uniform lattice and the hexagonal lattice, re-
spectively. A discussion of the best known lattices for higher dimensions
may be found in [22].

5.6 Optimal Performance

We next develop lower bounds to the optimal performance of high rate
vector quantizers. These bounds serve the same purpose that the rate
distortion or distortion rate functions serve in combination with the neg-
ative source coding theorem. The derivation here is accomplished by the
straightforward application of standard integration inequalities, Jensen’s



128 CHAPTER 5. HIGH RATE QUANTIZATION

and Holder’s inequalities[46], in particular, to the previously derived ap-
proximations.

First suppose that the number of quantization levels N is fixed. Holder’s
inequality states that given two integrable functions h(z) and g(z) and two
positive real numbers p and ¢ with the property that 1/p + 1/¢ = 1, then

/ Ih(2)g(2)| dz < [IAllpllglle,

where here the norm || - || is the L, norm defined by

1hlly = ( / Ih(z)P dz)?.

Equality holds in the Holder inequality if and only if

<|h(x)|>" _ <|g(z)|)q.
Al llgllq
We can apply Hélder’s inequality to obtain a lower bound to dp by

setting p = (k +r)/k, ¢ = kp/r = (k+r)/r, h? = fA~7/% and ¢¢ = X to

obtain

EQ\(X)™" /%) = / F@Ma)"* dz 3 |1 lle/eery

with equality if and only if A(z) is proportional to f(z)*/(¥+7). This pro-
vides the general asymptotic quantizer lower bound

i, k .
d>dg > —+;(VkN) P11 £l lie g ry- (5.6.1)
The rightmost equality is achieved if and only if

f(x)k/(kw)

B (k)

Note that the only dependence of the bound on the particular seminorm
used to define the distortion measure is through the volume of the unit
sphere with respect to that seminorm, V;. Thus the previously stated
values for V; for particular seminorms coupled with the above formula
provide several examples of asymptotic quantizer lower bounds.

The previous bound provides a lower bound to the average distortion
for a fixed (large) value of N and hence a fixed value of the rate log V.
Alternatively, the entropy of the output vector can be used as a measure
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of rate, e.g., if subsequent noiseless coding is to be used. We next consider
a bound explicitly involving entropy.
Jensen’s inequality states that if ¢ is a convex | function, then

(EX) < E¢(X)

with equality if and only if X has a uniform distribution over some set.
Since — log is a convex function, we have that

H % h(X) — kE(log(==+)'/*) 2 h(X) - klog E((

_____)l/k)‘
NA(X) NAX)

Thus we have approximately that

log E((75057)"*) 2 (4() = H(a(X))

or

1
E 1/ky > o= HH((X)-h(X)) 6.2
()™ 2 e (56.2)
Similarly, since a" is a convex function for » > 1, we can apply Jensen’s
inequality to (5.3.2) to obtain

= k
~ —-rlk rf/k -r/k T Nk r
Combining this bound with (5.6.2) then yields
= k
s i -rlE - R (H@(X)=h(X)) 6.
dp 2 75 ()™ e ) (5.6.3)

with equality if and only if A(z) is a constant, that is, the quantizer repro-
duction vectors are uniformly distributed over some set having probability
1. This bound is called the constrained entropy high rate quantizer bound.

Observe that the bound is achieved by high rate lattice vector quantizers
since they have a uniform density of quantization levels. Thus lattice vector
quantizers are optimal in a sense when rate is measured by the entropy of
the quantized vector rather than by the log of the number of quantizer
outputs.

5.7 Comparison of the Bounds

In this section we make some simple comparison of the bounds and make
more explicit their dependence on the dimension k. We can summarize the
two bounds making the dimension k explicit as

i} k .
dL(’C)Z,c r(VkN) T%11 Fxllk k) (6.7.1)
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for a constrained number N of quantization levels and

k
k+r

d(k) > (Vi) ="k RH@X*)-h(X) (5.7.2)
for a constrained quantizer entropy. Note that the bounds are the same
except for the N”/kaHk/(H,) term in the first being replaced by the
e~ B(H@X)=A(X)) term in the second. Note also that different quantizer
densities achieve the two bounds.

In the first bound we are constraining the number of quantizer repro-
duction vectors and hence we are constraining the rate defined as R =
k~1llog, N in bits per symbol. Hence we can define the constrained rate
high rate quantizer bound by

dkrate(R) = A _’:_ rVk_r/ke~rR‘|fk||k/()c+,.). (573)

Similarly, in the second bound we are constraining the entropy and
hence we are effectively constraining a rate defined as R = k~*H{q(XF))
(which gives the average codeword length achievable using noiseless coding
and hence the average rate). Thus we can define the constrained entropy
high rate quantizer bound by

dMrOPY (R) = (Vi) Tk RAOE), (5.74)

k+r

Intuitively one would suspect that for a fixed R the average distortion
achievable using constrained entropy would be lower than that using con-
strained code rate since if the code rate is smaller than R, so is the entropy,
that is, constraining the code rate to be less than R is a stronger constraint.
We can easily verify this observation by using Jensen’s inequality to obtain
the following inequalities:

k+r ot low (s
log || fellk/qe+ry = ’ 10g/dsz(x)e w7 108 1 (2)

> 22 [ dapo)(—

whence

—:r log fx(2)) = —£/fk(z)log fr(z)dz

z k
WFellk)(eary > eEPCD.
This implies that i )
dkrate(R) > dkentroPY(R) (575)

as claimed.
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It is also of interest to compare the asymptotic quantization bounds
with the Shannon lower bounds of the previous chapter. We can restate
the Shannon lower bound for the rth power of a seminorm using (4.8.9) as

Du(R) 2 (er(Vil (1 + D)y /) 71e~ M) = D o(R)  (576)

where ]
hk = Eh(pk).

The Shannon lower bound can be compared to the asymptotic quanti-
zation lower bound of (5.6.3) by observing that H(¢(X)) < R and hence
the average distortion can be bound below by
o1 v,k el(1+ Ly/*
dr = 7 oY = —:+ - A (—-—-—(1 m 2:_) D§p(R)-

(5.7.7)

It can be shown that the factor multiplying the Shannon lower bound to
get the asymptotic quantizer lower bound is no smaller than 1 and hence the
asymptotic quantizer bounds are better (larger) lower bounds (as should
be expected)[84). It can further be shown using Stirling’s approximation
that this factor tends to one as k — oo, that is, the two bounds coincide
in the limit as ¥ — oo, which also should be expected since as £ — oo
optimal vector quantizers should perform near the Shannon limit because
of the source coding theorem.

5.8 Optimized VQ vs. Uniform
Quantization

The comparisons among the various bounds has a fascinating and impor-
tant implication regarding the choice of vector quantization technique. We
have seen that if coding rate (log the number of reproduction levels) is the
essential constraint, then one can in theory choose the vector quantizer (or
VQ) reproduction levels in an optimum fashion and approximately achieve
certain lower bounds. Actually designing such optimum quantizers can be
a difficult task, although a variety of design algorithms for good codes exist
[30]. On the other hand, if one instead uses entropy to measure rate, which
implicitly means that one will use additional complexity to noiselessly code
the quantized vectors so that the actual number of transmitted bits is close
to the entropy, then the optimum vector quantizer should have a uniform
density of reproduction levels in k-dimensional space, e.g., it can be a lat-
tice vector quantizer in general or a simple scalar uniform quantizer in
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particular. Since uniform quantizers are simple to build and use, the trade-
off here seems to be between having a complicated VQ with no noiseless
coding or having a simple VQ with possibly complicated noiseless coding.
The question now is this: We have seen that optimized VQs can perform
arbitrarily close to the Shannon limit given by the rate-distortion function.
Can uniform scalar quantizers combined with noiseless codes also get ar-
bitrarily close to the Shannon limit? If not, can they get close enough so
that the potential reduction in complexity using such “simple” codes more
than offsets the loss of performance? In this section we focus the results of
the previous section to compare the performance of uniform quantizers to
the optimal performance promised by Shannon theory for a squared error
distortion measure and then discuss the implications of the results.

From (5.5.3) we have that the average distortion per symbol resulting
from using a high rate uniform quantizer with reproduction levels spaced

by b1is
- 2 b2
d= E[(Xo - o(X0))"] ~ 35,

where we have invoked the stationarity of the source and the fact that we are
using a scalar quantizer k times to form our k-dimensional vector quantizer.
Define D = d to ease comparison with the rate-distortion bounds. For any
k, the kth order entropy of the quantized signal is given by

Hy =~ khy — log(bk)

or
1
k
Taking the limit as the dimension k — oo, the left hand side gives the
entropy rate of uniformly quantized process, the right hand side is the
differential entropy rate of the source minus log b, where b is the distance
between the levels of the uniform quantizer, that is,

Hy = hy —logb.

H(q) ~ h —logb.
From the average distortion approximation, however, b & +/12D and hence
_ 1 1 -
H(q) ~ ——-2-logD - -2—log12 + h.

But the Shannon lower bound to the rate-distortion function is given by
(4.8.12) as

Rsip(D)=h — %log(?weD).
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Combining all of these facts we have that for high rate uniform scalar
quantization,

_ 1 1 1
H(q) — Rsua(D) ~ —3 log(12D) + 7 log(2meD) = 3 log(%) ~ .2546.

Since the Shannon lower bound is smaller than the true rate-distortion
function, if we assume that the approximate equality is very close to equality
we have shown that

H(q) < R(D) + .255. (5.8.1)

On its face, this is a discouraging bound since it says that uniform quanti-
zation combined with noiseless coding performs almost within one quarter
of a bit of the Shannon optimum. (Even though the Shannon optimum was
proved for fixed rate codes, it can be extended to variable-rate codes as
well. See, for example, [54].)) This suggests that indeed one might do well
to not try to design clever vector quantizers and instead be content with
simple uniform quantizers and noiseless codes. This discouraging result was
first developed for memoryless sources by Goblick and Holsinger [33] and
extensions are discussed, e.g., in Ziv [88] and Neuhoff [67].

The result certainly provides theoretical support for always considering
the uniform quantizer/noiseless coding alternative. It does not, however,
render optimal quantization uninteresting for several reasons. The primary
reason is complexity, as pursued in some detail by Neuhoff [67]. Noiseless
codes have reasonable complexity when run on sources with moderate al-
phabet size. To achieve the above bound, however, they must yield average
codeword lengths near the entropy rate of the quantized sequence. This
means that one must noiselessly encode vectors from the uniform quan-
tizers. Such vectors can have large alphabets so that the noiseless codes
become quite complicated. One may be able to trade off the complexity
between the vector quantizer and noiseless code, but one cannot avoid the
complexity entirely: Near optimal performance with a uniform quantizer
can involve using quite complex noiseless codes.

Other reasons make optimal quantization important in some applica-
tions. The development assumed high rate quantizers, but many important
applications involve low rates, that is, trying to communicate data such as
speech or images at fractions of a bit per sample. Most sophisticated source
coding algorithms are aimed at low bit rates and most high rate systems
indeed use either uniform quantization alone or in tandem with a simple
nonlinear memoryless mapping (compandor). Ziv [88] has shown that even
in the low rate case, uniform quantization combined with noiseless coding
can operate within .754 bits of the rate-distortion function. If the rate is
already only .5 bits per sample or less (as is often the case with images and
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speech), one cannot conclude that the uniform quantizer is good enough to
not bother looking at optimized quantizers.

By operating on vectors one can use more interesting distortion mea-
sures better matched to the nature of the particular source. An example is
the Itakura-Saito distortion measure in speech coding systems. Such sys-
tems can achieve much better quality at low rates than can any squared
error based waveform coding systems(30].

Lastly, optimized quantizers may have structural properties lacking in
the uniform quantizer/noiseless code cascade that are useful in some appli-
cations. For example, tree-structured vector quantizers have a successive
approximation property that means quality improves with the arrival of
additional bits. This makes such tree structured codes especially amenable
to progressive transmission and variable-rate environments[30].

5.9 AQuantization Noise

An interpretation of the high rate development leads to an intuitive descrip-
tion of quantization noise which is commonly used as the basic approxima-
tion of quantization noise analysis, sometimes with unfortunate results.
The fundamental assumption of high rate quantization analysis was that
the probability density function of the input vector £ was approximately
constant over each (small) Voronoi region of the quantizer. Thus given that
r € S;, the conditional density function is approximately

1
fXIXes.(KL’) ~ m— for z € S;.

Consider the quantization noise or error
e=¢(z) =gq(x) -z
The choice of sign is to yield the formula
g(z) =z +e (5.9.1)

representing the quantizer output as the sum of the input and a noise term
( the so-called additive noise model for quantization error). We will refer
to both € and —¢ as the “quantization noise,” as convenient. If the input
vector pdf is approximately uniform over a set S;, then the quantizer error
vector, —e = z — q(z), will also be uniform, but it will be shifted by the
reproduction level y;. In other words, it will be distributed like & — y; with
z uniform on S; or, equivalently, it will be distributed uniformly on the
set S; — y;. Even in the high rate case, the error will have clearly different
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behavior depending on the particular quantization cell. It may always be
uniformly distributed, but the shape of the region over which it is uniform
will differ. Thus, for example, the maximum error will vary from cell to
cell. Note that the error distribution will be exactly uniform if the input
vector distribution was itself exactly uniform over the granular region of
the quantizer.

If the quantizer is a lattice quantizer, however, then all of the Voronoi
regions will have the same shape and volume and the error will be uni-
formly distributed over Sy regardless of the particular quantization level.
From (5.9.1) we can then consider the quantizer output to be formed by
adding the input vector to a random vector having approximately a uni-
form distribution over a specific finite volume set Sg, the Voronoi region
at the origin. For this reason, € is often called “quantization noise” or
“quantizer noise.” More accurately it should be considered as the granular
quantization noise since we have assumed that there is no overloading. The
reader should beware, however, as ¢ is not really noise in the usual sense:
it is a deterministic function of the input and hence cannot be statistically
independent of the input. The high rate approximation, however, can be
interpreted as an assumption that the quantizer noise vector is approxi-
mately uniformly spread over the Voronoi regions of the quantizer outputs.
As we have seen, this can significantly simplify the mathematics.

Suppose that the lattice A is a rectangular lattice, e.g., the generator
vectors are orthogonal (say unit vectors in k-dimensional Euclidean space).
In this case ¢ is approximately uniform over the Voronoi region of 0, which
is just a k-dimensional cube. This suggests that not only is the noise pdf
uniform, it can be considered as a product of k 1-dimensional uniform pdfs;
that is, the quantization noise looks approximately like a k-dimensional
uniformly distributed independent identically distributed random sequence,
a form of white noise!

The white noise approximation for quantization noise is originally due
to Bennett [4] and it has become the most common approximation in the
analysis of quantization systems. Note that the above derivation of this
approximation really only makes sense if

1. The quantization is uniform.

2. The quantizer does not overload.

3. The rate is high.

4. The maximum size of the quantizer cells is small.

5. The input joint density is smooth.
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Unfortunately, the assumption is often made even when these conditions
do not hold. In the final chapter we explore in some detail the example of
a uniform quantizer and find an exact analysis for the quantization noise
which can be compared to the high rate approximations.

Exercises

1.

Evaluate the high rate quantizer bounds to optimal performance for
both the entropy and rate constraints for a fixed k¥ dimensional ran-
dom vector X for the cases given below. Compare the result to the
k-dimensional vector Shannon lower bound to the rate distortion func-
tion .

(a) iid Gaussian, squared error distortion measure.

(b) Uniform distribution over a k-dimensional sphere of radius b and
a magnitude error distortion measure.

(c) Uniform distribution over a k-dimensional cube with side b and

a magnitude error distortion measure.

(d) Gauss Markov source with correlation coefficient r, variance o2,

and squared error distortion measure.

. What are the optimum quantizer level densities A(z) in the previous

problem? What are the resulting quantizer output entropies?

. Where possible, evaluate the various bounds in the first problem for

the case k — oo.

. Repeat the first problem for the special case of a memoryless Lapla-

cian source and a magnitude error distortion measure.

<er(1+ 1:-)’“‘) -

. Prove that

1+ %

Use Stirling’s approximation to prove that this quantity goes to 1
in the limit as ¥ — oo. Thus the statements following (5.7.7) are
Jjustified.

. Compare the high rate approximation of (5.5.2) with the high rate

lower bound of (5.3.5). How different is the distortion in dB for a
fixed rate? How different are the rates in bits for a fixed distortion?



Chapter 6

Uniform Quantization
Noise

6.1 Introduction

We now turn to a theoretical study of the most important practical source
coding system: uniform quantization. This example provides a guinea pig
for several of the theoretical bounds and approximations of this book. We
shall see that some of the aysmptotic theory provides useful insight into
the quality of simple scalar quantization, but that other aspects of the
theory can be extremely misleading if they are applied carelessly to systems
violating the basic conditions required for the approximation arguments to
hold.

Uniform quantization has long been a practical workhorse for analog-to-
digital conversion (ADC) as well as a topic of extensive theoretical study.
Deceptively simple in its description and construction, the uniform quan-
tizer has proved to be surprisingly difficult to analyze precisely because of
its inherent nonlinearity. The difficulty posed by the nonlinearity usually
has been avoided by simplifying (linearizing) approximations or by simula-
tions. Approximating the quantizer noise in system analysis by uniformly
distributed white noise is extremely popular, but it can lead to inaccurate
predictions of system behavior. These problems have been known since
the earliest theoretical work on quantization noise spectra, but the mod-
ern literature often overlooks early results giving conditions under which
the approximations are good and providing exact techniques of analysis for
certain input signals where the approximations are invalid.

Many of the original results and insights into the behavior of quanti-
zation noise are due to Bennett [4] and much of the work since then has

137



138 CHAPTER 6. UNIFORM QUANTIZATION NOISE

its origins in that classic paper. Bennett first developed conditions under
which quantization noise could be reasonably modeled as additive white
noise. Less well known are the 1947 papers by Clavier, Panter, and Grieg
[20], [21] which provided an exact analysis of the quantizer noise resulting
when a uniform quantizer is driven by one or two sinusoids. The quantiza-
tion noise in this case proves to be quite nonwhite in behavior.

By far the most common assumption in the communications literature is
that partially described at the end of the previous chapter: the quantization
noise is assumed to be a signal-independent, uniformly distributed, uncor-
related (white) additive noise source. This approximation linearizes the
system and allows the computation of overall performance and signal-to-
quantization noise ratios (SQNR) using ordinary linear systems techniques.
Part of the model is obviously wrong since the quantization noise is in fact
a deterministic function of the input signal (and hence cannot be signal in-
dependent), yet in many applications these assumptions or approximiations
yield reasonable results. Among other things, Bennett proved that under
certain conditions the white noise assumption provides a good approxima-
tion to reality. As developed during the discussion of high rate quantization
theory, these assumptions are that

(1) the quantizer does not overload,
(2) the quantizer has a large number of levels,
(3) the bin width or distance between the levels is small, and

(4) the probability distribution of pairs of input samples is given by a
smooth probability density function.

If these conditions hold, then the white noise approximation yields good
results in a precise sense.

The white noise approximation gained a wide popularity, largely due to
the work of Widrow [80]. Unfortunately, the conditions under which the
white noise approximation is valid are often violated, especially in feedback
quantizers such as Delta modulators and Sigma-Delta modulators, systems
in common use in oversampled analog-to-digital converters. The quantizers
in these systems typically have only a few levels (often two) that are not
close to each other and the feedback of a digital signal prevents the quantizer
input from having a smooth joint distribution. Not surprisingly, it was
found in some oversampled ADCs (such as the simple single loop Sigma-
Delta modulator) that the quantizer noise was not at all white and that the
noise contained discrete spikes whose amplitude and frequency depended
on the input [15]. Perhaps surprisingly, however, simulations and actual
circuits of higher order Sigma-Delta modulators and of interpolative coders
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often exhibited quantizer noise that appeared to be approximately white.
Unfortunately, these systems also often exhibited unstable behavior not
predicted by the white noise analysis.

White quantization noise is not an inherently important mathematical
property for a system (although it can be subjectively important in speech
and image digitization for smoothing out quantization effects). White quan-
tization noise does, however, greatly ease subsequent analysis and compar-
ison with the previously derived theoretical bounds.

One can improve the approximations by using higher order terms in
various expansions of the quantizer nonlinearity, but this approach has not
been noticeably successful in the ADC application, primarily because of
its difficulty. In addition, traditional power series expansions are not well
suited to the discontinuous nonlinearities of quantizers. (See Arnstein [2]
and Slepian [75] for series expansion approximations for quantization noise
in delta modulators and DPCM.) The approach taken here does, in fact,
resemble this approach because the nonlinear operation will be expanded
in a Fourier series, but all terms will be retained for an exact analysis. This
general approach to nonlinearities in communication systems is a variation
of the classical characteristic function method of Rice [70] and the transform
method of Davenport and Root {25] who represented memoryless nonlin-
earities using Fourier or Laplace transforms. Here a Fourier series will play
a similar role and the analysis will be for discrete time. A similar use
of Fourier analysis for nonlinear systems was first applied to quantization
noise analysis by Clavier, Panter, and Grieg in 1947 [20], [21]. Subsequently
the characteristic function method was applied to the study of quantiza-
tion noise by Widrow in 1960 [81] and Widrow’s formulation has been used
in subsequent development of conditions under which quantization noise is
white, in particular by Sripad and Snyder [76] and Claasen and Jongepier
[19].

6.2 Uniform Quantization

The basic common component of all ADCs is a quantizer. Uniform quan-
tizers are popular because of their simplicity and because often there is no
a priori knowledge of the statistical behavior of the quantizer input (or the
original system input) and hence there is no way to optimize the quantizer
levels for the input either using the high rate approximations of the pre-
vious chapter or using the iterative algorithms of the Lloyd-Max approach
[61], [65], [30]. Furthermore, we have seen that the uniform quantizer is
in fact approximately optimal in the high rate case when rate is measured
by output entropy, that is, when subsequent noiseless coding is permitted.
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Uniform quantizer are almost universally used in oversampled ADCs, sys-
tems that trade timing accuracy for quantizer complexity by replacing high
rate quantization at the Nyquist rate by low rate (usually binary) quanti-
zation at many times the Nyquist rate. These latter systems are of interest
here because they clearly violate the high rate assumption used for all of
the high rate quantization bounds.

It is assumed that the quantizer has an even number, say M, of levels
and that the distance between the output levels (the bin width) is A. A
typical uniform quantizer is depicted in Figure 2.2. The quantizer output
level is always the closest (nearest neighbor) level to the input so that

(-5 -DA<u
gu)=<{ (k=1A; (k=DA<u<kA k=(-%+2),...,(4-1)

%+ DA u< (-4 +1)A
(6.2.1)

The quantizer error ¢ is defined by ¢ = g(u) — u. Thus, if the input is
a sequence of samples u,, then we will be interested in the noise process
€n = q(u,) — u, and we will wish to see if it resembles random white noise
in some way.

Note that except for inputs in the top or bottom regions of the input
range, the magnitude of the error ¢ is bound above by A/2. If the input is
confined to the range [-MA/2, MA /2], then the magnitude error is guar-
anteed to be smaller than A/2. If the input is outside of this range, then the
quantizer magnitude error will be larger than A/2 and we will say that the
quantizer is overloaded. The range [— M/2A, M/2A} is called the granular
region or no-overload range. In an M level quantizer with bin width A,
the no-overload range clearly has size MA. Note that this use of the term
“granular region” differs slightly from that of the general vector quantizer
case, where only bounded quantizer cells were included. Here we also in-
clude a portion of the unbounded outermost cells and consider the granular
region to be that region resulting in a quantizer error with magnitude less
than A/2 (which happens in a part of the unbounded regions).

In an ordinary scalar quantization or PCM system we can prevent quan-
tizer overload by preceding the quantizer by a saturator. In a feedback
quantization system, however, this makes even worse an already compli-
cated analysis. It will be important, therefore, to determine conditions
on a system under which the quantizer inside a feedback loop does not
overload.

Normalize the quantizer output and input by the bin width A and use
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6.2.1 to write
_ 1w (6.2.2)

F-CHF+D+5 8<F+D

If the input is confined to the no overload region, then the above for-
mulas can be abbreviated to simply

€ u M M
__..:K—-(k— 1)- (k 1)< <lc k_(-—+1) >3

= . (6.2.3)

This can be further abbreviated by introducing some notation. Every real
number r can be uniquely written in the form r = |[r|+ < r >, where |r|
is the greatest integer less than or equal to r and 0 < < r > < 1 is the
fractional part of » (or » mod 1). From (6.2.3) we have that

€ u 1
=% Lzl
and therefore )
€ u
e = e K = > 24
e=x=3 <A> (6.2.4)

The normalized quantizer error e is introduced here for convenience.
Figure 6.1 graphs e as a function of the quantizer u and makes it clear
that for u constrained to the no-overload region, e(u) is a periodic function
of u with period 1.
Hence for u in this region we can write a Fourier series for e as

[e o]

1
e=e(u) = Z e emilk =Y Hsin(mrzg-). (6.2.5)

1#£0 =1

This series will hold for almost all values of u and it is the key formula for
all of the subsequent analysis. Note that if we did not restrict u to lie in
the no-overload region, then e(u) would not be periodic and the Fourier
series representation could not be used. Note also for later reference that
one can similarly write a Fourier series for e? as

W' = gy + 3 e
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e(u)
4

No overload region

Figure 6.1: Quantizer Error

1 & 1 u
=5t ; CIE cos(2ml ). (6.2.6)

Suppose now that a sequence u, is put into the quantizer, where we
require that |u,| < MA/2 so that there is no overload. We wish to study
the behavior of the normalized error sequence e, = ¢,/A. Here we will
follow two different, but related, approaches. The first is that of Clavier,
et al. [20], [21]: From (6.2.5) it is immediate that

- 1 — 1 2mjlig = 1 . Un
€n = 5= <Up >= g; me = ,Z_; ;ism(27rlz-). (6.2.7)

For some specific examples of sequences u,,, the above formula can be
used to obtain a form of Fourier series representation directly for the se-
quence e, . This representation then can be used to determine moments and
spectral behavior. One problem with this approach is that it only works
for certain simple inputs, e.g., sinusoids. Another difficulty is that ordinary
Fourler series may not work (i.e., converge) since e, need not be a periodic
function of n. For example, if u, = Acos(2nfgn) and f; is not a rational
number, then u, (and hence also e, )} is not periodic. (For example, up, = 0
only if n = 0.) This problem can be handled mathematically by resorting
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to a generalization of the Fourier series due to Harald Bohr and the related
theory of almost periodic functions, but we shall only make a few relevant
observations when appropriate. (For a complete treatment of almost peri-
odic functions, Bohr’s classic [10] still makes good reading. See also {8], [9]
and the discussion in [68] and the references therein.)

An alternative approach which is also based on (6.2.5)—(6.2.6) is to
instead focus on moments of the process rather than on a specific Fourier
representation of the actual sequence. This will lead to the characteristic
function method [70]. Here the primary interest is the long term statistical
behavior of the error sequence e,,. We assume that the sequences are quasi-
stationary as defined in Chapter 1 and consider the mean, autocorrelation
function, and second moment defined by

me = E{en} (6.2.8)
Re(k) = E{enensr}, (6.2.9)
R.(0) = E{e?}. (6.2.10)

These moments reduce to the corresponding time averages or probabilistic
averages in the special cases of deterministic or random processes, respec-
tively.

We now proceed to apply the basic formulas (6.2.7) and (6.2.6) to find
an expression for the basic moments of (6.2.9)-(6.2.10). Plugging (6.2.7)
into (6.2.8) and (6.2.6) into (6.2.10) and assuming that the limits can be
interchanged results in

E{en} = Z _I_E{emz%&},

27l

_ 1 1 o oriiem
E{e?l} = 1-2— +Z E(TI)EE{CZ 1A }’
1#0
and for k £ 0
j .7 I iy Ingk
Re(k)ZZmeE{ez R
i#0 1£0

These expressions can be most easily given in terms of the one-dimensional
characteristic function

®,(1) = E{e*™VE} (6.2.11)
and a two-dimensional characteristic function

V(i 1) = E{e?miGE =35y ¢ 2, (6.2.12)
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as
E{en} = Z Ty <1>u(1) (6.2.13)
1#£0
E{e?} = +Z o 1)2‘1’"(’)’ (6.2.14)
and for k #0
R(k)y=-3"%" — 5 2;1‘(’0 (,1). (6.2.15)
i£0 1£0

The interchange of the limits is an important technical point that must be
justified in any particular application. For the purely deterministic case,
it can be shown that if the one dimensional time-average characteristic
function of (6.2.11) exists (i.e., the limit converges to something finite and
PHI, (1) — 0 as { — 00), then so does the two-dimensional and the above
limit interchanges are valid [39]. If the process is stationary, then the char-
acteristic functions reduce to the usual probabilistic characteristic functions
and a similar conclusion follows.

If the characteristic functions of (6.2.11)—-(6.2.12) can be evaluated, then
the moments and spectrum of the process can be computed from (6.2.13)-
(6.2.15). This general approach to finding the moments of the output of
a nonlinear system is a variation of the “characteristic function” approach
described by Rice [70] and studied by Davenport and Root [25] under the
name “transform method.” Here discrete time replaces continuous time,
Fourier series replace Laplace transforms, and stationary processes are re-
placed by quasi-stationary processes (and hence time-averages can replace
probabilistic averages).

6.3 PCM Quantization Noise:
Deterministic Inputs

We first consider a purely deterministic input and hence the averages will
all be time averages, that is, £{z,} = M{z,}. We will not consider in
detail the example of a dc input to an ordinary uniform quantizer in any
detail because the results are trivial: If the input is dc, say u, = u, then
the error is simply e, = ¢, /A = €¢(u)/A = 1/2 — u/A and the mean is this
constant value and the second moment is the constant squared (and hence
the variance is 0). The autocorrelation is also equal to the second moment.
This does point out, however, that the common white noise assumption is
certainly erroneous for a dc input since Re(k) is not 0 for k£ # 0. This is
well known and it is generally believed that the input to the quantizer must
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be “active” if the noise is to be approximately white. Hence we consider
next a more interesting input, a sinusoid u, = Asin(nwg + ) with a fixed
initial phase 6.

The dc case for simple PCM does become interesting when dithering is
used. This case is treated in the exercises.

We assume that A < M/2 so that the quantizer is not overloaded.
Define also fo = wo/2n. Here we can directly use (6.2.7) as did Clavier,
et al. [20], [21] to find an expression for the error sequence. For the given
case,

— 1 2714 sin(nwo+86)
en=3_ ¢ : (6.3.1)

For brevity we denote A/A by y. To evaluate this sum we use the Jacobi-
Anger formula

oo
sy = N T (2)e™Y, (6.3.2)

m=—00

where J,,, is the ordinary Bessel function of order m to obtain

o] ] ) 1
— nwom ]
€n = E e’ em E me(?ﬂ’I‘y)

m=—o00 1#0

m=-—00

— Z einwo(2m~1) (ej(Zm—-l)G Z%ng_l(Qﬂl‘y)) , (633)

=1

where the even terms disappear because Jp,(2) = (=1)"J,(—2). Eq. (6.3.3)
provides a generalized Fourier series representation for the sequence e, in

the form
(o o]

en= Y e by, (6.3.4)

m=—00

where the qualifier “generalized” is used because the sequence e, need
not be periodic. From this expression one can identify the power spec-
trum of e,, as having components of magnitude |b,, | at frequencies J,, =
(2m — 1)wo mod 27. Note that if fy is rational, then the input and hence
also e, will be periodic and the frequencies (2m — 1)wy mod 27) will du-
plicate as the index m takes on all integer values. In this case, the power
spectrum amplitude at a given frequency is found by summing up all of the
coefficients |b,, |? with (2m — 1)wy mod 27 giving the desired frequency. We
will henceforth assume that fo is not a rational number (and hence that
in the corresponding continuous time system, the sinusoidal frequency is
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incommensurate with the sampling frequency). This assumption simplifies
the analysis and can be physically justified since a randomly selected fre-
quency from a continuous probability distribution will be irrational with
probability one. An irrational wg can also be viewed as an approximation
to a rational frequency with a large denominator when expressed in lowest
terms.

The above direct approach indeed gives the spectrum for this special
case. In particular, from the symmetry properties of the Bessel functions
one has a power spectrum that assigns amplitude

100
=;¥

to every frequency of the form (2m — 1)wg mod 27). Letting é6(f) denote a
Dirac delta function, this implies a power spectral density of the form

-..|,_.

Jom-1(2myD))? (6.3.5)

Se(f) = Z Smb(f= < (2m —1)fo >). (6.3.6)

m=-00

We could use these results to evaluate the mean, power, and autocor-
relation. Instead we turn to the more general transform method. The two
methods will be seen to yield the same spectrum for this example.

For the given purely deterministic example, the one-dimensional char-
acteristic function can be expressed as

(i)u(l) — Iél_r'noo _N Z j2wly sin(nwe+8)

N
: . o

- ]\;Enoo _1%,_ Z eJ2ﬂ'ysm(21r<nfo+57>)’ (637)

n=1
where the fractional part can be inserted since sin(27u) is a periodic func-
tion in u with period 1. This limit can be evaluated using a classical result
in ergodic theory of Hermann Weyl (see, e.g., Petersen [68]): If g is an
integrable function, @ is an irrational number, and b is any real number,

then

N 1
. 1
Nll_r'noo ~ ﬂZ:lg(< an+b>)= /; g(u)du. (6.3.8)

This remarkable result follows since the sequence of numbers < an+b >
uniformly fills the unit interval and hence the sums approach an integral in
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the limit. Applying (6.3.8) to ( 6.3.7) yields
1
d,() = / dued2™17ein(2m) — Jo(27ly), (6.3.9)
0

The mean and second moment of the quantizer noise can then be found
using the fact Jo(r) = Jo(—r):

Efen} = Z ———J0(27rl’y) =0, (6.3.10)
1#0
E{e} = Ili _132_15 Jo(27ly). (6.3.11)

Note that the result does not depend on the frequency of the input sinu-
soid and that the time average mean is 0, which agrees with that predicted
by the assumption that €, is uniformly distributed on [-A/2,A/2]. The
second moment, however, differs from the value of 1/12 predicted by the
uniform assumption by the right hand sum of weighted Bessel functions.
No simple closed form expression for this sum is known to the author, but
other formulas useful for insight and computation can be developed. Before
pursuing these, note that if ¥ = A/A becomes large (which with A held
fixed and the no-overload assumption means that the number of quantiza-
tion levels is becoming large and the bin-width A is becoming small), then
Jo(2mly) — 0 and hence the second moment converges to 1/12 in the limit.
This is consistent with high rate quantization theory.

By expressing the Bessel function as an integral of a cosine and by
applying the summation

[e o]

2. cos kz Z cos2mk < 3=

2 2
k=1 k k=1 k

2 - —
( < o 2 > +< 2 >) (6.3.12)

(the second equality following, e.g., from Gradshteyn and Rhyzhik [34]) to
obtain

_ 1 /71 .
Bt} =+ [ (G- <ysiny >)ay
2 (%1 :
= -;/0 (5— < ysiny >)2 dy. (6.3.13)

This result can also be obtained by applying Weyl’s result directly to E{e2}
without using the transform apprcach. An alternative form can be found by
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observing that since < ysiny >=vsinyy—(k—1) when k > ysiny > k-1,

we have that if K = [y], the smallest interger greater than or equal to K,

brk—1

_ 2 o [P 1
E{ei}ZFZ/ (1‘7—5—781111/))26111),
k=1

where by = 0, by = sin"}(kA/A), k = 1,2,...,K — 1, bg = 7/2. With
some algebra this yields

K-1 K-1
= 1 2A 2 kA kA
2\ e 2 2 eo—1 -1
E{e?} = (K +§) +7 +_7r—“2‘—7r(k§=1 sin~!(=—)+ k§=1 cos(sin™ ' (—=))).

(6.3.14)
The right-most term can be further simplified using the fact that

cos(sin"*(a)) = V1 — a2,

Eq. (6.3.14) has the advantage over (6.3.11) that it is expressed as a finite
sum and it more resembles the form of the results of [20] for the harmonic
distortion when a uniform quantizer with an odd number of levels is driven
by a full range sinusoidal input.

To compute the autocorrelation of the quantization noise, we use similar

steps to find the joint characteristic function @gk)(i,l). We have that,

N
&)S‘k)(z’l) — A}lm _1%’_2 e27{j[1‘ysin(nwo+0)+i'y sin((n+4k)wo+8))

n=1

N
= lim _1- Z627"]'[1’7Sin(27r<”f0+§%;>)+i’y5in(27r<n_f0+,};>+}CWO)]
N n=1

1
— / duerrj[I'y sin(2wu)4iy sin(27ru+lcw0)]. (6315)
0
Using the Jacobi-Anger formula and the orthogonality of exponentials yields
(i) = > Ja(2myi)J_n(2myl)elmhe0. (6.3.16)
n=—oo

Inserting (6.3.15) into (6.2.15) and using the fact that J_,(z) = (-1)"Jn(z)
ylelds

nm=-—oo 1#0
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— - 1 % J2"—1(27r71) 2 _jnkwo
= Z (;Z—I—) einkwo, (6.3.17)
n=-00 =1
This has the form -
Ro(k)= ) S,e®™*n, (6.3.18)

n=—00

where A\, =< (2n — 1)wg/27 > are normalized frequencies in [0,1) and
1 o= Jon-1(2771) 4
n=(-) ——m——= 6.3.19
= (3 T (6.3.19)

are the spectral components at the frequency A, and hence

Se(f) =D Snb(f = An), (6.3.20)

n

exactly as found directly in (6.3.5)-(6.3.6).

The sequence Sy, is sometimes referred to as the Bohr-Fourier series of
the autocorrelation because of Bohr’s generalization of the ordinary Fourier
series of periodic functions to the general exponential decomposition of
(6.3.18), which implies that R.(k) is an almost periodic function of k. It
suffices here to point out that the spectrum of the quantizer noise is purely
discrete and consists of all odd harmonics of the fundamental frequency
of the input sinusoid. The energy at each harmonic depends in a very
complicated way on the amplitude of the input sinusoid. In particular,
the quantizer noise is decidedly not white since it has a discrete spectrum
and since the spectral energies are not flat. Thus here the white noise
approximation of Bennett and of the describing function approach is invalid,
even if M is large.

An alternative form for (6.3.19) involving only a finite sum can be found
in the same way (6.3.14) was found from (6.3.11). Since for odd n

x

Jn(2) = ; / " sin(nd) sin(z sin §) df (6.3.21)
0
we have, using the summation [34]
Zw = -’23 - %x; 0<z<2m, (6.3.22)

=1
that for odd n )
(o] z oo . .
JnQ@myl) 2 [T sin(2r < ysiné > 1)
Z —T = ;/o df sin(nf) Z .

I=1 =1
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== /? dﬁsin(n(?)(% — 7 < ysin(6) >)
0

w
and hence as in (6.3.14)

Z (217r71) — 27 L 1+QZ/ d6 sin(n6)(y sin 6 — (k — 1))
I=1 (6323)

1 o S 2 & A

g —bp = —— in"Y(=k

- 274 1+22k/b sin(nf)d 7rnz:cos nsin (A ),
k=1 k-1 k=0

where, as previously, K < M/2 is the largest integer greater than or equal

to v. Thus (6.3.19) can also be written as

K-1
2
= (-— - 27—6,, 1+ — cos((2n — 1 sm‘l( —k)))*  (6.3.24)
mn k=0
Eq. (6.3.24) strongly resembles the corresponding result of Clavier, et
al., for the case of odd M and a full range sinusoidal input (that is, v =
AlA = (M - 1)/2).

6.4 Random Inputs and Dithering

As a simple observation that will not be worked out in detail, an obvious
variation of the deterministic example of the previous section is to consider
a process u, = Asin(27fo + ) with 6 a uniform random variable. This
transforms the deterministic example into a stationary random process and
the moments become probabilistic averages instead of time averages. The
final answers are the same, although the input frequency need not be as-
sumed to be irrational.

Another simple example is the case of an iid input uniformly distributed
over the no-overload range. In this case it is well known (and easy to prove)
that the quantization noise is exactly an iid process uniformly distributed
over [-A/2,A/2].

A much more interesting example is a process of the form

Up = Un + Wy, (6.4.1)

where v, is the possibly nonstationary original system input (such as the
deterministic sinusoid previously considered) and w,, is an iid random pro-
cess which is called a dither signal. A key attribute of the dither signal
is that it is independent of the v, process, that is, v, is independent of
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wy for all times n and k. We still require that the quantizer input u,
be in the no-overload region. This has the effect of reducing the allowed
input dynamic range and hence limiting the overall SQNR. Dithering has
long been used as a means of improving the subjective quality of quantized
speech and images (see Jayant and Noll {52], Section 4.8, and the references
therein). The principal theoretical property of dithering was developed by
Schuchman [71] who proved that if the quantizer does not overload and the
characteristic function of the marginal probability density function of the
dither signal is 0 at integral multiples of 27 /A, then the quantizer error e,
(at a specific time n) is independent of the original input signal z; for all
k. (We will prove this result shortly.) It is generally thought that a good
dither signal should force the quantizer error to be white even when the in-
put signal has memory (the quantizer noise is trivially white if the original
input is white). General results on this popular belief follow from the work
of Sripad and Snyder [76], but this specific result is not explicitly stated by
them. It is easily proved using the characteristic function method.
Given an input as in (6.4.1) with w,, a stationary random process, let

@y (jo) = E(e/")
denote the ordinary characteristic function of w,, (which does not depend on

n since {wy,} is stationary). Because of the independence of the processes,
the one-dimensional characteristic function of (6.2.11) becomes

N
3,() = Jim % S B(eihmtun)) <I>w(j27r£)<i>.,(l). (6.4.2)
n=1

The two-dimensional characteristic function of (2.18) is

SE) (3,1 1 Z E'(ez"f EUEEntwa)H(vasrtwnin)])

1 -
= @w(mrjzi)@w(27rj21§1)<1>5’°)(i, )k #0. (6.4.3)
Now suppose that the marginal distribution of wy, is such that Schuchman’s
conditions [71] are satisfied, that is, the quantizer is not overloaded and

%(m%z) =0;1=1,23,.... (6.4.4)

(Recall that ®,,(0) = 1 for any distribution.) This is the condition shown
by Schuchman to be necessary and sufficient for the quantization error to
be independent of the original input z,. The principal example is a dither
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signal with a uniform marginal on [-A/2,A/2] (and an input amplitude
constrained to avoid overload when added to the dither), in which case

. 2 . alA
b, (ja) = —x sin -~ (6.4.5)
For this case we have
= 1, 1=0
eu(l) = {0; otherwise. (6.4.6)
and for k £ 0
- 5(k) — 1 i—1=
‘D&k)(i, I) — {q)u (0,0) =1; 1= l —-.0 (647)
0; otherwise.

Thus in this example we have from (6.2.13)—(6.2.15) that e, has zero
mean, a second moment of 1/12, and an autocorrelation function R, (k) = 0
when k # 0, that is, the quantization noise is indeed white as is generally
believed when Schuchman’s condition is satisfied. Note that this is true
for a general quasi-stationary input, including the sinusoid previously con-
sidered. Thus, for example, if the input sequence is Asin(nwg) as before
and the dither sequence is an iid sequence of uniform random variables on
[-A/2,A/2], then the no-overload condition becomes A+ A/2 < AM/2 or

A M-1

X S __5—_, (6.4-8)
which has effectively reduced the allowable . Thus, for example, if M = 8
as in Fig. 2.2, the maximum allowable v is reduced from 4 to 7/2.

A similar analysis can be used to prove Schuchman’s original result that
the error and signal are independent. We here focus on a weaker result
that 1s more in tune with the development thus far and show that the two
processes are uncorrelated. Consider the cross-correlation

Rev(k‘) = E_'{env,,+k} = E{vn+k ZeZﬂ'jllnd‘Aln.}'
1£0

Since the dither signal w, is assumed to be independent of the input vy,
this becomes

_ v A
Rey(k) = 3 E{vnsre®™ )0 (2m) %),
1#£0

where we have assumed that the sum and limit can be interchanged. Thus
if Schuchman’s conditions 6.4.4 are satisfied,

Rey(k) =0; all &,
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as claimed.

Although the addition of a dither signal does turn the quantization
noise into a simpler process and decorrelates the noise from the signal, it
should be remembered that this is not the goal of a quantizer. Adding a
dither signal also adds distortion to the final reproduction since it corrupts
the original signal in a possibly non-invertible manner. It also reduces the
SQNR achievable with a given quantizer since the input amplitude must
be reduced enough so that the original signal plus the dither stays within
the no-overload region. This loss may be acceptable (and small) when the
number of quantization levels is large. It is significant if there are only a
few quantization levels. For example, if M = 2, then a uniform dither on
[~A/2,A/2] can only avoid overload if the signal is a 0 dc signal.

The statement that dithering corrupts a source can be tempered if one
assumes that the dithering signal is not really a random signal, but is
instead a pseudo-random signal known both to the encoder and decoder.
One still assumes it is random in the previous analysis, but one now also
assumes that the decoder has a perfect copy of the dithering signal. In this
case the previous analysis implies that

Q(un+wn)=un+wn+en

with e, independent of u, (since the quantization noise is independent
of the signal from Schuchman’s result). Thus if we now remove w, from
q(un + wy,) we have that

Q(un+wn) — Wy = Up + €y,

that is, the decoded signal is just the original signal plus noise that we
proved to be uniform and white. Thus in the case of “subtracted” dither,
you can have your cake and eat it too: the dither whitens the noise and
makes it uniform (thereby simplifying noise analysis), but it does not cor-
rupt the signal! There remains a penalty, however, in that the input range
has been reduced in order to avoid overloading the quantizer.

As a final remark, one could reverse the roles of the two processes and
consider an original input to be a stationary process w, and v, to be a
sinusoidal dither, as proposed by Jaffee [51]. Here the two dimensional
probabilistic characteristic function of the stationary process factors out of
the time average of the sinusoidal dither. In general, however, the resulting
characteristic functions will not be 0 for nonzero arguments and the noise
will not be white.
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6.5 Sigma-Delta Modulation

The basic Sigma-Delta modulator can be motivated by an intuitive argu-
ment based on the dithering idea. Suppose that instead of adding an iid
random process to the signal before quantization, the quantization noise it-
self is used as a dither signal, that is, iid signal-independent noise is replaced
by deterministic signal-dependent noise which (hopefully) approximates a
white signal-independent process. The idea of using a deterministic dither
signal drawn from the quantization noise in PCM is generally attributed
to C. C. Cutler, who first patented differential PCM in 1952. Reversing
the noise sign for convenience and inserting a delay in the forward path
of the feedback loop (to reflect the physical delay inherent in a quantizer)
yields the system of Figure 6.2, where we preserve the u, notation for the
quantizer input and label the original system input as z,,.

+ U" q(Un)
X, —| + delay q -

€,

Figure 6.2: Deterministic Dithering

The nonlinear difference equation governing this system is
Up = Tp—1 — €q—1 = Up—1 + Tn—1 — ¢(up-1); n=1,2,... (6.5.1)

This difference equation can also be depicted as in Figure 6.3, which is the
traditional configuration for a single-loop Sigma-Delta modulator.

The name follows from the fact that the system can be considered as
a delta modulator preceeded by an integrator. The system was originally
called a Delta-Sigma modulator [49] and this terminology is also common.
The modern popularity of these systems, much of the original analysis, and
the name Sigma-Delta modulator is due to Candy and his colleagues [12],
(13], [14], [16], [15].

One might hope that the deterministic dither might indeed yield a white
quantization noise process, but unfortunately this circular argument does
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e Un q(U,.)
X, + + delay »! g

Figure 6.3: Traditional Sigma-Delta Modulator

not hold for the simple system of Figure 6.2 or 6.3. In this section we
develop the moments and spectra for the basic Sigma-Delta modulator and
evaluate the results for the special case of a dc input. This case is of
interest in this example as Sigma-Delta modulation is usually only used in
oversampled ADCs, that is, the input signal is sampled at many times the
Nyquist rate and hence the input is very slowly varying, appearing like a
dc over many samples. The analysis can be extended to sinusoidal inputs.

It should be pointed out that here we will be concerned only with the
behavior of the quantizer noise, that is, the difference between the input
and output of the quantizer inside the feedback loop. We do not tackle
the problem of evaluating the overall distortion between the original in-
put and final output of the ADC. The emphasis here is on the behavior
of the quantizer itself and on comparing this behavior with the asymptotic
approximations of the previous chapter. Knowing the quantizer noise be-
havior one can find or bound the overall distortion. The interested reader
is referred to the cited literature for details.

Since u, = ¢(un) — €, (6.5.1) yields the difference equation

g(un) = Tn-1+ €n — €n_1, (6.5.2)

which has the intuitive interpretation that the quantizer output can be
written as the input signal (delayed) plus a difference (or discrete time
derivative) of an error signal. The hope is that this difference will be a high
frequency term which can be removed by low pass filtering to obtain the
original signal. For convenience we assume that up = 0 and we normalize



156 CHAPTER 6. UNIFORM QUANTIZATION NOISE

the above terms by A and use the definition of €, to write

en = e_n — q(un) — Up - Q(mn—l "'fn—l) _ Tn-1 —ep_y1 = 1,2,....

A A A A
(6.5.3)

Since ug =0, € = A/2.

We shall assume that the input range is [—b,b), that is, —b < 2z, < b
for all n. Intuitively, we would like to make A small in order to keep the
quantizer error small; but we dare not make it too small or the quantizer
may overload (M is considered fixed). In addition, we do not want to make
A too large since then some of the quantizer levels may never be used and
the bits will be wasted. The task is to pin down the relation between A
and b, that is, given b, how do we choose A? This is the key property of the
system and is found using an induction argument. We wish to choose A
so that the quantizer will never overload as long as the input stays within
its range. A necessary condition is immediate: If ¢ = A/2, then to ensure
that |u;| < MA/2 we must have that

A MA
Py e | <
2o 5 | < 5
and therefore that
bt A < MA
2 = 2
or A
b< (M- 1)—2— (6.5.4)

We now show that this condition is sufficient to ensure that the quantizer
does not overload; that is, if A satisfies (6.5.4), then |e,| < A/2 for all n.
We have already seen this is true for n = 1, so we proceed by induction.
Assume that it is true for £ = 1,2,...,n— 1. Ifu, = £p—1 — €,y isin
the no-overload region [-MA/2, MA/2] then le,| < A/2 by definition of
no overload. Thus we need only prove that it is not possible for either
up > MA/2 or u, < —MA/2. We have, however, from the range of z,_;
and the assumption on ¢,_; that

A A
—b—gﬁzn—1—€n—15b+—2-

and hence using (6.5.4) we have that

A MA
|un| = |xn—1 - 6n—ll <b+ 5 < 5 (6.5.5)
proving that the quantizer does not overload. Observe that the input bin for

the largest quantizer level is {u : u > (M/2—1)A}. Thus this level will be
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selected for u; = zg~A/2if2o—A/2 > (M/2—-1)A or zg > (M/2—-1/2)A.
If b < (M —1)A/2 this will never happen and the level will not be used.
Combining this observation with (6.5.4) we are led to the following choice

for A:
25

A= ——. 6.5.6

In the most common case of a binary quantizer, A = 2b. We can now

combine the fact that the quantizer does not overload with the formula

(6.2.4) for the quantizer error for a nonoverloading quantizer to obtain

a recursion for the quantizer error sequence of a single-loop Sigma-Delta
quantizer: eg = 1/2,

1 Uy 1 Tp_1

e,,=-2-—<K>=§—-< A

—ep1>;n=12,... (6.5.7)

This formula can now be solved by induction so that the e, terms on the
right are eliminated. It is simpler to express the recursion in terms of

==—e _<:c,,._1+1+ >
Yn = 3 n = A 2 Yn-1 >,
the solution to which is
yo=10
nol 1 T n nol X
Yn =<,§(§+K)>=<5+,§K>’"=1’2"" (6.5.8)

as can be verified by induction. Thus the quantizer error sequence is given
by

en=——<2+zﬁ>, (6.5.9)

which provides an interesting comparison with the corresponding expression
for the quantizer error sequence of an ordinary uniform quantizer operating
on an input sequence u, of (6.2.4), that is,

1 Uy
en = 5— < X >.

Thus when the quantizer is put into a feedback loop with an integra-
tor, the overall effect is to integrate the input plus a constant bias before
taking the fractional part. The overall nonlinear feedback loop therefore
appears as an affine operation (linear plus a bias) on the input followed by
a memoryless nonlinearity. Furthermore, the techniques used to find the



158 CHAPTER 6. UNIFORM QUANTIZATION NOISE

time average moments for e, in the memoryless quantizer case can now be
used by replacing u, by the sum

sy = Z(% + fAi), (6.5.10)

evaluating the characteristic functions of (6.2.11)-(6.2.12) and applying
(6.2.13)-(6.2.15) for ®, instead of ®,,. Thus

&,() = E{emime I L5 #), (6.5.11)

14k x

M) = e"j”‘E_’{e"j(‘Jrl)”ez”j(i"'l)Z:‘n:o%ezmzm n 'KL} (6.5.12)
Observe for later use that when i = —{, (6.5.12) simplifies to

n—l4k ¢

R (1, 01) = ek {2 Dnen FY, (6.5.13)

We now evaluate these expressions for the special cases of deterministic
dc inputs.

Suppose that z;, = z for all k, where —b < z < b is an irrational
number. A dc input can be considered as an approximation to a slowly
varying input, that is, to the case where the Sigma-Delta modulator has
a large oversampling ratio. In this case we replace u, by s, = ng, where

= (1/2+ z/A), in (6.2.11)—(6.2.12) and evaluate

1 & 1 &
W - 1 i27lsn — 1; i2ning
(P,(l)—]\}irpooj_v.zel s _IJEHOONZGJ n
n=1 n=1
1,
m N2e72”<"ﬂ>. (6.5.14)
From (6.3.8) this is
1 .
8,() = [ dueitme = {0 170 (6.5.15)

Similarly,

N
(4,1 = hm Z J2m(isntlsnyr)

N N
_1_2 J2n(inf+i(n+k)8) — 2nikp Jim_ Z j2m<n(iB+18)>
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27rlk,[i’ i=—1
= e21rlkﬁ f()l duej21ru — 0’ Otherwise, (6516)

which is hence a special case of 6.5.13. Thus we have from (6.2.13)-(6.2.14)
that )
E{e,} =0 (6.5.17)

Efer} = -115 (6.5.18)

which agrees with the uniform noise approximation, that is, these are ex-
actly the time average moments one would expect with a sequence of uni-
form random variables. The second order properties, however, are quite
different.

From (6.2.15) and 1.443.3 of [34]

R, (k) 2(2 1)2 2718 _ %_lz_z COS(27r”clB)
1#£0 =1

_ 1 < Icﬂ >

T12

This does not correspond to a whlte noise process! The exponential
expansion implies that the spectrum is purely discrete having amplitude

0; fn=0
o= { g ifn # 0. (6.5.20)

at frequencies < nf >=< n(1/2 + z/A) >. Thus the locations and hence
the amplitude of the quantizer error spectrum depend strongly on the value
of the input signal. Thus as in the simple PCM case with a sinusoidal input,
the Bennett white noise approximation inaccurately predicts the spectral
nature of the quantizer noise process, which is neither continuous nor white.

A similar analysis can be carried out for the case of a sinuosoidal input.
The interested reader is referred to [39] for the details.

(1- < kB >). (6.5.19)

6.6 Two-Stage Sigma-Delta
Modulation

From the analysis for PCM and ordinary Sigma-Delta modulation, one
might guess that the white noise approximation is never valid for quantizers
with a small number of levels operating on simple deterministic signals. In
this section we show that by cascading two Sigma-Delta modulators one can
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produce quantization noise that looks white in so far as its first and second
order moments are concerned when the input is a fixed dc. Two-stage and
multi-stage Sigma-Delta modulators were introduced by Uchimura and his
colleagues [78], [63], [64]. The theoretical development here follows [82]
and it can be extended using similar techniques to multistage Sigma-Delta
modulators[18] as well as dithered multi-stage Sigma-Delta modulators[17].

A two-stage or cascaded Sigma-Delta modulator is shown in Figure 6.4.

‘ - Va q(vn)

+
X, _>®-—> + delay q
+ +

+

Figure 6.4: Two-Stage Sigma-Delta Modulator

Here the error sequence (,, from the first loop is the input to the second
loop, where the quantizer error is denoted €,,. From (6.5.1) the difference
equations describing integrator states are

Un = Uno1+ &n-1 — q(vn-1); n=1,2,... (6.6.1)

Up = Up_1 + (o1 — @(up-1); n=1,2,... (6.6.2)

The quantizers are exactly as those used with ordinary Sigma-Delta

modulation, that is, uniform quantizers with M levels and bin width A =

A/(M — 1), where the input z,, is between —b and b. Note that this means

that the first quantizer does not overload and hence , is in the range [—b, b)

and hence also the second quantizer does not overload. The output of the
two stage sigma delta modulator is defined by

¥n = q(vn-1) = ¢(un) + ¢(un-1); n=1,2,..., (6.6.3)
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a linear combination of the two quantizer outputs. As in (6.5.2) we have
that
Q(Un) =2Zp_1+¢n —Cn-1,

Q(un) =Cn-1+€n —€n_1

and hence (6.6.3) becomes
Vn = Tp_o+ €y — 2601 + €52, (6.6.4)

In contrast to {6.5.2), this has the interpretation of being the original signal
plus a second order difference (discrete time second derivative) instead of
the single order difference of the single loop system. Note that although this
signal depends on the outputs of both stages, the first stage quantization
noise cancels out and only the second stage noise remains. This fact is
basic to the operation of the system. In particular, we need only know the
behavior of the second stage quantization noise in order to find the behavior
of the output. We shall see that the second stage noise is better behaved
than the first stage noise.

Assuming that initially the integrator states (quantizer inputs) are ug =
vo = 0, then applying (6.5.8) to both stages gives for n = 1,2,...

AT2 T2 =A
en= =] <n+n_1p > 1+<n—1k_1(1+$')>
n e el 5 k2= "3 o A
A 2 2 k=0 2 k=01=0 2 a
1, &1 za
=-= (5 +==)>. 6.5
s+< Dl +=5) > (6.6.5)

As in the ordinary Sigma-Delta modulator, we can modify (6.2.11)-
(6.2.15) by replacing the quantizer input u, by a sum term

_ 1 Z —n—l 1 Tpn_i
Sn = 2 ;=0(5 +x)= ;1(5 + =) (6.6.6)

and then proceed exactly as before. We here illustrate the results for the
simple case of a d¢ input z,, = z. Define 8 = 1/2+ z,/A as before and we
have that

Sp = g-nz - gn (6.6.7)
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To evaluate the characteristic functions, we use the general version of
Weyl’s theorem [45]: If

¢(n) = ag + ayn +azn® + R

is a polynomial with real coefficients of degree n > 1 and if at least one of
the coefficients a; is irrational for ¢ > 1, then for any Riemann integrable
function ¢

1 & 1
Jim =3 g(< o(n) >) = / o(u) du. (6.6.8)

n=1 0

We now use (6.6.8) exactly as (6.3.8) was used previously. We have with
¢(n) = s, in (6.6.8) that

N 1 .
0 - i 1 2rj<e(n)> _ 2mju _ 0; I¢0
QS(I)_A}'I-EnOONnZ::Ie A ) —A € 7 du— 1, 120 (669)
and
N
(i, 1) = Jim £ 3 <>
n=1
where
d(n) = i+ T2 + (2it i~ )5n+illl - n?
whence . . =0
= (k) /- . ’ ) t=—l=
MG = {fol e?™t du = 0; otherwise (6.6.10)

These characteristic functions are identical to those of the dithered PCM
case in (6.4.6) and (6.4.7) and hence the conclusions are the same: the quan-
tization noise is indeed white and its marginal first and second moments
agree with those of a marginal distribution. Thus the Bennett model is a
good approximation for the second stage quantization noise of a two-stage
Sigma-Delta modulator driven by a dc (and only the second stage noise
proves to be important in SQNR analysis).

The analysis can be extended to the case of a sinusoidal input, but the
it is much more complicated and the noise is not white [82]. For third
order and higher, however, the noise is white for sinusoids and finite sums
of sinusoids[18].

Similar analyses can be applied to other Sigma-Delta architectures such
as the multi-loop or higher order configurations (see He, Buzo, and Kuhlmann

[47],[48]).
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6.7 Delta Modulation

As a variation on the application of the uniform quantization noise analysis
tools, we consider the important special case of a delta modulator. Recall
that a delta modulator has the form of Figure 2.3 and, like the Sigma-Delta
modulator, the Delta modulator can be used as an oversampled analog-
to-digital converter. (In fact, Delta modulators were so used well before
Sigma-Delta modulators and they have been widely used since.) A slight
modification of the techniques used for Sigma-Delta modulation will yield
the average distortion for the binary quantizer in a Delta modulator. Here,
however, we also easily obtain the overall average distortion between the
input signal and the final reproduction without much extra effort. The key
conclusion is that for the simple test input signal considered, the quanti-
zation noise is well approximated by the uniform marginal approximation
even though Bennett’s conditions are violated. As with Sigma-Delta mod-
ulation, however, the noise is not at all white. These results are originally
due to Iwersen [50]. Similar results using nonlinear difference equations
were also obtained in unpublished work by T. J. Kim and D. L. Neuhoff.

Given a Delta modulator with an input signal u, the output sequence
yn of the integrator is defined by the difference equation

Yn = Yn-1+ Un,

that is, it is the previous output plus the current input. We assume that the
integrator has an initial state up = 0 and that the above formula holds for all
n = 1,2,.... Such an ideal integrator can be represented by a convolution
by an IIR filter using the pulse response hy = 1 for all nonnegative k and 0
otherwise. The filter is clearly not stable and hence care must be exercised.
If the difference equation is changed slightly to

Yn = QYn—1 + Un,

with |a| < 1, then the filter has pulse response hy = a*; k=0,1,2,... and
it is stable. In this case it is called a “leaky integrator.” We focus on the
ideal integrator. A delta modulator with a leaky or an ideal integrator is
an example of predictive quantization [30].

It is more convenient to represent the filter as a first order autoregressive
filter defined by the above difference equation. The encoder consists of a
feedback loop containing the same integrator and a serial delay of one time
unit. (In fact the delay represents the cumulative delay through the loop
and points out the fact that the value subtracted from the current input
depends on only previous inputs.)
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The system can be completely described by difference equations and
initial conditions. Define the following quantities as in the figure: Let Z,
denote the value subtracted from the input and

€n =Ty — Ty = Ty — Tp-1 (6.7.1)

the resulting difference that is put into the quantizer ¢ defined by

+A e>0
q(e) = —-A e<0.

A is called the step size of the delta modulator. It is unfortunate that the
same symbol is used here for a step size as was used in scalar quantization for
the distance between quantization cell boundaries since, as will be seen, the
distance between the corresponding boundaries for delta modulation turn
out to be 2A instead of A. We accept this minor annoyance, however, so as
to be consistent with the vast majority of the literature. The sequence of
quantizer outputs g(e,) is put into the decoder integrator and the identical
integrator in the encoder. The output of the integrator at time n is

Zn = &p-1+ q(en) (6.7.2)

Because of the delay we have that #, = £,.1. The system can be initialized
by setting o = 0 and hence ey = 29 — £y = zo. Note that in principle the
possible reproduction values can eventually be anything of the form kA
for any integer k. At any time, however, only two values are possible given
the past and hence the decoder rate is 1 bit/input symbol.

It should be pointed out that %, can be considered as a prediction of z,
based on the reproduction and hence e, can be considered as a prediction
error or residual. Define the binary quantizer error sequence as

€n = qlen) — €n. (6.7.3)

Perhaps the most important mathematical property of a delta modu-
lator is the following simple relation between the reconstruction error and
the binary quantizer error:

Tp —Tp = Tp_1 + q(en) - Tn
=q(en) —€n = €5. (6.7.4)

This points out that the overall mean squared error will be just as good as
(and no better than) the mean squared value of the binary quantizer error
sequence. Intuitively the error sequence should be less spread out and eas-
ier to quantize accurately with q than the original sequence would be. This
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means that solving for the moments and spectrum of the binary quantiza-
tion noise immediately yields the overall analog-to-digital converter error
moments, a property that did not hold for the Sigma-Delta modulators.

For later use we point out another important difference equation: Con-
sider the {e,} sequence and observe that

en =ZTp —Tp—1 =Ty — (i'n—-2 + Q(en—l))
= (Zn — Tn-1) + a1 — En_2 — q(en_1)

=én-1+ (mn - xn—l) - Q(en—l) = (xn - zn—l) —€n-1- (675)

This provides a nonlinear difference equation or recursion for the input
to the binary quantizer that points out the dependence on the difference
or discrete-time derivative of the input, the previous binary quantizer in-
put, and the previous binary quantizer output. Observe that a slight rear-
rangement provides the following relations among the reproduction error,
quantizer error, and quantizer input sequence:

Ep—Tpn =€y = (Tpt1 — Tn) — €ny1- (6.7.6)

As in the Sigma-Delta derivations we need to require that the quantizer
not overload. In Delta modulation this is equivalent to assuming that the
delta modulator is tracking in the sense that |z,, — Z,,| < 2A, which implic-
itly assumes that the input is not changing too rapidly for the decoder to
reproduce approximately. This condition may not be satisfied all the time,
e.g., when the code is started at n = 0 a large constant input will cause
a large prediction error. If the input does not vary rapidly, however, the
code will eventually provide a reproduction that is close to the input. This
should be the case most of the time if the oversampling ratio is high.

As with Sigma-Delta modulation, the traditional means of analysis of
the average quantizer error in a delta modulation scheme is to replace the
quantizer noise sequence {¢,} by an additive memoryless random process
with a uniform distribution on its input range. If the delta modulator is
tracking, this input range is [~A, A) and in this case one easily finds from
(6.7.4) that

AZ
E((2p — z4)% = E[€2) = 5 (6.7.7)
(Recall that the symbol A here corresponds to 2A in the scalar case and
hence the above is just our old friend A%/12 with a redefined A.) As in
the Sigma-Delta case, however, the conditions under which the white noise
assumption is valid do not hold.
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The difference equations and initial conditions describing the simple
delta modulator can be written as

eo = zo; €0 = ¢(xo) — o, (6.7.8)

en = en-1+ (Tn — Zn-1) — qlen-1) = (zn — ZTn-1) —€n-1,  (6.7.9)
€n = q(en) — en. (6.7.10)

These relations hold for arbitrary input signals. In order to proceed, we
now make assumptions about the input sequence. Roughly speaking, we
assume that the signal is not too big at time 0 (when the machine is turned
on) and that it cannot change too much in a single time unit. In particular,
if the output of the binary quantizer is +A, then

|20 < 24, (6.7.11)

|z — 01| < A. (6.7.12)

These assumptions are required for the subsequent analysis. The second
assumption reflects the oversampling assumption: If an original continuous
time waveform is sampled at many times the Nyquist rate, then the sample
values should not change much in adjacent samples. The first assumption
can be viewed as stating that the delta modulator is not too far off when
turned on, e.g., that it has perhaps already been tracking the input and
provides a reasonable approximation. Note that the signal does not have
a uniform bound over time, but the above assumptions require that it not
grow too rapidly, e.g., from the triangle inequality we must have that

n
lznl = | (zk = z-1) + 2o

k=1

n
<Y ok = ze-1)| + |ao| < nA +2A. (6.7.13)
k=1
In the common terminology for delta modulation, we consider signals for
which there is only granular noise and no slope overload noise.
We begin with a simple property showing that the quantization error
sequence and the prediction error sequence are both bounded.

Theorem 6.7.1 Forn=20,1,...
—2A <e, < 2A (6.7.14)

—A<en <A (6.7.15)
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Proof:

First observe that (6.7.14) immediately implies (6.7.15) since if the input
to a binary quantizer with output levels +A has maximum range [—24A, 2A},
then the maximum quantization error magnitude is A. To prove (6.7.14)
use induction. For n = 0 we have ey = zo which meets the condition by
assumption. Assume that (6.7.14) (and hence (6.7.15)) holds for a fixed n
and hence

Ifn—ll = lxn—l - i'n—ll < A.

For n + 1 we then have using the triangle inequality
|en| = ’23,; - i‘n—ll = ]xn — &po1+ Epnot — i'n—-l’
S |zn - i’n—l{ + I‘i'n—l - -i'n—ll < 2A;

proving the claim.

We are now ready to solve the nonlinear difference equations of (6.7.8)-
(6.7.10). As a first step we combine (6.7.8)—(6.7.10) into a single difference
equation for the binary quantization error ¢,: For n = 1,2,...

€n = q(Zp —ZTp-1— €n1) — (T — Tn—1 — €n—1). (6.7.16)
Define the indicator function (the so-called unit step function)
1 ifr>0
x(r) = {0 ifr <0
Then (6.7.16) becomes

en = 2Ax(2n — Tn-1— €n-1) —A—(Tp —Tp-1— €n-1). (6.7.17)

The following theorem provides the solution to this nonlinear difference
equation with the initial condition of (6.7.8).

Theorem 6.7.2 Forn=1,2,...

€n 1 Ip — Tn-1 €n-1

.2_5:5—< 5A - A > . (6.7.18)
Foralin=0,1,...
& 1 z, 1—(=1)"
A2 A T
1 T
s— < 5% > n even
1 n 2 24
:.2-—<;—A+g>— (6.7.19)
1—<§”—g+%> n odd
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Comments:

Eq. (6.7.18) provides an alternative representation of the recursion in
terms of the fractional operator and is a key step in proving (6.7.19), the
principal result of the theorem and of this section and the key to finding the
sample moments. Analogous to the Sigma-Delta analysis, (6.7.19) shows
that when the input signals meet the assumed constraints, the quantization
error is a simple memoryless nonlinear function of the current input.

Proof:

Abbreviate (2, — n—1 — €n—1)/2A by ¥, so that (6.7.17) becomes

€n ( ) 1
oA X(Tn In 5
which we write as .
€n
—_— - 1- . 6.7.20
Consider the leftmost term in the brackets:
_Tn —ZTn-1 —€n-1 _. 6n
In+1= oA +1—2A+1
Theorem 6.7.1 then implies that
and hence
Yo+ 1 if7n+1<1'
<7"+1>={7,,+1—1=7,, ify,+1>1°
that is,

<n+1>= 7 = x(1)

which with (6.7.20) proves (6.7.18). Induction is used to prove (6.7.19).
The result for n = 0 follows by direct substitution (0 is considered even in
this result). Assume the result holds for a fixed n and hence

€ {%_<2£3’> if n even
2A 1, s L1
§-<ﬁ+'2_> 1fnodd

i—Zr+|2a] ifneven
(6.7.21)

—Z2 4 |Z2]  ifnodd

2O
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Using (6.7.4) and (6.7.21) yields

P 3+ %] ifneven
2—2—;— = (6.7.22)
Za + 1| if n odd
28 T2
and hence using (6.7.18)

1 Tn41 i‘n
€ =< —— T >
n+l = 3 2A  2A
{%_<%_%_L%J> if n even

1 n p ool :
-< P - |52 +3]> ifnodd.
Since n + 1 is odd (even) if n is even (odd) and since integers inside the
fractional operator can be removed without affecting its value, this becomes

%——<TT'X—‘+§> if n+ 1 odd
€ng1 = (6.7.23)
%—(%‘Aﬂ> if n+1even,

proving the theorem by induction.

We now apply the solution to the difference equation to the evaluation
of the moments of the binary quantizer noise (and hence also of the overall
analog-to-digital conversion noise).

As before, ¢, is given by

€n = Q(Bn) —en =&, — Ty,

and we wish to evaluate the following moments:

1 N-1
M{e,} = lim N;cn,
1 N-1
2V _ 1o 2
M{en}_N-l—vooN Cn)
n=0
and
N-1
rf(k)— lim '—zfnfn-l-k
n=0

To evaluate these moments we focus on an input of the form

2, = bn + a, (6.7.24)
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for fixed constants a and b, that is, a straight line input. In order to meet
the required constraints of (6.7.8) (and thereby avoid slope overload) we

require that
la| < 24; b < A. (6.7.25)

This input is a good model for the situation where z,, varies slowly. The
principal application in mind was mentioned in the first section: Suppose
that z,, is formed by oversampling a continuous waveform, that is, by sam-
pling at many times the Nyquist rate. In this case z, will vary slowly and
will look like straight lines for long periods of time.

In this example Theorem 6.7.2 implies that

en:l—<a+bn+2>= l—<a+(l+b)n>
2 2 2 2
and therefore if we define 8 =1/2+b
1 1=
M{en} =5~ lim ; <Bn+a>. (6.7.26)
and
M{J}:l—l lim 1Nz—:l<ﬁn+a>
" 4 2N—owo N =
1 N-1 \
+ hmoo-N—’;<ﬁn+a> : (6.7.27)

We consider two cases. If 8 is an irrational number, then we can invoke
Weyl’s theorem to conclude

n-1

1
. - n = YU, 7.2
Jim ~ Ze 0 (6.7.28)

and hence the sample mean of the error is indeed 0. Similarly with f(r) = 72

in (6.7.26) we have

N—oo

N-
A2
— = — 7.2
hm N E: T (6.7.29)

and hence the time average energy of the error sequence is also consistent
with the uniform marginal distribution assumption! Since this is also the
overall analog-to-digital conversion average distortion, this result supports
the use of the common white noise approximation even though the condi-
tions for that approximation are violated!
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To compare this result with the results for ordinary scalar uniform quan-
tization, observe that if we choose a scalar quantizer with a range of B, M
= 2R Jevels, where R is the rate, and with bin width A, = B/2F, the dis-
tance between the reproduction levels, equal to the bin width of the delta
modulator, 2A, then both schemes yield an average mean squared error of

Al

12°
The delta modulator, however, has rate 1 and the scalar quantizer must
have rate R = log(B/A), which can be much larger.

For completeness we show how to modify the analysis for a rational 3.
If 8 is a rational number, then it will have the form 8 = K/N in lowest
terms, that is, X and N share no common divisors other than 1. In this

case ) X
1
€, = '2-—' <a+ NTL > (6730)

is a periodic sequence with period N and hence

N-1

1
M{ie,} = TV—HE_O €n
N-~1
1 1 K
= 5 - N o <a + ']\771 > (6731)
and
1 N-1
M{}=5 > €
n=0
N-1 N-1
1 1 K 1 K
-~ -9 — — —n>2. 6.7.32
1 Nr§<a+Nn>+Nr§<a+Nn> (6.7.32)

Unlike the case of irrational 3, these sums strongly depend on the value
of a. Hence for convenience and to provide a comparison between the
rational and irrational cases, we assume here that a = 0. In this case
the sums can easily be evaluated by noting that the collection of values
<nK/N > n=0,1,...,N — 1 is just a reordered version of the values
< n/N > and hence

A °¢ 1 =
¥l SFUTF L

n=0 =0

o

=]

N -1

[ 3 Y

3
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and
N-1 N-1
1 K 2 1 ko, 1 1 1
N2 “WN"~ —Nrg(N) =37 2N T EN?
and therefore .
M{e,} = i (6.7.33)

9y 1 1

1\{{6”} = Ti + W
We have used the standard formulas for sums of the form ZZ=1 k and
S %—, k% in the above evaluation. Observe that these moments are not the
same as in the irrational case since there is an additional term depending
on the period. These results are asymptotically consistent, however, since if
we take a sequence of rational numbers converging to an irrational number,
then the period goes to infinity and the moments for the rational numbers
converge to those of the limiting irrational number. Thus, for example,
simulating randomly chosen continuous numbers on a digital computer will
with high probability produce a rational number with a large denominator
and a long period. Thus the irrational result provides a good approximation
for such rational numbers. It should be emphasized, however, that for any
given rational 3, the sample moments of the error are not exactly consistent
with the common uniform assumption. It is only in the limit of closely
approximating an irrational number that the uniform assumption is good.

(6.7.34)

Lastly we turn to the evaluation of the autocorrelation function of the
quantizer noise.
From Theorem 6.7.2 we can write the binary quantizer error sequence

as n

€n = g('2' + 25), (6.7.35)
where )

g(r)=g5-<r> (6.7.36)

is a memoryless nonlinearity. As in the Sigma-Delta analysis g(r) is a
periodic function with period 1 and hence has a Fourier series expansion

o

g(z)= Y gy’ (6.7.37)

l=-o00

where

gy = /01 deg(z)e™?™'". (6.7.38)
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In the case g(z) = 1/2— < z > this is

0 if1=0
{ —ob if1#£0. (6.7.39)

2ml

Using this expansion for €, and defining s, = 2, + n/2 we have

re(k) = M{enenyr} —M{<E e”’”’n) (Zg I)eﬂ"“wc)}

= Z Zg(z (M {3 (Esntlsnti)} (6.7.40)

if we assume as before that the various limits exist and can be interchanged.
This can be written in terms of the the sample joint characteristic function

N
1 o
k _ 2x(isp+isn _ 2n(ispn+isn
B (i, 1) = M{f2m0sntl3ntn)} = Jim 7\72:‘” ( +) (6.7.41)

N —oco
n=1

as

re(k) = ZZg HOLIQIN) (6.7.42)

To find the autocorrelation, we need to evaluate the joint characteristic

function <I>£k)(z', 1). This we now do for the special case of z,, as in (6.7.24)
with b (and hence # = b+ 1/2) irrational. We have that s, = a4+ fgn

N

1 . .
(k)(s . - 27 (i(a+Bn)+i(a+B(n+k)
o1, 1) = Jim = e (a+B(n+E))
n=1
N
= &7 Jim Z j2m((i+1)(a+6m))
. N .
= ¢l 2 (ks Jim NZ el 2m(i+)<atpn> (6.7.43)

Again using (6.7.29) this becomes

1
¥, 1) = 2180 [ ggeszeteie
0

jemlkB  ip g —
= {e ifs (6.7.44)

0 ifi+14£0
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and hence

re(k) = Zg([)g(_oejzﬂzkﬁ — Z 1G(1)[2e 2P

li i

1\*
:Z<m> eI 2mikD, (6.7.45)

The above formula (which is originally due to Iwersen [50]) has the form

re(k) = Y Sie™P, (6.7.46)

I=—o00

which is a generalized Fourier series (or Bohr-Fourier series) with spectral
coefficients

1

which is exactly the same as those found for Sigma-Delta modulation with
a dc input of (6.5.20). A moment’s reflection should show that this is
to be expected: A Sigma Delta modulator can be considered as a Delta
modulator with an integrator in front of it. Hence putting a dc signal
into a Sigma Delta modulator is equivalent to putting an integrated dc,
a ramp, into a Delta modulator. Hence either analysis could have been
used to arrive at the other. The cases were handled separately, however, to
demonstrate the tools. It should be emphasized, however, that there is an
important difference between the two cases. In the Delta modulation case
one immediately has the moments and spectrum of the overall analog-to-
digital conversion noise-they arre the same as the binary quantizer noise
moments and spectrum. In the Sigma-Delta case these must be derived.
To summarize the development for Delta modulation: The quantizer
and overall noises are not white, but the marginal moments of both agree
with that predicted by the white noise approximation, that is,
A2
M{(z, — £,)%} = M{e} = 5 (6.7.48)

Exercises

1. Work through the example described at the beginning of Section 6.4,
that is, a sinusoid with a random phase.
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2. Work through the second example described in Section 6.4, that is,
show that a iid uniform process into a uniform quantizer (with a
correctly chosen range) yields an iid uniform error sequence.

3. Consider the example of PCM with a dithering signal of Section 6.4,
but now suppose that the input u, is a constant, say u, = u. This
might be a reasonable approximation if the input is oversampled and
hence changes very slowly. Assume that the dithering signal wy, is an
iild white process is in Section 6.4. The decoder operates as follows:
For a fixed (large) N define

1 N-1
uN = 5 ';J q(u + wy).

Intuitively, the decoder will form reproduction levels at the original
sampling rate by summing up the previous N quantizer outputs and
scaling. Show that with probability one

lim lin — ul = 0
Jim iy —ul =0,

that is, dithering can actually decrease the quantizer error for this
special case of quantizing an unknown dc signal.

4. Prove (6.5.8) using induction.

5. Suppose that a delta modulator has a leaky integrator with pulse
response hy = a¥, k > 0. (The same integrator is used in both
encoder and decoder.) Does (6.7.4) still hold? What is the analogous
difference equation to (6.7.5)7

6. Derive the power spectrum of the Delta modulator quantization noise
given by (6.7.30), that is, for the case of a ramp input with a rational
slope.
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