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Abstract—We study probabilistic shaping for thermal noise-
limited direct-detection channels under both peak and average 
power constraints. We use the high-rate continuous approximation 
(HCA) to derive induced marginal densities and shaping gains 
under varying peak power constraints. The HCA analysis finds 
that the exact induced marginal density is well approximated by 
a truncated beta distribution or a truncated exponential distri-
bution for sufficiently long shaping block length N . We derive 
closed-form expressions for the shaping gain for finite N and finite 
peak-to-average (power) ratio (PAR) and show that shaping gains 
within 0.1 dB of the ultimate shaping gain can be achieved with 
N = 100 or a PAR as low as 4. We study shaping using finite, 
discrete constellations and find that a scaled geometric distribu-
tion obtained by sampling a truncated exponential distribution 
achieves a shaping gain within 0.22 dB of a numerically optimized 
distribution for modulation orders M = 4, 8, and 16 and varying 
constraints on the PAR. We also consider shaping for peak- and 
average-power-constrained direct-detection channels with limited 
extinction ratios. We find that the induced marginal density is still 
well approximated by a truncated beta distribution or a truncated 
exponential distribution and derive closed-form expressions for the 
shaping gain.

Index Terms—Direct detection, fiber optic communication, 
probabilistic shaping.

I. INTRODUCTION

DRAMATIC growth in cloud computing and Internet traffic
places increasing demands on the throughput and den-

sity of intra-data-center interconnects and free-space optical
links [1], [2]. Satisfying these demands requires improving
the optical and electrical energy efficiency of these systems.
These systems typically use standard direct detection, in which
information is encoded by modulating the transmitted optical
intensity and recovered by detecting the received intensity. We
use the term “standard direct detection” (SDD) to distinguish it
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from other direct detection-based methods, which can encode
and recover information using the absolute or differential phase
in the transmitted electric field [3].

SDD links are subject to constraints on average and peak trans-
mitted optical power. Average transmitted power constraints
arise because of nonlinear effects in optical fibers [4], [5] and
because of eye safety requirements [6], [7], [8]. Peak power con-
straints arise from limited laser power, limited power-handling
capabilities of modulators and fibers, and eye safety require-
ments [7], [8].

Probabilistic shaping (PS) offers one approach to improve
the optical energy efficiency of optical links. While PS has been
widely employed in commercial long-haul coherent links [9], it
is not yet commonly used in short-reach SDD links [10]. Several
key challenges have impeded the adoption of PS in SDD links.
SDD links are deployed in massive volumes, placing strict cost
and complexity constraints on these systems [1]. PS requires an
expansion of the peak-to-average (power) ratio (PAR), compli-
cating its implementation in these peak power-limited systems.
PS also requires an expansion of the constituent constellation
relative to a system without PS to achieve the same net bit
rate [11]. In addition, many SDD systems are subject to strict la-
tency requirements, reducing the applicability of PS, which can
require encoding over hundreds or thousands of symbols [12].

There has been considerable previous theoretical work on
the capacity and capacity-achieving input distribution for the
thermal noise-limited SDD channel. Asymptotically tight upper
and lower bounds were derived for the SDD channel capacity
under average power constraints only [13], [14] and under
both peak and average power constraints [15], [16], [17]. The
capacity-achieving input distribution for the SDD channel under
peak and average power constraints was proven to be finite and
discrete [18]. An exhaustive search algorithm to compute the
optimal discrete input distribution was presented in [7].

There has also been considerable previous work on design-
ing low-complexity discrete input distributions for the thermal
noise-limited SDD channel with only an average power con-
straint, only a peak power constraint, or both peak and average
power constraints. The Maxwell-Boltzmann (MB) distribution
was shown to outperform the geometric distribution under con-
straints on the average detected electrical power when using low-
order pulse amplitude modulation (PAM) constellations [19].
Shaping for the peak power-limited SDD channel was studied
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for the case of a modulation order M = 4 [20]. A review
paper studying PS for the thermal noise-limited SDD channel
using the MB distribution can be found in [21]. Most recent
works on shaping for the thermal noise-limited SDD channel
explicitly use the MB distribution or only consider peak power
constraints [22], [23], [24], [25], [26], [27].

We highlight two particularly notable and relevant contribu-
tions toward shaping for the thermal noise-limited peak- and
average-power-constrained (PAPC) SDD channel. One identi-
fies the exponential distribution as the maximum-entropy distri-
bution under these constraints and finds that the performance of
the numerically optimized input distribution can be approached
using a scaled geometric distribution with a properly chosen
modulation order [28]. The other uses the high-rate continuous
approximation (HCA) to study shaping for the PAPC SDD chan-
nel, derives the optimal bounding region for this channel, and
presents closed-form expressions for the volume and shaping
gain in the high-PAR regime [29].

In this paper, we use HCA [30] to study PS for thermal
noise-limited PAPC SDD links. HCA was first applied to ther-
mal noise-limited SDD channels under average optical power
constraints, which to the authors’ knowledge was the first work
on shaping for the SDD channel [31]. Our analysis extends the
results originally presented in [29] to arbitrary PAR. We find
that the induced marginal density is closely approximated by a
truncated beta distribution or truncated exponential distribution
in the transmitted intensity. We derive closed-form expressions
for the shaping gain for finite PS symbol encoding length (or
number of dimensions) N and PAR. Our HCA analysis shows
that shaping gains within 0.1 dB of the ultimate shaping gain
can be achieved while constraining the PAR and block length N
to not exceed 4 and 100, respectively. We also study shaping for
finite, discrete constellations, showing that a scaled geometric
distribution obtained by sampling a truncated exponential distri-
bution achieves an average shaping gain within 0.22 dB of that
achieved by the numerically optimized input distribution.

The remainder of this paper is organized as follows: Section II
introduces the thermal noise-limited SDD channel and defines
the average power and peak power constraints. Section III
presents the HCA analysis for the thermal noise-limited PAPC
SDD channel. Section IV presents shaping results for finite,
discrete input distributions. Section V concludes the paper.
Appendix A establishes that Jordan measurability of the shaping
region is a sufficient condition for ensuring the validity of the
shaping gain expressions obtained using HCA. Appendix B
studies HCA for the thermal noise-limited PAPC SDD channel
under finite extinction-ratio constraints.

II. PRELIMINARIES

In SDD, information is modulated onto and detected from the
intensity of the optical electric field. In the thermal noise-limited
regime, the dominant noise is signal-independent additive white
Gaussian noise (AWGN) that is added to the detected electrical
current [3]. The thermal noise-limited SDD channel is described
by

Y = I +N, I ≥ 0. (1)

The detected electrical currentY is proportional to the sum of the
received signal intensity I and AWGN N ∼ N (0, σ2

th), which is
independent of the transmitted intensity I . We parameterize the
average optical power by a thermal noise-limited signal-to-noise
ratio (SNR), SNR(th), which is defined as

SNR(th) = (E[I])2 /σ2
th. (2)

Let P̄ and A be upper bounds on the average and peak optical
powers, respectively. The average optical power constraint is
equivalent to a constraint on the expected value of I and is
expressed as by E[I] ≤ P̄ . The peak optical power constraint
is given by sup {I} ≤ A, where I denotes the support of I .
Note that the nonnegativity constraint on I requires that every
element in I be nonnegative.

We note that the discrete-time channel model in (1) is tacitly
derived from an underlying continuous-time channel using a
specified set of basis functions. Owing to the non-existence
of nonnegative minimum-bandwidth root-Nyquist pulses [29],
the design of the basis function must strike a balance between
bandwidth efficiency, transmission rate, and intersymbol inter-
ference. In practice, a common choice for the basis functions are
nonoverlapping rectangular pulses, which are not band-limited
but are free from intersymbol interference. The discrete-time
channel model in (1) assumes any residual intersymbol interfer-
ence is negligible.

A. High-Rate Continuous Approximation

HCA is an approach to PS that approximates the input con-
stellation by a dense high-dimensional coset code [30]. We refer
the reader to [3] for a comprehensive tutorial on the subject. In
this paper, we provide only a very brief overview of the essential
concepts of HCA.

A coset code is constructed by intersecting a translate of a
lattice with a high-dimensional bounding region. HCA presumes
that sufficiently dense high-dimensional coset codes can be well-
approximated by continua of uniform density over bounding
regions [3], [30], [32]. HCA transforms the problem of comput-
ing the optimal input distribution to designing bounding regions
with certain specified properties in a set of natural coordinates
for the channel. Some examples of specified properties include
minimum average power or minimum peak power. The induced
marginal density is obtained by marginalizing the uniform den-
sity over the bounding region onto one or several dimensions.

The thermal noise-limited SDD channel under average optical
power constraints was first studied in [31]. The natural coordi-
nates for the thermal noise-limited SDD channel are electric
field intensities. An optimal bounding region minimizes the
average power of the interior points subject to a constraint on
the volume and is given by an N -simplex with maximum power
P . The resulting induced marginal density using the minimum
average power bounding region is an exponential distribution in
the transmitted intensity.

A reference bounding region is used to compute the shaping
gain compared to uniform signaling [31]. The reference bound-
ing region is defined as a hypercube in the natural coordinates
with maximum L∞-norm A. However, the reference bounding
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region can also be viewed as a bounding region that minimizes
the peak power subject to constraints on the bounding region
volume.

In HCA, the shaping gain is defined as the reduction factor
of the average optical power of the optimal bounding region
relative to the reference bounding region [3]. In Section III, we
derive analytical expressions for the shaping gain as functions
of N and PAR. The analytical expressions yield estimates of the
shaping gain in the limit of dense constellations and high SNR.
In Section IV, we present shaping gains using numerical simu-
lations and finite constellations. For the numerical simulations,
the shaping gain (in dB) at a target mutual information (MI) is
half the difference in SNR(th) (in dB) required by a uniform input
distribution and an optimized input distribution. This factor of
1/2 is required because shaping gains are stated in terms of
average optical power.

The shaping gain expressions obtained using HCA in Sec-
tion III require that sufficiently dense coset codes obtained using
an optimized bounding region and a reference bounding re-
gion have approximately equal average error probabilities [30].
In [32], it was shown that this property holds when the optimized
bounding region is spherical. In Appendix A, we show that for
channels with only AWGN, the average error probabilities for
sufficiently dense coset codes obtained by the intersection of
a fixed coset with Jordan-measurable bounding regions are ap-
proximately equal. All bounding regions considered in this paper
are Jordan-measurable, ensuring the validity of our shaping gain
expressions.

III. SHAPING WITH PEAK AND AVERAGE POWER

CONSTRAINTS

A bounding region can be constructed to minimize the aver-
age optical power of the contained signal points subject to an
additional peak power constraint. In particular, the intersection
of the minimum average optical power bounding region and
the minimum peak optical power bounding region encloses the
set of N -D signal points with minimum average optical power
subject to a peak power constraint. The PAPC bounding region is
optimal in the sense that no other bounding region of the same
volume can have a lower average power while also satisfying
the peak symbol power constraint A. This construction was first
proposed for the thermal noise-limited SDD channel in [29, Sec.
IV], where closed-form expressions for the volume, average
power, and shaping gain are provided in the regime in which
A ∈ [P/2, P ].

In this section, we generalize the results from [29]. Specif-
ically, we compute closed-form expressions for the volume of
the PAPC bounding region for arbitrary P and A. We subse-
quently use the resulting volume expression to derive the induced
marginal density and shaping gain for arbitrary N and PAR. We
separately consider shaping for PAPC SDD channel with an
additional finite extinction ratio constraint in Appendix B.

1) Bounding Region: Let I = [I1, I2, . . . , IN ]T ∈ R
N
+ be a

real nonnegative N -D vector of signal intensities in N disjoint
symbol intervals. The total optical power of I is ‖I‖ and the
optical power of the ith subsymbol is Ii. Let P be the an upper

bound on the total optical power and A be the peak power
constraint on all subsymbols. The PAPC bounding region with
constraints A and P is given by

R(N,P,A) = A · [0, 1]N ∩ P · SN , (3)

where [0, 1]N is the hypercube with unit side length and SN =
{(x1, . . . , xn) ∈ R

N
+ : x1 + · · ·+ xN ≤ 1} is the N -simplex.

The bounding regions A · [0, 1]N and P · SN are the refer-
ence and optimal bounding regions for the average-power-
constrained SDD channel [31], respectively. The corresponding
volumes for the reference and optimal bounding regions are

V (P · SN ) =
PN

N !
(4)

and

V (A · [0, 1]N) = AN , (5)

respectively. R(N,P,A) can be interpreted as the set of points
that are common to both A · [0, 1]N and P · SN .

2) Volume Derivation: The volume of the PAPC bounding
region can be derived from the Irwin-Hall distribution [33]. Let
{X1, X2, . . . , XN} be independent uniform random variables
with support over [0, A] and let Z = X1 + · · ·+XN . The CDF
of Z is an Irwin-Hall distribution and is given by

Pr[Z ≤ P ] =

N∑
k=0

(−1)k
(
N

k

)(
P

A
− k

)N

+

(6)

=
PN/N !

AN

N∑
k=0

(−1)k
(
N

k

)(
1− k

A

P

)N

+

,

P ∈ [0, NA]. (7)

The fraction of the volume of the hypercube [0, A]N with L1-
norm at mostP is exactly equal toPr[Z ≤ P ]. We scalePr[Z ≤
P ] by AN to achieve the correct volume, yielding

V(N,P,A) =
PN

N !
κ(N,A/P ), A ∈ [P/N,P ], (8)

where

κ(N,A/P ) =

(
N∑

k=0

(−1)k
(
N

k

)(
1− k

A

P

)N

+

)
. (9)

Note from (4) that PN/N ! is the volume of P · SN , indicating
that κ(N,A/P ) can be interpreted as the factor of volume de-
crease due to the peak power constraint. An alternative derivation
directly computing the volume from the intersection between an
N -cube and N -simplex is given in [34].

3) Induced Marginal Density: To compute the induced
marginal density, we first introduce the following alternative
parameterization for the ratio A/P :

A

P
=

α

N
, α ∈ [1, N ]. (10)

The restriction α ∈ [1, N ] ensures that R(N,P,A) is a hy-
percube or N -simplex in the limits when α = 1 or α = N ,
respectively. Examining the effect of (10) on (9), we see that

Authorized licensed use limited to: Stanford University Libraries. Downloaded on November 16,2025 at 20:16:55 UTC from IEEE Xplore.  Restrictions apply. 



LIANG et al.: PROBABILISTIC SHAPING FOR THERMAL NOISE-LIMITED DIRECT-DETECTION CHANNELS 9973

Fig. 1. Optimal bounding region for the thermal noise-limited PAPC SDD
channel with constraints P and A and N = 2. R(N,P,A) from (3) is depicted
by the shaded region.

α controls the number of nonzero terms in the summation. In
Section III-3 below, we show thatα is closely related to the PAR.

The induced marginal density can be computed by marginal-
izing over R(N,A, P ) on the basic dimension I . The induced
marginal density on I is proportional to

fI(i;N,P,A) ∝ V (N − 1, P − i, A)

∝ V (N − 1, P − i, A)

PN−1/(N − 1)!

=

(
1− i

P

)N−1

κ

(
N − 1,

A

P − i

)
,

i ∈ [0, A]. (11)

Using (10), we can remove the explicit dependence of I on P .
Substituting (10) into (11), we get

fI(i;N,A, α) ∝
(
1− i

α

NA

)N−1

κ

(
N − 1,

α

N − iα/A

)
(12)

≈ exp

(
−α

i

A

)
κ

(
N − 1,

α

N − iα/A

)
,

i ∈ [0, A], (13)

where the approximation holds for large N . (12) is a product of
two factors. The first factor (1− i α

NA )N−1 is proportional to a
truncated beta distribution. The second factor κ(N − 1, α

N−i/A )
is a correction factor that modifies the truncated beta distribution.
The first factor in (13) is proportional to a truncated exponential
distribution.

Despite the additional correction factor, (12) is well approxi-
mated by the truncated beta distribution and truncated exponen-
tial distribution for sufficiently high N . Fig. 2 shows the exact
marginal density vs. i/P̄ for (a) N = 10 and (b) N = 50 for
varying PAR constraints, where P̄ is the average optical power
of the exact induced marginal distribution. The dashed lines and
dotted lines indicate, respectively, the probability densities for
truncated beta distribution and exponential distribution with the
same PAR as the identically colored exact marginal density.

Fig. 2. The exact induced marginal density for the optimal bounding region
vs. i/P̄ for (a) N = 10 and (b) N = 50 for varying PAR constraints. The
PAR can be varied by adjusting the parameter α. The dotted and dashed lines
are, respectively, probability density functions for a truncated (trunc.) beta
distribution (dist.) and a truncated exponential distribution with the same PAR
as the identically colored exact induced marginal density.

In Fig. 2(a), there is a visible difference between the exact
marginal distribution and both the truncated beta and exponen-
tial distributions for all PAR > 2. However, the truncated beta
distribution provides a closer fit than the truncated exponential
distribution for all PAR > 2. Fig. 2(b) shows the truncated beta
and truncated exponential distributions provide closer fits to
the exact marginal density for N = 50 than at N = 10, and
the closeness of the fits improves as N increases. Again, the
truncated beta distribution provides a better fit than the truncated
exponential distribution for all PAR > 2.

4) Average Power Computation: Note that (12) contains two
instances of i/A and has support over [0, A]. It can be useful to
transform the induced marginal density so that it has support over
[0,1]. Let U = I/A. The induced marginal density in terms of
U is

fU (u;N,α) ∝ A
(
1− u

α

N

)N−1

κ

(
N − 1,

α

N − αu

)

∝
(
1− u

α

N

)N−1

κ

(
N − 1,

α

N − αu

)
(14)

≈ exp (−αu)κ

(
N − 1,

α

N − αu

)
, u ∈ [0, 1].

(15)

The approximation in (15) holds for large N . Note that after
the linear transformation from I to U , the PDF of U is only
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a function of N and α and has support over [0,1]. Therefore,
in contrast with the marginal density in (12), the normalized
marginal density in (14) is not a function of P or A directly but
depends on P or A only through α.

We can use (14) to compute the average power of the induced
marginal density. Let P̄ (N,A, α) be the average power of the
induced 1-D distribution. Note that the average power of I is
related to U by E[I] = A · E[U ], yielding

P̄ (N,A, α) = A · E[U ]. (16)

E[U ] can be computed numerically and only depends on N and
α. It follows directly from (16) that the PAR of the exact marginal
distribution is given by 1/E[U ] and is therefore only a function
of N and α.

We use the simple analytic form of the truncated beta dis-
tribution to obtain an approximation to the average optical
power of the exact induced marginal distribution in (16). Let
X ∼ Beta(1, N) be a Beta distribution whose support has been
modified from [0,1] to [0, P ]. Suppose X1 is obtained by trun-
cating X to have support over [0, A]. Substituting in P = AN

α ,
the PDF of X1 is

fX1
(x;N,A, α) =

α

A

(
1− x α

AN

)N−1

1− (1− α
N

)N , x ∈ [0, A]. (17)

The average optical power of X1 is

P̄ (X1) = E[X1] =
A

α

N

N + 1

1− (1 + α)
(
1− α

N

)N
1− (1− α

N

)N . (18)

Notice from (18) that the PAR ofX1, PAR(X1) = A/P̄ (X1),
only depends on N and α. Similarly, recall from (16) that the
PAR of the exact marginal distribution is also only a function
of N and A. This enables us to study the PAR of both the
exact marginal distribution and truncated beta distribution only
as functions of N and α.

Fig. 3 shows (a) P̄ /A vs. α and (b) PAR vs. α for the
exact marginal density from (12) and for the truncated beta
distribution from (17) for varying values of α ∈ [1, 10] and
N ∈ {10, 25, 50}. The exact power is computed using (16) and
the power of the truncated beta distribution is computed using
(18). A reference dashed line showingα = PAR is also included.
For values of α < 2, PAR→ 2 as N increases. For values of
α > 2, PAR→ α as N increases. We can see from the numerical
simulation that for large N ,

lim
N→∞

PAR(N,α) ≈ max {2, α} , α ≥ 1. (19)

In Fig. 2, the truncated beta distribution and the truncated
exponential distributions provide relatively close fits to the exact
marginal distribution for all PARs studied. In Fig. 3, however, the
PAR for the exact marginal distribution differs from the truncated
beta distribution for low values ofα. This seeming contradiction
is resolved by noting the exact marginal and truncated beta
distributions are constructed to achieve the same PAR in Fig. 2.
In Fig. 3, by contrast, the exact marginal and truncated beta
distributions are constructed according to the same geometric
parameter α, which may not necessarily result in the same PAR.

Fig. 3. P̄ /A (a) and peak-to-average (power) ratio (PAR) (b) vs. α for various
values of N . The ordinates of (a) and (b) are inverses of each other. The exact
marginal distribution (dist.) and truncated (trunc.) beta distribution are specified
by the solid and dotted lines, respectively. The dashed line depicts PAR= α and
is provided as a reference.

For values of α less than approximately 4, the truncated beta
distribution has a noticeably lower average power than the ex-
act marginal distribution. This difference becomes increasingly
small for α > 4.

5) Shaping Gains: We use HCA to a compute closed-form
expression for the shaping gain as a function ofN and PAR. This
follows directly from analytical expressions for rate loss and
average powers as functions of N and PAR. Using the volumes
in (5) and (8) and the average power in (16), we obtain the
following expression for the shaping gain in terms of N and α:

γ(N,α) =
N

2αE[U ]

(
κ(N,α/N)

N !

)1/N

. (20)

Equation (20) enables computation of the shaping gain in terms
of only N and α, as U only depends on N and α. Note that by
sweeping α, we can indirectly determine the PAR as described
in (19). In all of the following results, we use the exact PAR.

Fig. 4 shows the shaping gain vs. PAR for various values
of N using (20). The top solid line is the shaping gain com-
puted by solving the maximum-entropy optimization problem
given in [31]. The top dashed line is the ultimate shaping gain
of 10 log10(e/2), which was originally computed in [31] and
included as a reference. In contrast with the solution given
by solving the maximum-entropy optimization problem, HCA
yields a semi-analytic derivation for the shaping gain that is
parameterized by both N and α . For example, a shaping gain
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Fig. 4. Shaping gain vs. peak-to-average (power) ratio for various values ofN .
Maximum entropy is obtained by solving the optimization problem in [31]. The
ultimate shaping gain of 10 log10(e/2) ≈ 1.33 dB is provided as a reference.

of approximately 1 dB can be achieved using N = 25 and
PAR = 4.

In general, the shaping gain increases with both N and PAR.
Shaping gains within 0.10 dB and 0.02 dB of the ultimate
shaping gain are achieved with PAR values of 4 and 6, respec-
tively. In addition, shaping gains within 0.49 dB and 0.10 dB
of the ultimate shaping gain can be achieved using N = 10 and
N = 100, respectively, with no restriction on PAR.

IV. CODED MODULATION WITH FINITE CONSTELLATIONS

HCA can be used to derive closed-form continuous approx-
imations to the optimal input distribution and the shaping gain
at high SNR. However, finite and discrete constellations must
be used in practice. In this section, we compute the coded
modulation (CM) capacity for the thermal noise-limited PAPC
SDD channel. We first discuss the methodology for computing
the optimal discrete input distribution and truncated exponential
distribution subject to constraints on the peak power and aver-
age power. We then compare the numerically optimized input
distribution to the scaled geometric distribution for PAR ≥ 2
and show that the scaled geometric distribution achieves shaping
gains within 0.22 dB of the numerically optimized shaping gains
for modulation orders M = 4, 8, 16.

A. Coded Modulation Capacity

The coded modulation capacity is the applicable definition for
the channel capacity when finite, discrete, and uniformly spaced1

constellations are used [35]. The coded modulation capacity for

1For simplicity, we follow the convention from [35] where uniformly spaced
constellations are assumed. It is possible to use a more general notion of coded
modulation capacity which does not assume uniformly spaced constellations.

the PAPC thermal noise-limited SDD channel is

C
(SD)
CM

(
SNR(th),PAR,M

)
� max

σth, PI(i) :
(E[I])2

σ2
th

≤ SNR(th)

max(I)
E[I] ≤ PAR

I(I, Y ),

(21)
where M is the modulation order, I(I, Y ) is the MI, I > 0 is
the transmitted intensity, I is a given set of input intensities,
and PI(i) is the probability mass function (PMF) over I. An
equivalent description of coded modulation capacity optimizes
over the spacing between signal points in I instead of the noise
variance σ2

th [35].
The PAR constraint in (21) requires that E[I] ≥

max {I}/PAR, which places a lower bound on E[I] that is
independent of σth. The noise standard deviation σth effectively
parameterizes E[I], so the PAR constraint places a lower bound

on σth, i.e., σ2
th ≥ (max {I})2

(PAR)2·SNR(th) .
We numerically estimate MI for three different input dis-

tributions: the optimal input distribution computed using the
Blahut-Arimoto (BA) algorithm [36], [37], the scaled geometric
distribution, and the discrete uniform distribution. We note that
the discrete uniform distribution is a special case of the scaled
geometric distribution with a shape parameter equal to zero.

The optimal input PMF can be computed using the BA algo-
rithm by optimizing over σ2

th ≥ max {(I})2
(PAR)2·SNR(th) . For lower values

of SNR(th) and PAR > 2, the optimized value of σ2
th is very close

to the lower bound specified above. For sufficiently high SNR(th)

and PAR > 2, the lower bound is loose.
The probability density function (PDF) for the truncated

exponential distribution with maximum power constraint A and
shaping parameter β is

fI(i;β,A) =
β

1− exp (−βA)
exp (−βi) , i ∈ [0, A]. (22)

The average power for the continuous truncated exponential
distribution is 1

β −A exp(−βA)
1−exp(−βA) . For a fixed peak power A,

the average power of the continuous truncated exponential dis-
tribution can be controlled using β.

The scaled geometric distribution is the discrete version of
the exponential distribution. The scaled geometric distribution
with modulation order M and peak power A is obtained by
sampling and normalizing M points from (22) uniformly over
[0, A]. Due to Jensen’s inequality, the average power of the scaled
geometric distribution is lower-bounded by the average power
of the exponential distribution. In practice, the average power
desired for scaled geometric distribution can be obtained by
choosing a slightly smaller value of β than for the exponential
distribution.

We note that fI(i;β,A) ∝ fI(i;β,∞) over [0, A]. Therefore,
sampling and normalizing from an exponential distribution with
support from [0,∞] will result in the same PMF as sampling
from (22). To obtain a scaled geometric PMF with the desired
PAR, we first fix A and then compute the β required to achieve
the target PAR. We then scale σth to achieve the SNR(th) con-
straint.

Authorized licensed use limited to: Stanford University Libraries. Downloaded on November 16,2025 at 20:16:55 UTC from IEEE Xplore.  Restrictions apply. 



9976 JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 43, NO. 22, NOVEMBER 15, 2025

Fig. 5. Mutual information (bits/symbol) vs. SNR(th) forM = 64 and varying
values for the peak-to-average (power) ratio (PAR). The optimal input distribu-
tion is computed using the Blahut-Arimoto method and is jointly optimized
with the thermal noise variance. The scale and shape parameters of the scaled
geometric distribution are jointly optimized to maximize mutual information
subject to the PAR constraint. For PAR = 2, the scaled geometric distribution
is identical to the uniform distribution, so only a single dotted line is included.

The PAR for the discrete uniform distribution is 2, which is
the minimum PAR that we consider in this paper. Therefore, the
PAR constraint does not affect the uniform distribution. Because
I andM are fixed, we can estimate the achievable rate at SNR(th)

under uniform signaling by choosing the σth that satisfies σ2
th =

(E[I])2

SNR(th) . We note that the uniform distribution can be seen as a
special case of the truncated exponential distribution withβ = 0.

B. Varying Peak-to-Average (Power) Ratio Constraints

The HCA derivation for the thermal noise-limited PAPC SDD
channel is approximated by the truncated exponential distribu-
tion. In this section, we study shaping using the scaled geometric
distribution for PAR = 3, 4,∞. We first study the shaping gain
using M = 64 and show that the closed-form expression for
shaping gain closely predicts the empirical shaping gain under
various PAR constraints. We then study shaping for more practi-
cal modulation orders of M = 4, 8, 16 and show that the scaled
geometric distribution achieves shaping gains within 0.22 dB of
the optimal shaping gains across all M and PAR values studied.

1) Shaping for Higher Modulation Order: In this section,
we provide numerical analysis to verify the analytical results de-
rived in Section III. Modulation orders of M = 64 or greater are
generally sufficient to verify the shaping gains provided by HCA
for direct-detection systems under average power constraints [3].

Fig. 5 shows MI vs. SNR(th) for PAR = 2, 3, 4, and∞ and
modulation orderM = 64. The solid lines indicate that the input
distribution was designed using the Blahut-Arimoto algorithm
and is jointly optimized with σ2

th as described in Section IV-A.
The dashed lines indicate that the input distribution is a scaled

TABLE I
SHAPING GAINS AT MUTUAL INFORMATION = 4 BITS/SYMBOL FROM FIG. 5

geometric distribution with optimized values for β and σth.
For PAR = 2, the scaled geometric distribution reduces to the
discrete uniform distribution and is indicated by the dotted line.
The inset plot provides a closer view of the shaping gains near
MI = 4 bits/symbol.

Table I lists the shaping gains at 4 bits/symbol for the optimal
distribution and the scaled geometric distribution, and the an-
alytical shaping gains for M = 64 and PAR = 2, 3, 4, and∞.
The shaping gains correspond to the differences in the average
optical power required to achieve MI = 4 bits/symbol in the
inset plot of Fig. 5. The analytical shaping gain is computed
from (20) and is depicted in Fig. 4.

The empirical shaping gains obtained by the optimal input
distributions for PAR = 2, 3, 4, and∞ are 0.09 dB to 0.13 dB
larger than the analytically derived shaping gains. Similarly,
the empirical shaping gains obtained by the scaled geometric
distribution PAR = 3, 4, and∞ are 0.03 dB to 0.06 dB larger
than the analytically derived shaping gains.

The shaping gain relative to uniform signaling generally
decreases as SNR(th) increases over the range of SNR(th) stud-
ied. This is a feature generally observed among many direct-
detection receivers in optical communications [3]. The decrease
in shaping gain is in contrast with standard coherent detection,
where the shaping gain increases with both modulation order and
SNR. Therefore, for largerM and higher SNR(th), we expect the
shaping gain differences observed in Table I to decrease, as is
the case in the average power-constrained thermal noise-limited
SDD channel [3].

2) Shaping for Lower Modulation Order: We now consider
shaping for modulation orders M = 4, 8, and 16. This study is
motivated, in part, because lower-order modulation orders are
commonly used in short-reach optical links [10], [38].

Fig. 6 shows MI vs. SNR(th) for M = 4, 8, and 16. For each
modulation order and from top to bottom, PAR is varied from∞
to 2 in descending order. Solid lines and dashed lines indicate
the optimal input distribution and scaled geometric input dis-
tribution, respectively, which are computed using the methods
described in Section IV-A. The dotted line indicates the uniform
distribution, which is a special case of the scaled geometric
distribution with PAR = 2. (a), (b), and (c) use the optimal
M from the sets {2, 3, 4}, {2, 3, 4, 6, 8}, and {2, 3, 4, 6, 8, 16},
respectively.

Table II shows the average shaping gain forM = 4, 8, and 16
and PAR = 2, 3, 4, and∞ for the data shown in Fig. 6. The
average shaping gain for each input distribution type, M , and
PAR collection is defined as half the average difference in
SNR(th) between the optimized input distribution and uniform
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Fig. 6. Mututal information (MI) vs SNR(th) for (a) M = 4, (b) M = 8,
and (c) M = 16. From top to bottom, the color indicates the peak-to-average
(power) ratio (PAR) constraint. The solid lines indicate that the input distribution
is computed using the Blahut-Arimoto algorithm and jointly optimized with
the noise variance. The dash-dotted lines indicate that a scaled geometric input
distribution with an optimized shape parameter is used. The dotted line indicates
that the uniform input distribution is used.

signaling over a specific SNR(th) interval. For a fixed input dis-
tribution type, M , and PAR, the average difference is computed
over the interval SNR(th) ∈ [0,K] dB, where K is the SNR(th)

required to achieve MI = 2/3 log2(M). In the third and fourth
columns, the optimal input distribution and scaled geometric
input distribution are used, respectively. The fifth column is the
difference in average shaping gain between the optimal input
distribution and scaled geometric input distribution.

The scaled geometric distribution achieves an average shaping
gain within 0.22 dB of the highest value obtained for all values
ofM and PAR values studied. This corresponds to shaping gains
within 0.10 dB, 0.21 dB, and 0.22 dB of the numerically opti-
mized average shaping gain for M = 4, M = 8, and M = 16,
respectively.

TABLE II
AVERAGE SHAPING GAINS FOR M = 4, 8, AND 16 FROM FIG. 6

For each fixed M , we generally observe that the absolute
difference in shaping gain increases as PAR decreases from∞ to
2. The absolute difference in shaping gain is largest for PAR = 2
for each M studied. We note that when PAR = 2, the scaled
geometric distribution is equivalent to the uniform distribution.
We also note that for a fixed PAR, the absolute difference in
shaping gain tends to increase as M increases.

V. CONCLUSION

We studied PS for the thermal noise-limited PAPC SDD
channel using HCA. We derived closed-form expressions for the
shaping gain at arbitraryN and PAR and showed that the induced
marginal density is well approximated by the truncated beta
distribution or the truncated exponential distribution for suffi-
ciently highN . We also considered shaping using finite, discrete
constellations for the thermal noise-limited PAPC SD channel.
We showed that the scaled geometric distribution achieves an
average shaping gain within 0.22 dB of the numerically opti-
mized distribution over a wide range of PAR and M . We used
HCA to derive closed-form expressions for the induced marginal
density and shaping gain for the thermal noise-limited PAPC SD
channel with finite extinction ratio.

APPENDIX A
THE CONTINUOUS APPROXIMATION AND JORDAN MEASURE

Given a fixed dimension N , scale factor c, a coset Λ,
and a Jordan-measurable support region D, we are concerned
with computing the average error probability of a coset code
C(cΛ,D) := cΛ ∩ D. For sake of simplicity, we further assume
Λ is a lattice with unit covering radius so that cΛ has covering
radius c. Note that the error probability is independent of con-
stant shifts of the lattice points under signal-independent additive
white Gaussian noise (AWGN). Let y be a signal point from
C(cΛ,D) and letΠ(y) = {x : argminz∈C(cΛ,D) ‖z − x‖2 = y}
be the Voronoi region for y. Under AWGN, the conditional error
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probabilities of two signal points fromC(cΛ,D) are equal if their
Voronoi regions are congruent.

Tarokh et al. [32] showed that for a spherical bounding region,
the fraction of signal points from C(cΛ,D) whose Voronoi
regions are not mutually congruent approaches zero as c → 0.
The authors further remark that this property also holds for
squares and any “sufficiently well-behaved support region”. In
this Appendix, we further quantify the concept of a “sufficiently
well-behaved” support region. Specifically, we prove that the
desired property holds for any bounded Jordan-measurable sup-
port region D.

We first establish some definitions. Let ∂D be the boundary
of D. Let us define ∂Dε as the set of points that is ε near ∂D.
Analytically, ∂Dε is given by

∂Dε := {x : ‖x− v‖2 ≤ ε for some v ∈ ∂D}. (23)

We note that ∂Dε �⊂ D, i.e., that ∂Dε contains points not in D.
We define the near-boundary points as ∂D2c ∩ C(cΛ,D). The
interior points are similarly given by (D\∂D2c) ∩ C(cΛ,D). For
concreteness, we assume that the zero point is an interior point
with respect toDwith Voronoi regionΠ. Under this assumption,
all interior points have Voronoi regions that are congruent to Π
[32]. The Voronoi regions for the near-boundary points may not
be congruent toΠ. LetM1 andM2 denote the number of interior
points and near-boundary points, respectively.

In the following, we show that for a fixed dimension N , a
Jordan-measurable set D, and scaled lattice cΛ, it holds that

|{y ∈ C(cΛ,D) : Π(y) �⊂ D}|
|C(cΛ,D)| → 0 as c → 0. (24)

Note that increasing the rate is equivalent to decreasing the
covering radius c [32].

First, observe that V(∂Dε) → 0 as ε → 0. This holds because
∂D is the limit of the sequence {∂D 1

n
}, n = 1, 2, . . . . Since D is

Jordan-measurable, it has a measure-zero boundary (V(∂D) =
0) [39]. Thus

lim
ε→0

V(∂Dε) = V
(
lim
ε→0

∂Dε

)
= V(∂D)
= 0.

Next, we bound the ratio of the number near-boundary points to
total number of lattice points:

M2 ≤ V((∂D3c ∩ D) ∪ ∂Dc)

V(Π)
,

M1 +M2 ≥ V(D)− V(∂Dc ∩ D)

V(Π)
.

The first inequality follows from the fact that⋃
y∈∂D2c ∩C(cΛ,D)(y +Π) ⊆ (∂D3c ∩ D) ∪ ∂Dc. The second

inequality follows similarly from the fact that D\∂Dc ⊆⋃
y∈C(cΛ,D)(y +Π). Combining these two inequalities, we get

M2

M1 +M2
≤ V((∂D3c ∩ D) ∪ ∂Dc)

V(D)− V(∂Dc ∩ D)
.

With the construction above, we obtain

M2

M1 +M2
≤ V((∂D3c ∩ D) ∪ ∂Dc)

V(D)− V(∂Dc ∩ D)

≤ V(∂D3c)

V(D)− V(∂Dc ∩ D)

→ 0 as c → 0
(
lim
c→0

V(∂D3c) = 0
)
.

Hence, as desired we have

lim
c→0

M2

M1 +M2
= 0. (25)

APPENDIX B
SHAPING WITH FINITE EXTINCTION RATIO

The HCA derivation presented in Section III uses the bound-
ing region in (3). This bounding region presumes that constella-
tion points with one or more coordinates with exactly zero power
can be transmitted. In practice, however, most direct-detection
optical links have limited extinction ratio, precluding the modu-
lation of constellation points with coordinates that have precisely
or nearly zero power.

In this appendix, we use HCA to analyze the thermal noise-
limited PAPC SD channel with additional finite extinction-ratio
constraints. We derive the optimal bounding region that mini-
mizes the average optical power subject to the PAPC and finite
extinction-ratio constraints. We then derive closed-form expres-
sions for the resulting induced marginal density and shaping
gain. Note that a tilde symbol is used to distinguish the notation
in Appendix B from that in Section III.

1) Optimal Bounding Region: The extinction ratio rex ≥ 1 is
defined as the ratio of the maximum transmitted optical power
and the minimum transmitted optical power. The minimum
transmitted power in any time interval is A/rex. The optimal
bounding region for the average power-constrained thermal
noise-limited SDD channel subject to both peak-power and
extinction-ratio constraints is given by

R̃ (N,P,A, rex) = A · [1/rex, 1] ∩ P · SN . (26)

The bounding region in (26) can be written in terms of a shifted
version of the PAPC bounding region in (3):

R̃ (N,P,A, rex)

= R
(
N,P −N

A

rex
, A

(
1− 1

rex

))
+ 1

A

rex
. (27)

The bounding region from (26) is illustrated by the shaded region
in Fig. 7.

2) Induced Marginal Density: From (27), we can see that
the bounding region R̃(N,P,A, rex) is nearly equivalent to the
bounding region without an extinction-ratio constraint, but with
three differences. The total optical power constraint P is de-
creased to P −N A

rex
and peak-power constraint A is decreased

toA(1− 1
rex

). Lastly, the bounding region is shifted by the vector

1 A
rex

. Because shifting by 1 A
rex

does not change the enclosed
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Fig. 7. Optimal bounding region for the thermal noise-limited PAPC SDD
channel with constraints P , A, and rex and N = 2. R̃(N,P,A, rex) from
(26) is depicted by the shaded region.

volume, we have

Ṽ (N,P,A, rex) = V
(
N,P −N

A

rex
, A

(
1− 1

rex

))
. (28)

The exact induced marginal density with limited rex can be
computed using (28) in a similar method to the derivation in
Section III-3. The resulting induced marginal distribution is

fĨ(i;N,A, α, rex)

∝
(
1− α

rex
− α

N

(
i

A
− 1

rex

))N−1

· κ
⎛
⎝N − 1,

α
(
1− 1

rex

)
N
(
1− α

rex

)
− α

(
i
A − 1

rex

)
⎞
⎠ ,

i ∈
[
A

rex
, A

]
. (29)

Similar to the derivation for (14), we can compute a normalized
input distribution using Ũ = Ĩ/A. The induced marginal density
is given by

fŨ (u;N,α, rex)

∝
(
1− α

rex
− α

N

(
u− 1

rex

))N−1

· κ
⎛
⎝N − 1,

α
(
1− 1

rex

)
N
(
1− α

rex

)
− α

(
u− 1

rex

)
⎞
⎠ ,

u ∈
[
1

rex
, 1

]
. (30)

Equation (30) does not depend on A or P directly, but only
indirectly throughα. The average power of the induced marginal
density is given by

¯̃P (N,A, α, rex) = E[Ĩ] = A · E[Ũ ], (31)

where the PDFs of Ĩ and Ũ are defined in (29) and (30),
respectively. (31) can be computed by integrating (30).

3) Shaping Gain: Using the volumes in (5) and (28) and the
average power in (31), we obtain the following expression for

the shaping gain:

γ̃(N,α, rex) =
N
(
1− α

rex

)
2αE[Ũ ]

⎛
⎜⎝κ

(
N, α

N

(
1− 1

rex
1− α

rex

))
N !

⎞
⎟⎠

1/N

.

(32)

Note that (32) reduces to (20) as rex → ∞.
There are several differences between (20) and (32). One

difference arises from different definitions forU and Ũ , although
both may be approximated by a truncated beta distribution.
(20) also contains the term (1− α

rex
), which arises from the

unmodulated carrier corresponding to the limited extinction
ratio. Lastly, the second argument in κ is modified due to the
inclusion of the extinction ratio.
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