
JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 38, NO. 2, JANUARY 15, 2020 303

Impact of Polarization- and Mode-Dependent Gain
on the Capacity of Ultra-Long-Haul Systems

Darli A. A. Mello , Member, IEEE, Hrishikesh Srinivas , Student Member, IEEE,
Karthik Choutagunta , Student Member, IEEE, and Joseph M. Kahn, Fellow, IEEE

(Invited Paper)

Abstract—Motivated by the recent interest in single-mode semi-
conductor optical amplifiers and multimode erbium-doped fiber
amplifiers, we present a unified, comprehensive treatment of the ef-
fect of polarization- and mode-dependent gain (PDG and MDG) on
the capacity of ultra-long-haul transmission systems. We study the
problem using simulations of a multisection model, including the
effects of PDG or MDG and polarization mode dispersion (PMD) or
modal dispersion. We also analytically derive exact expressions for
the capacity distribution of PDG-impaired single-mode systems. In
agreement with previous work, we find that PDG and MDG cause
fluctuations in capacity, which reduces average capacity and may
cause outage. We show that the multimode systems studied, with
at least D = 14 spatial/polarization modes, have sufficient modal
diversity and frequency diversity to strongly suppress capacity
fluctuations and reduce outage probability so that the outage ca-
pacity approaches the average capacity. We show that single-mode
systems, by contrast, inherently provide low modal and frequency
diversity, making them more prone to outage. To alleviate this
problem, frequency diversity can be increased by artificially in-
serting PMD. Finally, we quantify the PDG/MDG requirements
of optical amplifiers to ensure that the average capacity is close
(within a 1-2 dB effective SNR loss) to the theoretical optimum. We
show that these PDG/MDG requirements are stringent, especially
considering the minimum-mean-square error linear equalizers im-
plemented in typical multiple-input multiple-output receivers.

Index Terms—Channel capacity, channel models, erbium-
doped fiber amplifiers, MIMO communication, optical fiber
communication, semiconductor optical amplifiers.

I. INTRODUCTION

IN OPTICAL communications systems, the multiple polar-
ization and spatial modes guided by fibers can be subject
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to different gains in optical amplifiers. This effect is known
as polarization-dependent gain (PDG) in single-mode fibers
(SMFs), and mode-dependent gain (MDG) in multimode and
coupled-core multicore fibers (CC-MCFs) [1]. PDG and MDG
not only decrease the average channel capacity, but also can
cause outages, in an effect similar to fading in wireless com-
munications systems. The cumulative nature of PDG and MDG
makes them especially critical in the scope of ultra-long-haul
(ULH) optical systems that operate at transoceanic distances.

Current erbium-doped fiber amplifiers (EDFAs) for SMF
achieve a very low gain difference between the two transmitted
polarization modes, typically below 0.1 dB [2]. However, there is
a renewed interest in semiconductor optical amplifiers (SOAs)
in SMF systems, particularly at submarine distances [3], as a
way to increase bandwidth and power efficiency [4]–[6]. One of
the main challenges in deploying SOAs is their non-negligible
polarization dependence, requiring careful PDG management
across the link. This can be accomplished in several ways, e.g.,
by making use of polarization-diverse architectures, or by ampli-
fying the signal in two passes within the same device, in forward
and backward directions, with an added polarization rotation.
Nevertheless, sometimes even so-called polarization-insensitive
architectures exhibit MDG values (e.g. 0.5 dB in [7]) that can
be excessively high for ULH optical links.

In the scope of space division multiplexing (SDM), CC-
MCFs have demonstrated improved nonlinear tolerance [8] and
a smaller group delay (GD) spread than conventional multimode
fibers [8], [9], reducing the MIMO digital signal processing
(DSP) complexity. SDM has been proposed for use in submarine
systems, which require a high level of integration in fibers and
devices. In these systems, the performance and power consump-
tion of optical amplifiers are of critical importance, and a major
challenge for CC-MCF amplifiers is to minimize their MDG [1].

PDG and MDG have been extensively studied from theoretical
and experimental viewpoints. Winzer et al. demonstrated in [10]
that MDG and mode dependent loss (MDL) have different
impacts on the capacity of short-reach systems, but equivalent
impacts on long-haul systems. Mecozzi and Shtaif investigated
in [11] the distribution of polarization dependent loss (PDL)
in optical systems. Shtaif addressed the impact of PDL on the
system performance in [12], using analytical formulas. Nafta
et al. quantified the capacity of systems affected by MDL
using Monte-Carlo simulations [13]. Nelson et al. presented
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in [2] extensive field measurements of PDL. Winzer and Fos-
chini investigated PDL and MDL in [14]. They performed
numerical simulations of a narrowband channel, to which they
fitted analytic expressions relating average and outage capacities
to the number of modes and fiber spans. Their results illustrated
the effect of modal diversity, in which relative losses in capacity
decrease as the number of modes increases. The same effect
was observed by Antonelli et al. in [15], which investigated the
performance of different amplification schemes in the presence
of MDL using simulations and analytical derivations. They
showed that the capacity losses due to MDL depend on the
operating regimes of optical amplifiers, and that this dependency
is particularly relevant in low-mode-count systems. Ho and Kahn
provided in [1] analytic expressions for the channel capacity
of MDL-impaired systems, and a proof that additive noise in
mode-multiplexed signals is spatially white. The same authors
investigated in [16] the effect of frequency diversity generated
by modal dispersion (MD) in systems impaired by MDG. Owing
to random, time-varying polarization or spatial mode coupling,
PDG and MDG are random, time-varying effects, so the chan-
nel capacity varies randomly with time. When PMD or MD
are present, PDG and MDG become frequency-dependent. If
the channel bandwidth is sufficiently wide, frequency diversity
causes the outage capacity to approach the average capacity,
and causes the outage probability to approach zero [16]. In-
terestingly, the lower variability observed in the capacity of
high-mode-count systems with high MD is also observed in
their intensity impulse response, as demonstrated by Mecozzi
et al. in [17]. Antonelli et al. assumed in [15] a collection of
sub-carriers whose MDG realizations are uncorrelated because
of frequency diversity, but did not specifically address the values
of modal dispersion required to induce a specific frequency
diversity order over a specific WDM channel bandwidth. Exper-
imental measurements of MDL in ULH multimode propagation
(in multimode fibers and CC-MCFs) have been presented in [8],
[18]–[20].

In this paper, we review the concepts of channel capacity,
modal diversity and frequency diversity, and present the follow-
ing contributions to the understanding of the impact of PDG and
MDG in ULH optical systems:
� We derive exact expressions for the cumulative distribution

function (CDF) and probability density function (PDF) of
capacity in narrowband PDG-impaired SMF systems.

� The traditional capacity expressions for MDG-impaired
systems assume an optimal receiver whose performance
can only be attained by nonlinear structures. However,
practical systems usually resort to linear structures that
attempt to minimize the mean-square error (MSE) [21],
[22]. To take this limitation into account, we include in
our analysis the performance of minimum-MSE (MMSE)
receivers.

� We show that a typical CC-MCF ULH link with a large
number of propagating spatial and polarization modes has
sufficient intrinsic modal diversity and frequency diversity
to ensure that the outage capacity approaches the average
capacity.

� In SMF systems with SOA amplification, however, there is
low modal diversity, and the PMD of typical SMF does not

provide sufficient frequency diversity to ensure the outage
capacity approaches the average capacity. In agreement
with [23], [24], we show that artificially inserting extra
PMD in optical amplifier nodes increases frequency diver-
sity and increases outage capacity, at the cost of increased
complexity in the receiver adaptive equalizer.

� Finally, we use an average capacity metric and a related ef-
fective SNR loss metric to quantify the maximum tolerable
per-amplifier PDG and MDG.

The remainder of this paper is structured as follows. Section II
presents the multisection matrix model used to study the effects
of PDG or MDG, PMD or MD and random mode coupling.
Section III discusses the impact of PDG and MDG on the
system capacity using optimal and MMSE receivers. Section IV
describes the contributions of modal and frequency diversities
in mitigating outage. Section V presents analytic and simulation
results of two case studies, namely an SOA-based SMF link, and
a seven-core CC-MCF link. Finally, Section VI concludes the
paper.

II. MULTISECTION CHANNEL MODEL

In this section, we briefly review the multisection model to
study the effects of PDG and MDG on optical transmission [1],
[25], [26]. Consider a transmission link supporting D spatial
and polarization modes (e.g., an SMF hasD = 2, corresponding
to one spatial mode with two polarization modes). Throughout
this paper, we assume that the link comprises K independent
spans, where each span has transmission fiber of length Lspan

and contains a lumped amplifier at the end of the span. The total
length of the link is L = KLspan.

The transfer matrix of the kth span, where 1 ≤ k ≤ K, at
angular frequency ω, can be expressed as a singular value
decomposition of a D ×D matrix [27]

H(k)(ω) = V(k)Λ(k)(ω)U(k)H , (1)

where V(k) and U(k) are D ×D random unitary matrices that
describe random mode coupling. The superscript (·)H denotes
matrix Hermitian conjugate. Assuming the channel of interest
is centered at ω = 0, without loss of generality, the diagonal
matrix Λ(k)(ω) accounting for PDG or MDG and PMD or MD
becomes

Λ(k)(ω) = diag
[
exp

(
g(k)/2− jωτ (k)

)]
, (2)

where g(k) is a vector of uncoupled modal gains in log-power-
gain units and τ (k) is a vector of uncoupled modal GDs. For
notational convenience, exp(·) denotes element-wise exponen-
tial, and diag[·] denotes a diagonal matrix formed by placing the
argument vector on the main diagonal of a matrix of zeros.

In modeling each span using (1) and (2), we assume that GD
accumulates in a distributed fashion and all modes are strongly
coupled within each span. We model the uncoupled modal delay
vector τ (k) of each span as an independent random vector
whose elements have standard deviation (STD)στ ∝ √

Lspan (in
seconds). We assume that MDG is a lumped effect that originates
in the amplifier at the end of each span, and so we choose the
uncoupled modal gain vectors g(k) to be independent random
vectors whose elements have STD σg (in log-power-gain units).
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This is consistent with the physical layout of the link, as typical
SMFs and CC-MCFs are long dispersive waveguides with strong
mode coupling and negligible MDG, whereas typical amplifiers
have negligible GD dispersion and non-negligible MDG. The
uncoupled modal gain and modal delay vectors satisfy the mode-
averaged constraints

∑
i g

(k)
i = 0 and

∑
i τ

(k)
i = 0. Finally, in

the SMFs and CC-MCFs we model, all of the modes are coupled
after each span, and soV(k) andU(k) are randomD ×D unitary
matrices. In simulations, they can be generated by applying the
Gram-Schmidt process to matrices constructed from D random
complex Gaussian vectors [1].

The overall transfer matrix of the link is given by

H(t)(ω) =

K∏
k=1

H(k)(ω), (3)

= V(ω)Λ(ω)UH(ω), (4)

where the superscript (·)(t) denotes the total effect formed
by multiplying together the individual transfer matrices of all
spans. The number of spans K is very large in ULH systems,
which causes the overall PMD or MD and the overall PDG or
MDG to be in the strong coupling regime. The columns of the
unitary matrices U(ω) and V(ω) in (4) are the input and out-
put Schmidt modes at frequency ω, respectively. The diagonal
matrix elements of Λ(ω) contain information about the overall
coupled GDs and coupled modal gains. The overall coupled
GDs τ (t) = [τ

(t)
1 , . . . , τ

(t)
D ] are given by the eigenvalues of a

GD operator defined as

j
∂H(t)(ω)

∂ω
H(t)−1

(ω), (5)

and have STD σgd. Note that the GD operator definition (5),
a generalization of that used in [28], is valid in the pres-
ence of PDG or MDG [29]. The overall coupled modal gains
g(t) = [g

(t)
1 , . . . ,g

(t)
D ] are given (in log-power-gain units) by the

logarithm of the eigenvalues of an MDG operator defined as

H(t)(ω)H(t)(ω)H , (6)

and have STD σmdg. In the strong coupling regime, the statistics
of PMD or MD and PDG or MDG are completely characterized
by the STD of the overall coupled GDs σgd, and the STD of the
overall coupled modal gains σmdg, respectively. For a detailed
treatment of the statistics of PMD or MD and PDG or MDG, we
refer the reader to [1], [25], [28].

A fair comparison among channels corrupted by PDG or
MDG requires the total optical power to be conserved from the
channel input to its output, which is consistent with the physics
of amplified optical links. In the model, this corresponds to
normalizing the transfer matrix by the square root of the mean of
the overall coupled modal power gains, considering the cascade
of K spans:

H(ω) =
H(t)(ω)√

1
D

∑D
i=1 E{eg(t)

i }
, (7)

where E{·} denotes the expectation operator over ensembles
of realizations of channel H(t)(ω). The normalization factor in

(7) is discussed in more detail in Appendix A1. This normal-
ization factor is compatible with amplification schemes 1 and 4
discussed in [15], where amplifiers are operated respectively
to maintain the overall output power at the end of the link,
or constant average power gain per amplifier, considering the
entire WDM spectrum. As pointed out in [15], this assumption
is justified in ULH links, where MD or PMD provides sufficient
frequency diversity across multiple WDM channels2.

The capacity of MDG-limited channels is studied in the
following section after normalizing the channels using (7).

III. CAPACITY OF MODE-DEPENDENT-GAIN-
LIMITED CHANNELS

A. Instantaneous Capacity

The information-theoretical capacity per unit bandwidth of an
ideal communication channel with D dimensions (in our case,
modes), in the absence of PDG or MDG is given in units of
b/s/Hz by

C = D log2

(
1 +

SNR

D

)
, (8)

where the signal-to-noise ratio (SNR) is defined as the ratio of
total signal power (considering all modes), to the noise power
per mode.

Before calculating the capacity of a system with PDG or
MDG, it is necessary to determine if the transmitter has channel
state information (CSI). The availability of transmitter CSI re-
quires channel feedback, which is difficult to implement in ULH
systems because of their high latency. For this reason, all deriva-
tions in this paper assume no transmitter CSI. In long-distance
optical transmission, the PDG or MDG generated in optical
amplifiers accumulates along the link and reduces capacity.
Assuming a narrowband signal (and omitting the dependence
on ω), the capacity of a channel realization with transfer matrix
H can be derived from the canonical expression for MIMO
channels [30]

Cmdg = log2

[
det

(
I+

SNR

D
HHH

)]
, (9)

where I is a D ×D identity matrix.
Alternatively, Cmdg can also be obtained from the D eigen-

values λi of HHH as [30]

Cmdg =
D∑
i=1

log2

(
1 +

SNR

D
λi

)
. (10)

Equation (10) enables the calculation of the MIMO channel
capacity as the sum of the capacities of single input single output
(SISO) channels with SNRi = SNR · λi, 1 ≤ i ≤ D.

1Notice that, differently from [1], in this article, we include the normalization
factor inside the multisection model, rather than in the formulas for capacity
calculation.

2Notice that amplification schemes 2 and 3 studied in [15], which do not
involve ensemble averages, imply per-channel power equalization schemes with
tracking speeds faster than polarization and mode-coupling perturbations. The
implementation of these schemes may become challenging in systems with rapid
perturbations.
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Fig. 1. Evolution of the STD of the overall link MDG σmdg with distance,
for various values of per-amplifier MDG STD σg . The span length is assumed
to be 50 km.

B. Average Capacity and Effective SNR Loss

For a cascade of K identical spans with per-amplifier STD
MDG σg , the accumulated MDG ξ scales as ξ =

√
Kσg [1].

The STD of the modal gains at the end of the link (equal to the
overall RMS MDG since the modal gains sum to zero) is given
by [1]

σmdg = ξ

√
1 +

ξ2

12(1−D−2)
≈ ξ

√
1 +

ξ2

12
. (11)

The approximation in (11), where σmdg is independent of
D, is valid in the low-to-medium MDG regime [1], as in the
practical scenarios considered in this paper. Fig. 1 shows the
approximate σmdg accumulated over ULH links for three rep-
resentative values of per-amplifier MDG STD σg , calculated
according to (11). Typical SMF EDFAs have PDG STDσg below
0.1 dB [2]. The so-called polarization insensitive SOA presented
in [7] has PDG STD σg below 0.5 dB. Recent realizations of
SDM transmission with parallel SMF amplification demonstrate
a wide range of per-span MDG STD σg, such as 0.36 dB
(7-core CC-MCF transmission, [8]), 0.62 dB (6-mode few-mode
fiber transmission, [20]) and 0.7 dB (3-mode few mode fiber
transmission, [18]).

MDG of amplifiers is frequently characterized either in terms
of the peak-to-peak or STD of the modal gains σg . While the
peak-to-peak MDG is relevant for predicting the transmission
performance of weakly coupled MDM links, σg and the number
of amplifiers K are sufficient to calculate σmdg and the average
channel capacity in ULH systems. Conversely, σmdg can be
estimated from the receiver’s adaptive equalizer and can be used
to estimate σg , as in [8], [18], [20].3

In channels with MDG and strong mode coupling, the average
capacity assuming no transmitter CSI, C̄mdg = E{Cmdg}, can

3For a further discussion about the differences between peak-to-peak and STD
MDG, including a treatment of low-complexity MDG characterization methods,
see [26].

be expressed analytically by [1]

C̄mdg = D

∫ ∞

−∞
log2

[
1 +

χ

D
exp(σmdgx)

]
pD(x)dx, (12)

where pD(x) is the probability density function (PDF) of the
normalized log power gains.4 The constant χ equals SNR/α2,
where α2 is the expected value of the unordered linear power
gains (see Appendix A)

α2 =

∫ ∞

−∞
exp(σmdgx)pD(x)dx. (13)

Fig. 2(a) shows the average capacity of a system with MDG,
normalized by the capacity of a system without MDG (C̄mdg/C),
as a function of the overall link PDG or MDG STD σmdg, for
two extreme SNR values covering a wide range of ULH systems.
As observed by Winzer and Foschini in [14], there is a weak
dependence of the normalized capacity metric on the number
of modes. Nevertheless, there is a noticeable dependence on the
link SNR.

In this paper, we wish to find the requirements on σg to ensure
that the impact of MDG on the system performance is below a
certain threshold. We use an effective SNR loss as a metric,
defined as

Δmdg = 10log10(SNR)− 10log10 (SNRmdg) , (14)

where SNRmdg is the equivalent SNR of a system degraded by
MDG, obtained by the inverse of (8):

SNRmdg = D
(
2C̄mdg/D − 1

)
. (15)

Other performance metrics could also be used, e.g., the
normalized capacity (C̄mdg/C) or an SNR penalty. While the
normalized capacity provides a direct assessment of the system
performance [14], optical system design usually relies on a refer-
ence SNR calculated based on the signal power, noise power, and
nonlinear interference in the signal bandwidth. This reference
SNR is the basis of capacity calculations. The effective SNR
loss Δmdg is the decrease of the reference SNR that produces
the same loss of capacity as the MDG causes. By contrast, the
usual SNR penalty is the increase of the reference SNR in a
system with MDG required to produce the same capacity as a
system without MDG. Typical ULH and submarine constraints
make it difficult to increase the SNR arbitrarily. The effective
SNR loss is more appropriate than the usual SNR penalty in such
systems, in which it is not possible to increase SNR arbitrarily,
but it is possible to lower the code rate in order to overcome
performance degradation [31]. Thus, in the presence of MDG,
SNRmdg should be used as the effective reference SNR.

In order for a system design to be advantageous, the PDG
or MDG effective SNR loss should be constrained. Other-
wise, eventual capacity gains obtained, for example, by in-
creasing the nonlinear tolerance using CC-MCF transmis-
sion fibers, or increasing the system bandwidth using SOA-
based amplification, will be diminished. If we assume that
the effective SNR loss is limited to 1 dB, Fig. 2(b) indi-
cates a maximum tolerable σmdg for the link between 3 dB

4Analytic expressions for pD(x) are provided in [1].
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Fig. 2. (a) Normalized capacity and (b) effective SNR loss (14) of systems using optimal receivers, for D = 2, 14 or 40 modes, as a function of the overall link
PDG or MDG STD σmdg.

(at SNR = 20 dB) and 4 dB (at SNR = 5 dB).
According to Fig. 2(a), such a range of σmdg val-
ues corresponds to normalized capacities between 0.95
(at SNR = 20 dB) and 0.86 (at SNR = 5 dB). Referring
to Fig. 1, this implies that the link length would be lim-
ited by MDG to approximately 3,000 km for σg = 0.5 dB
and to 8,000 km for σg = 0.3 dB. Assuming that the effec-
tive SNR loss is limited to 2 dB would indicate a maxi-
mum tolerable σmdg for the link between 4.5 dB (at SNR =
20 dB) and 6 dB (at SNR = 5 dB), corresponding to nor-
malized capacities between 0.9 (at SNR = 20 dB) and 0.75
(at SNR = 5 dB).

C. Outage Capacity

The variability of the instantaneous channel capacity is ad-
dressed in communications theory using an outage capacity met-
ric. The outage capacityCout,q is defined for outage probability q
as the information rate that is exceeded in a fraction (1− q)of the
channel realizations, i.e., P (C ≤ Cout,q) = q [30]. For a given
outage probability, the lower the spread of the instantaneous
capacity around its mean, the greater the outage capacity. For a
fixed outage probability, as the variability of the instantaneous
channel capacity is reduced, the outage capacity more closely
approaches the average capacity.

A relevant issue is to determine how the outage capacity
scales as the number of modes is increased. The calculation
of the outage capacity requires the CDF of the instantaneous
capacity, which can be obtained by analysis or by simulation.
To the best of our knowledge, all previous publications address
this problem using simulations [13], [16], or by fitting simulated
data to parameterized functions [14]. Indeed, finding the exact
analytical forms of the instantaneous capacity PDF or CDF is
difficult because the capacities of the different modes are statis-
tically dependent random variables. We present in Appendix E
an analytic derivation of the narrowband capacity CDF and PDF
for D = 2 modes. For D > 2 modes, we resort to Monte-Carlo
simulations.

D. Minimum Capacity

The instantaneous capacity of a system impaired by a certain
amount of PDG or MDG is lower-bounded by a minimum

capacity value given by (see Appendix F)

Cmin
mdg = D log2

(
1 +

SNR

Dα2

)
. (16)

Since the minimum capacity is a lower bound on the instan-
taneous capacity, (16) provides an analytic lower bound on the
outage capacity.

Fig. 3(a) presents the PDFs of the instantaneous capacity
Cmdg for 2-, 6-, and 14-mode systems using optimal receivers.
The analytic PDF for D = 2 is derived in Appendix E, while
the 6- and 14-mode empirical PDFs correspond to 100,000
realizations of 300 spans, with per-amplifier MDG STD σg =
0.3 dB. The SNR at the end of the link per mode SNR/D is set
to 6.2 dB. The average (C̄mdg) and minimum (Cmin

mdg) capacities
are shown as dot-dashed and dashed vertical lines, respectively.

In PDG-limited single-mode systems (D = 2), the minimum
capacity provides a rule-of-thumb outage capacity, as it practi-
cally coincides with the outage capacity for outage probabilities
q ≤ 0.001. For increasing D > 2, the minimum capacity is seen
from Fig. 3(a) to be an increasingly pessimistic lower bound for
any practical outage probability, as it is only approached when
all log power gains tend to zero.

E. MMSE Receiver Capacity

Equations (9) and (10) provide the capacity achievable
by an optimal receiver for a certain channel realization de-
scribed by transfer matrix H. Practical systems, however, typi-
cally implement linear equalizers that attempt to minimize the
MSE at their output. The constrained capacity, considering an
MMSE receiver, can be obtained from the signal-to-noise-plus-
interference ratio SINRi for signal stream i [21], [22], [30]

SINRi =
1

MMSEi
− 1 =

1[(
I+ SNR

D HHH
)−1

]
i,i

− 1, (17)

where [·]i,i indicates the ith diagonal element. Then, the capacity
of a narrowband system using an MMSE receiver, assuming no
transmitter CSI, is given by

Cmmse =

D∑
i=1

log2 (1 + SINRi) . (18)
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Fig. 3. PDFs (a) and CDFs (b) of the instantaneous capacity Cmdg of narrowband systems employing optimal receivers with D = 2 (red), D = 6 (green), and
D = 14 (blue) modes. The distributions for D = 2 are obtained by the analytic expressions derived in Appendix E, in agreement with multisection simulation.
The distributions for D = 6 and D = 14 are obtained from simulations with 100000 realizations of the multisection model, each with 300 spans, with 0.3 dB
per-amplifier MDG STD σg . The dot-dashed vertical lines indicate mean capacities C̄mdg, while the dashed vertical lines indicate minimum capacities Cmin

mdg, as
labeled. The SNR per mode (SNR/D) at the end of the link is set to 6.2 dB.

The average constrained capacity, assuming an MMSE receiver,
can then be calculated as C̄mmse = E{Cmmse}.

IV. MODAL DIVERSITY AND FREQUENCY DIVERSITY

While the average capacity, shown by the dot-dashed vertical
lines in Fig. 3(a), scales quasi-linearly with the number of
modes, the STD of the instantaneous capacity remains almost
unchanged [32]. As a consequence, for a given STD of the
overall link MDG σmdg, the ratio of the STD of capacity to
the average capacity scales inversely with the number of modes.
Accordingly, high-mode-count systems offer an intrinsic modal
diversity that helps to minimize the probability of outage as
indicated by the CDFs of the normalized instantaneous capacity
loss δ = (Cmdg − C̄mdg)/(C̄mdg), shown in Fig. 3(b). This
effect was observed in [14] and modeled analytically in [15].

Thus far we have assumed narrowband signals for which
the modal gains are constant over the channel bandwidth. In
fiber transmission, however, the combined effect of MDG and
MD generates a frequency-selective channel. Assuming that the
channel bandwidth can be divided into N frequency bins, each
having a constant gain, the instantaneous capacity is given by

Cmdg =
1

N

N−1∑
i=0

Cmdg

(
2π(2i+ 1)Bsig

2N

)
, (19)

where Bsig is the total signal bandwidth, and Cmdg(ω) is the
capacity of a narrowband channel of bandwidthBsig/N centered
at ω. In systems with high MD or PMD, the channel frequency
response varies rapidly between regions of shallow and deep
fading, producing an averaging effect that reduces capacity
fluctuations. This phenomenon is called frequency diversity, and
was studied by Ho and Kahn in [16].

As an example, consider the frequency response of an SMF
system with PDG, as shown in Fig. 4 [16]. Figs. 4(a,b) show the
Schmidt mode gains computed from the MDG operator, in the
regimes of low PMD (Fig. 4(a)) and high PMD (Fig. 4(b)). Over
the frequency range plotted, the modal gains in linear units eg1(ω)

and eg2(ω) (equivalent to g1(ω) and g2(ω) in log-power-gain

Fig. 4. Frequency dependence of the gains of the Schmidt modes in SMF for
(a) small σgd and (b) large σgd. The Schmidt modes and their gains at each
frequency are computed from the MDG operator after normalizing the transfer
matrix, as in (7). The channel magnitude response of the SMF as a function of
frequency for (c) small σgd and (d) large σgd.

units) vary slowly over frequency ω when the STD of the overall
coupled GDs σgd is small, and vary rapidly over ω when σgd

is large. Figs. 4(c,d) show the frequency response of the four
elements of a Jones matrix corresponding to an SMF link with
PDG, also in the regimes of low PMD (Fig. 4(c)) and high PMD
(Fig. 4(d)). It is interesting to note that, in the low-PMD regime,
even though the modal gains are relatively flat over frequency,
the magnitude responses of the Jones matrix elements exhibit
larger fluctuations and show regions of deep fading. This effect
is even more pronounced in the high-PMD regime.

As shown in [16], in a link affected by PDG or MDG the corre-
lation between the channel gains at two frequency components
spaced by Δω depends on a normalized frequency separation
ϑ = Δωσgd/(2π). As the frequency dependence of PDG or
MDG is caused by PMD or MD, the coherence bandwidth of
PDG or MDG should also be similar to that of PMD or MD,
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Fig. 5. Normalized bandwidth b = Bsigσgd for a Nyquist-shaped 64-
Gbaud signal with 0.1 roll-off factor, corresponding to a total bandwidth
Bsig = 70.4 GHz. The GD STD στ/

√
Lspan is set to 3.1 ps/

√
km (corre-

sponding to a CC-MCF) and 0.05 ps/
√

km (corresponding to an SMF). The
span length is assumed to be 50 km.

which is of the order of 1/σgd [16]. Accordingly, it was observed
in [16] that ϑ > 1 is sufficient to guarantee a high decorrelation
level for D = 10 spatial modes and an accumulated MDG of
ξ = 10 dB, corresponding to an overall link MDG STD of
σmdg = 12 dB. Thus, a normalized bandwidth b = Bsigσgd � 1
ensures sufficient independent realizations of the channel capac-
ity such that, as a consequence of the law of large numbers, the
instantaneous capacity approaches the average capacity. On the
other hand, if b � 1, the signal bandwidth lies within the MDG
or PDG coherence bandwidth, and no frequency diversity gains
are achieved.

Fig. 5 shows the normalized bandwidth b for a Nyquist-shaped
64-Gbaud channel with 0.1 roll-off factor, corresponding to a
total bandwidth Bsig = 70.4 GHz. The figure illustrates how b
scales with link length, for an SMF and for a CC-MCF. The SMF
has a GD STD στ/

√
Lspan (equal to approximately 0.42 times

the mean differential GD) of 0.05 ps/
√

km, slightly higher than
commercial SMFs for ULH submarine transmission [33]. The
CC-MCF has GD STD στ/

√
Lspan of 3.1 ps/

√
km, which is a

low value for CC-MCFs [8], [34].
Fig. 5 shows that the ULH SDM system using CC-MCFs

guarantees that b � 1 for link lengths over 2,000 km, indicating
an intrinsic frequency diversity due to MD. This observation
suggests a note of caution for SDM fiber design. While one of the
major goals of CC-MCF design is to reduce MD and therefore
mitigate the required MIMO signal processing complexity at
the receiver, excessively reducing the MD of CC-MCFs would
lead to reduced frequency diversity, thereby increasing the time-
variability of channel capacity and thus the probability of outage.

Fig. 5 also shows that the PMD intrinsic to standard SMFs
is often insufficient to provide adequate frequency diversity, as
b < 1 for all link lengths considered. Even so, it is possible to
artificially insert additional PMD in fiber amplifiers to achieve
diversity and thereby increase the outage capacity, as proposed
in [23], [24]. In the example of Fig. 5, a per-span GD STD

TABLE I
SIMULATION PARAMETERS

στ = 3.1
√
50 ≈ 22 ps would be required to achieve the same

level of frequency diversity as that of CC-MCFs. The extra
PMD can be obtained, e.g., by adding differential path length
delays between the two polarization modes in the amplifiers.
The differential delays should vary between amplifiers to avoid
frequency response replication within the channel bandwidth.

V. SIMULATION RESULTS

A. Simulation Setup

The simulation setup used in this paper is based on two
illustrative scenarios of ULH transmission in which PDG or
MDG is likely to become a limiting effect. The first one is the
transmission over a seven-core CC-MCF supporting 14 modes
(D = 14), corresponding to 7 spatial modes having 2 polariza-
tion modes each. The second one is the transmission over an
SMF, in which the optical signal is amplified by SOAs, leading
to PDG accumulation. The main parameter of the transmission
fibers used in the simulations is the STD of GD of the CC-MCF
and SMF (see Table I).

Assessing the impact of PDG and MDG on the system perfor-
mance also requires a scaling rule for obtaining the SNR at the
receiver. In this paper, we evaluate the PDG and MDG amplifier
tolerance using the SNR per mode (SNR/D) curves shown in
Fig. 6, which correspond to different propagation regimes.

Using the GN-model for nonlinear propagation [35], [36] (see
Appendix B), the SNR at the end of a link of K spans5 is given
by

SNRnli(K) =
SNRnli(1)

K(1+ε/3)
, (20)

where SNRnli(1) is the NLI-limited SNR at the end of the first
span, and ε is a parameter related to noise accumulation over
multiple spans. In the incoherent noise accumulation regime,
the nonlinear noise generated is statistically independent from
span to span, leading to ε = 0. In the coherent noise accumu-
lation regime ε 	= 0. In an SMF uncompensated WDM optical
system with a fully loaded spectrum, ε has been shown to be
quite small, with values ranging from 0.03 to 0.08 [36]. The
modeling of nonlinearities in CC-MCF systems, including their

5Note that SNR(K) is the receiver SNR after a link of K spans, and not the
SNR after the Kth span of a longer link.
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Fig. 6. Receiver SNR per mode (SNR/D) for a system limited by nonlinear
interference (NLI) or power feed (PF) constraints. The span length is assumed to
be 50 km. In the NLI-limited cases, SNRnli(1)/D is set to achieve SNR/D =
14 dB at 2500 km, in accordance with the Q2 values for QPSK obtained in [8],
and SNRnli,sd(1) is set equal to SNRnli(1). In the power-feed-limited case,
SNRpf(1)/D is adjusted to make PF limitations the dominant effect after
8000 km.

accumulation with the number of spans, is still the subject of
active research [37]. However, Fig. 2 indicates that, for relatively
low values of MDG, the effective SNR loss exhibits a weak
dependence on the link SNR. Therefore, in this paper, instead
of delving into the intricacies of multimode nonlinear fiber
propagation, we make the simplifying assumption that the NLI
accumulates as in SMF systems, and evaluate the results for
two values of ε corresponding to incoherent noise accumulation
(ε = 0) and coherent noise accumulation (ε = 0.08). Uncom-
pensated ULH multimode fiber propagation of a fully loaded
spectrum, for instance, should lead to a low degree of coherence.

The second propagation regime considered in this paper as-
sumes the effect of signal droop. In ULH transmission with
saturated amplifiers, the accumulated ASE noise power saturates
the amplifier gain, leading to a decrease in signal power, and a
faster decay in SNR (see Appendix C). In this case, the SNR at
the end of the link is given by

SNRnli,sd(K) =
SNRnli,sd(1) + 1

K(1+ε/3)
− 1, (21)

where SNRnli,sd(1) is the NLI-limited SNR with signal droop
at the end of the first span. Finally, the third regime assumes
that links longer than a certain distance become limited by
power-feed (PF) constraints (see Appendix D). In these systems
nonlinearities are neglected, and the SNR at the end of the link
is approximated by

SNRpf(K) =
SNRpf(1)

K3
, (22)

where SNRpf(1) is the power-feed-limited SNR at the end of
the first span. In practice, SNRnli(1) � SNRpf(1), and only
transoceanic submarine links with high fiber counts become
power-feed-limited [3], [38]–[40].

In Fig. 6, for the NLI-limited cases, the SNR per mode
SNRnli(1)/D is set to achieve SNR/D = 14 dB at 2,500 km,

in accordance with the Q2 values for QPSK obtained in [8],
and SNRnli,sd(1) is set equal to SNRnli(1). In the power-feed-
limited case, SNRpf(1)/D is adjusted to make PF limitations
the dominant effect after 8,000 km. In practice, the crossover
point at which PF constraints become the limiting effect depends
on several parameters, such as power-feed voltage, number
of fibers, cable resistivity, and electrical-to-optical conversion
efficiency.

B. Average and Outage Capacity

In this section, we study the scaling of average and outage
channel capacities with link length for the cases ofD = 2 (SMF)
and D = 14 (CC-MCF in [8]). The STD of per-amplifier PDG
or MDG σg is set to a modest 0.3 dB. The SNR at the end of the
link is modeled assuming that the optical power is upper-limited
by nonlinearities with incoherent accumulation (NLI with ε =
0 in Fig. 6). As we will see later, this assumption provides a
simple rule to make the analysis tractable, and has little impact
on determination of the PDG or MDG amplifier tolerance.

Fig. 7 shows the scaling of the average and outage channel
capacities measured in terms of spectral efficiency per spatial
mode, considering both polarization modes. The capacity of the
channel without MDG or PDG (dotted blue line) is calculated
from the capacity formula in (8). This is the ideal maximum
capacity that can be achieved assuming optimal coding at the
transmitter and perfect equalization at the receiver. The aver-
age capacity of the PDG- or MDG-impaired channel using an
optimal receiver is calculated analytically from (12) and (13)
(dashed red line). In addition, the multisection model is applied
to generate 10,000 realizations of 200 frequency bins equally
spaced over the channel bandwidth. The generated channel
realizations are used to obtain: (a) using (9), the channel average
capacity assuming an optimal receiver (red squares); (b) using
(18), the MMSE average capacity (solid black line with stars);
(c) using empirical CDFs, the outage capacities corresponding
to optimal (solid red line with open circles) and MMSE receivers
(dashed black line with open squares), for an outage probability
q = 0.001. For both D = 2 modes and D = 14 modes, the
analytic results for the optimal receiver (dashed red line) show
good agreement with those produced by the multisection model
(red squares).

The results of the case study that uses the parameters of the
seven-core CC-MCF (D = 14modes) are shown in Fig. 7(a). We
observe that this system configuration provides high modal and
frequency diversity, such that the outage capacities approach the
average capacities. At distances longer than 6,000 km, MDG re-
duces the achievable capacity by approximately 1 b/s/Hz/spatial
mode. An MMSE receiver further lowers the capacity by roughly
the same amount. For a given required capacity, e.g. 4 b/s/Hz,
an MMSE receiver reduces the link length by approximately
3,000 km with respect to the optimal receiver. These results
motivate interest in nonlinear equalizer structures, such as suc-
cessive interference cancellation schemes [41], [42].

The case study of an SMF link with SOA-based amplification
(D = 2 modes), shown in Fig. 7(b), differs substantially from
the CC-MCF (D = 14 modes) case in terms of outage capacity.
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Fig. 7. Average and outage capacities per spatial mode, considering optimal and MMSE receivers for (a) SDM link with D = 14 modes and (b) SMF link with
D = 2 modes. Outage capacity corresponds to outage probability q = 0.001. MS indicates results obtained using the multisection model with 10000 realizations
of 200 frequency bins. The per-amplifier MDG STD σg is assumed to be 0.3 dB, and the span length 50 km. The SNR at the end of the link is modeled assuming
that the optical power is upper-limited by nonlinearities with incoherent accumulation (NLI-limited system with ε = 0 in Fig. 6).

Here, the system configuration does not provide sufficient modal
or frequency diversity, and the outage capacity is considerably
lower than the average capacity. Let us, for example, set the
required capacity at 4 b/s/Hz. In this case, using an optimal
receiver, the maximum link length is reduced by approximately
1,000 km when the outage capacity is taken into account. The
impact of outages are even more severe considering the use of
MMSE receivers, for which the maximum length is reduced from
approximately 11,000 km to only 7,000 km, as a consequence
of a heavy tail of the MMSE receiver capacity distribution
towards lower capacities. Setting the outage capacity at 4 b/s/Hz,
the MMSE receiver reduces the link length by approximately
5,000 km with respect to the optimal receiver. These results
indicate that in SOA-based ULH systems affected by PDG,
advanced schemes such as successive interference cancellation
can provide substantial reach and capacity gains. Furthermore,
although PMD is intrinsically low, frequency diversity can be
improved through the insertion of artificial PMD [23], [24].

Fig. 8(a) shows the empirical CDF F (δ) of the normal-
ized capacity δ for links of length 1,000 km, 10,000 km and
15,000 km, for seven-core CC-MCF transmission, assuming an
optimal receiver. The multisection model is applied to generate
10,000 channel realizations with 200 frequency bins each. It
can be observed that for ULH transmission, the outage capac-
ity for q = 0.001 deviates by a modest 1% from the average
channel capacity. A comparison with the narrowband scenario
for D = 14 and 15,000 km in Fig. 3(b) shows that frequency
diversity contributes to reduce the capacity loss at q = 0.001
from 4% to 1%. The results change considerably for the SMF,
as shown in Fig. 8(b). Here, the outage capacity for q = 0.001
and 15,000 km deviates 13% from the average capacity. A
comparison with the narrowband channel results for D = 2
and 15,000 km in Fig. 3(b) reveals no frequency diversity
gains in outage capacity. Fortunately, frequency diversity can
be improved by the artificial insertion of PMD. A possible way
to insert PMD in an SOA-based link is shown in Fig. 8(c). The
lengths of the two delay elements in each span can be randomly
chosen such that one polarization mode is delayed or advanced
with respect to another. In this example, the delay elements in

each span are chosen such that the differential delay τ1 − τ2
is uniformly distributed between −60 ps and 60 ps.6 With this
simple setup the capacity CDF improves considerably, and the
outage capacity deviates just 6% from the average capacity, as
shown in Fig. 8(d).

One disadvantage of the artificial insertion of PMD is the
required increase in DSP equalizer length. Consider a 10,000 km
SMF link (corresponding to K = 200 spans, Lspan = 50 km)
with an intrinsic GD STD στ/

√
Lspan of 0.05 ps /

√
km. The

STD of per-span GD using this fiber is στ = 0.35 ps, and the
STD of the overall link GD is σgd = 5 ps (0.35 ps ×√

200),
which is proportional to the peak-to-peak overall GD spread.
PMD equalizers typically have length NPMD that is some mul-
tiple of the peak-to-peak overall GD spread in order to guarantee
having sufficient memory length. Considering a Ts/2 sampling
time of approximately 7 ps, and assuming NPMD is 5 times
longer than σgd [43], the number of required equalizer taps
without artificially added PMD is

NPMD (no added PMD) = 
5× σgd/7 ps� = 4 taps. (23)

Now suppose that random additional PMD, with differential
delay τ1 − τ2 uniformly distributed between −60 ps and 60 ps,
is artificially added to each span of the SMF link. Then, the
STD of per-span GD becomes στ = 17.3 ps, and the STD of
the overall link GD becomes σgd = 245 ps (17.3 ps ×√

200).
Therefore, the number of required equalizer taps with artificially
added PMD becomes

NPMD (with added PMD) = 
5× σgd/7 ps� = 175 taps, (24)

which is a significant increase in equalizer complexity compared
to the case without artificially added PMD.

C. Effective SNR Loss

In this section we discuss the effective SNR loss and its
dependence on the SNR scaling rule. These results are based on

6Note that inserting an identical delay in each amplifier node would generate a
periodic channel frequency response, which leads to a lower frequency diversity
order than a random channel frequency response.
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Fig. 8. Impact of PDG/MDG and PMD/MD on capacity of ULH links illustrating combined effects of modal diversity and frequency diversity. Optimal receivers
are assumed. (a) CDF of the normalized instantaneous capacity of a CC-MCF link with D = 14 modes, as a function of δ, which is the difference between the
instantaneous and average capacity, normalized to the average capacity. (b) CDF of the normalized instantaneous capacity of an SOA-based SMF link with D = 2
modes as a function of δ. (c) Artificial insertion of additional PMD using a polarizing beam splitter (PBS), random delay elements which introduce a uniformly
distributed differential delay of τ1 − τ2 between the two polarization states, and a polarizing beam combiner (PBC). (d) CDF of the normalized instantaneous
capacity as a function of δ using the same conditions as (b) and a delay element as in (c) in each span with differential delay τ1 − τ2 uniformly distributed
between −60 ps and 60 ps. Parts (a), (b), and (d) assume an outage probability q = 0.001. The CDFs are obtained from simulations with 10000 realizations of the
multisection model with 200 frequency bins each. The STD of per-amplifier MDG σg is assumed to be 0.3 dB and the span length 50 km.

the average capacity. We observed in the previous section that,
although the outage capacity is an important concept when the
channel is random, it actually approaches the average capacity
for systems with sufficient modal and frequency diversity. In CC-
MCF transmission, the outage capacity naturally approaches the
average capacity because of the intrinsic modal and frequency
diversity. In SMF systems with SOA amplification, frequency
diversity can be achieved by the artificial insertion of PMD.

Fig. 9 shows the effective SNR loss caused by MDG on ULH
links with D = 14 spatial and polarization modes, assuming
optimal receivers. The results for other values of D are omitted,
given the weak dependence of the effective SNR loss on the
number of modes observed in Fig. 2. The simulations assume
50-km spans, and σg = 0.2 dB or σg = 0.3 dB. The capacity
calculations are carried out using the analytic expression (12),
and the effective SNR loss is calculated using (14) and (15). We
used the four SNR scaling rules depicted in Fig. 6. All four curves
agree for link lengths shorter than 8,000 km. For longer links, the
effective SNR loss corresponding to the power-feed-limited case
lies up to 0.5 dB below the other curves. This can be explained
by observing Fig. 2, which, indeed, indicates that the effective
SNR loss caused by MDG is smaller for links with low SNRs.

A relevant question is how much effective SNR loss caused by
MDG can be tolerated in the system. Excessively high penalties

Fig. 9. Effective SNR loss obtained analytically using (12) and (14), for
optimal receivers, assuming different SNR scaling rules, as explained in the
text. The span length is assumed to be 50 km, and the number of modes
D=14. The results for other values ofD are omitted, given the weak dependence
of the effective SNR loss on the number of modes.

may make the deployment of certain system designs imprac-
ticable. For example, PDG or MDG can eliminate potential
capacity gains offered by the large bandwidth of SOAs, or by
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Fig. 10. Tolerable values of per-amplifier MDG STD σg assuming optimal receivers, considering various SNR scaling rules, for maximum effective SNR losses
of (a) 1 dB and (b) 2 dB. The curves in (a) and (b) are obtained analytically using (12) and (14) for D = 14 modes, assuming a span length of 50 km. Tolerable
values of σg for optimal and MMSE receivers, considering maximum effective SNR losses of (c) 1 dB and (d) 2 dB. The optimal receiver performances in (c) and
(d) are obtained by the analytic formulas in Sections III-B and D for average and minimum capacities, respectively. The MMSE receiver performances in (c) and
(d) are obtained by transfer matrices simulated using the multisection model in Section II, with a single realization of 20 frequency bins, applied to the capacity
equation (18). The SNR scaling rule is chosen as NLI-limited with incoherent noise accumulation ε = 0. The results are obtained for D = 14 modes, assuming a
span length of 50 km. The results for other values of D are omitted, given the weak dependence of the effective SNR loss on the number of modes.

the increased NLI tolerance of multimode propagation. Suppose
that the per-amplifier PDG or MDG STD is σg = 0.3 dB, and
that the transmission system can tolerate a maximum of 1 dB
effective SNR loss. In this case, Fig. 9 shows that the maximum
reach of the SDM link is only approximately 6,000 km. This
reach can be increased to approximately 14,000 km by reducing
σg to 0.2 dB. Alternatively, a similar increase in reach can be
obtained by keepingσg = 0.3 dB, and allowing an effective SNR
loss higher than 2 dB. Analyses of this kind are useful to device
and system design engineers because they can provide the MDG
requirements of optical amplifiers for given target link distances
and tolerable effective SNR losses.

D. MDG Tolerance

We calculate the per-amplifier MDG STD σg tolerance for
different transmission configurations and for D = 14 modes.
The results for D = 2 modes are similar, and are omitted from
the figures for the sake of clarity. Fig. 10(a) shows the tolerable
value of per-amplifier MDG STD σg for a maximum effective
SNR loss of 1 dB, for optimal receivers, assuming different
scaling rules, obtained by analytic calculation of (12). Clearly,
the dependence of the σg tolerance on the SNR scaling rule
is minimal. The worst-case variation among all rules is about

0.05 dB. For transoceanic distances, a value ofσg below 0.2 dB is
required. This requirement can increase to 0.3 dB if an effective
SNR loss of 2 dB is allowed, as indicated in Fig. 10(b).

Given the weak dependence of the σg tolerance on the SNR
scaling rule, Figs. 10(c) (for a maximum 1 dB effective SNR loss)
and 10(d) (for a maximum 2 dB effective SNR loss) evaluate
the impact of the receiver architecture (optimal or MMSE) for
the scaling rule that assumes incoherent NLI limitation (ε = 0).
The optimal receiver results (filled circles) are obtained using
effective SNR losses based on the analytic average capacity. The
MMSE results (filled squares) are obtained by applying (17)
and (18) to channel transfer functions obtained by multisection
simulation. As a general rule, the use of an MMSE receiver
instead of an optimal receiver further reduces the MDG and
PDG tolerance by approximately 0.08 to 0.15 dB, depending on
the link length. The results indicate that nonlinear receiver ar-
chitectures based, e.g., on successive interference cancellation,
may be used to help alleviate the PDG and MDG requirements
on inline optical amplifiers. In addition, attaining low values of
per-amplifier MDG STD may require adaptive control of the
modal gains at each amplifier [44].

Finally, we investigate the sensitivity of calculating the σg

tolerance based on the average capacity of the optimum receiver,
instead of the outage capacity. We obtain the MDG tolerance
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based on an effective SNR loss calculated using the minimum
capacity, providing a strict lower bound on the MDG tolerance
for any outage capacity. With sufficient frequency and modal
diversity, tolerances are well approximated by those computed
on the basis of average capacity (filled circles), but at any outage
probability, never decrease below those computed on the basis
of the minimum capacity (open circles). A similar analysis can
be carried out in the case of an MMSE receiver, but an analytical
bound may not be available.

VI. CONCLUSION

This paper evaluates the impact of PDG and MDG on ULH
optical communications. We address two representative case
studies, namely SMF transmission with SOA-based amplifica-
tion, and a seven-core CC-MCF transmission. We review the
concepts of average and outage capacities, and their implica-
tions on the system design. We show that the CC-MCF system
exhibits sufficient modal and frequency diversity to ensure stable
system operation. In this case, the outage capacity approaches
the average capacity. In the SMF link, however, modal diversity
is weak and frequency diversity is low. As a consequence,
the outage capacity can be noticeably lower than the average
capacity. Confirming the results in [23], [24], we show that this
problem can be alleviated by the artificial insertion of PMD in
the system, generated, e.g., using polarization beam splitters and
combiners, and random delay elements. This additional PMD
improves frequency diversity and increases the outage capacity.
As a disadvantage, this solution increases the complexity of
the adaptive equalizer in a coherent receiver. We show that
the maximum tolerable per-amplifier PDG or MDG STD σg

in typical ULH and submarine links using MMSE receivers
is between 0.1 and 0.3 dB, for effective SNR losses between
1 and 2 dB. These stringent tolerance requirements may be
relaxed by up to 0.1 dB using more advanced nonlinear receiver
structures, such as those implementing successive interference
cancellation.

APPENDIX A
NORMALIZATION FACTOR IN CHANNEL

CAPACITY CALCULATIONS

Here we derive the normalization factor used in capacity
calculations for a fair comparison between channels with varying
numbers of modes and varying levels of MDG. The derivation
is based on the assumption that, for a single fiber and amplifier
span, the total output power across all modes and frequencies is
equal to the total input power across all modes and frequencies.
Therefore, this assumption is also valid for the overall fiber link,
which is a cascade of such spans. The input-output relationship
of a fiber link supporting D modes at each frequency ω can be
modeled as

y(ω) =
1

α(ω)
V(ω)Λ(ω)UH(ω)x(ω), (25)

where x(ω) and y(ω) are D-dimensional vectors of input and
output complex baseband electric field amplitudes, respectively,
V(ω) and U(ω) are random unitary matrices that model mode

coupling in the channel, and Λ(ω) is a diagonal matrix whose
diagonal elements are the modal field gains egi(ω)/2 (in linear
units). In (25), α(ω) is the normalization factor, whose formula
we will derive here.

The total output power of the amplifier at a fixed frequency ω
with fixed transmitted signals x(ω) across an ensemble average
of the channel realizations is given by

∥∥y(ω)∥∥2 = E

[
1

α2(ω)
x(ω)HU(ω)Λ2(ω)UH(ω)x(ω)

]

=
1

α2(ω)

∥∥x(ω)∥∥2
(

1

D

D∑
i=1

E
{
egi(ω)

})
, (26)

where the expectation is taken over random unitary matrices
U. Expression (26) uses the fact that x(ω) is projected onto
each Schmidt mode of the amplifier with equal probability, and
therefore its squared norm is scaled by the expected mean of the
squared singular values egi(ω) given by the diagonal elements
of E{Λ2(ω)}.

Suppose that the total input power across all frequencies in a
bandwidth Ω is fixed, i.e.

∫
Ω

∥∥x(ω)∥∥2dω = Pin. Integrating the
output power (26) over Ω yields

Pout =

∫

Ω

∥∥y(ω)∥∥2dω

=

∫

Ω

1

α2(ω)

∥∥x(ω)∥∥2
(

1

D

D∑
i=1

E
{
egi(ω)

})
dω, (27)

which means that we require the normalization factor to be

α(ω) =

√
1

D

∑D

i=1
E
{
egi(ω)

}
(28)

in order to satisfy the condition Pout = Pin. Assuming that
the PDG and MDG statistics are independent of frequency, the
normalization factor can be given as the expected value of the
unordered linear power gains, eg , as

α2(ω) = α2 =

∫ ∞

−∞
exp(g)p(g)dg (29)

where p(g) is the probability density function of the log power
gains g. Analytic expressions for p(g) for channels with strong
mode coupling can be found in [1]. It is interesting to note that
after normalizing the channel using (28), as in (7), the expected
sum of the modal power gains equals the number of modes

D∑
i=1

E
{
egi(ω)

}
= D. (30)

APPENDIX B
SNR EVOLUTION IN SYSTEMS LIMITED BY

NONLINEAR INTERFERENCE

The capacity penalties imposed by MDG are related to the
SNR at the end of the link. Optical systems typically operate in
a regime in which the launched signal power is high enough to
overcome additive noise, but low enough to ensure that nonlinear
interference generated by the Kerr effect is kept below a certain
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threshold. Recent works have shown that this nonlinear interfer-
ence can be well-modeled by additive white Gaussian noise in
long dispersion-uncompensated links [35], [36]. Thus, the total
noise power can be decomposed into two main contributions,
namely the noise generated by amplified spontaneous emission
(ASE) in optical amplifiers, and the nonlinear interference (NLI)
produced during fiber propagation. In this case, the optical SNR
(OSNR) at the end of the link becomes [35], [36]

OSNR =
Pch

Pase + Pnli
, (31)

wherePch is the optical signal launch power andPase andPnli are
the ASE and NLI noise powers in a specific reference bandwidth
respectively. In general, for a polarization-multiplexed signal,
the OSNR and the electrical SNR are related by [45]

OSNR =
Rs

Bref
SNR, (32)

where Rs is the symbol rate and Bref is the reference band-
width used to quantify the OSNR. For the sake of simplicity,
and without loss of generality, we assume in this paper that
Rs = Bref , such that OSNR = SNR. Henceforth we will use
SNR to designate both the electrical and optical signal-to-noise
ratios.

The ASE noise power is known to accumulate linearly with
the number of spans, i.e., Pase(K) = KPase−ss, Pase−ss being
the ASE noise power added in a single span. The NLI power, in
turn, increases quasi-linearly with the number of spans in SMF
systems, according to Pnli(K) = K(1+ε)Pnli−ss, Pnli−ss being
the NLI noise power generated in a single span [35]. Thus, the
SNR at the end of a link of K spans is given by

SNRnli(K,Pch) =
Pch

KPase−ss +K(1+ε)Pnli-ss

=
Pch

KPase−ss +K(1+ε)ηP 3
ch

, (33)

where η is a proportionality coefficient independent ofK orPch.
The optimal launch power per channel Popt can be obtained by
differentiating (33) with respect to Pch, yielding [36]

Popt =

(
Pase−ss

2ηKε

) 1
3

. (34)

Under the optimal launch power condition, the SNR at the end
of a link of K spans is given by

SNRnli(K) =
1

K

Popt

1.5Pase−ss
=

SNRnli(1)

K(1+ε/3)
, (35)

where SNRnli(1) is the signal-to-noise ratio at the end of the
first span.

APPENDIX C
SNR EVOLUTION IN SYSTEMS LIMITED BY NONLINEAR

INTERFERENCE WITH SIGNAL DROOP

In certain ULH systems, in particular in submarine envi-
ronments, the noise accumulated along the link contributes to
saturation of the amplifiers, causing signal power depletion. This

phenomenon, known as signal droop, leads to an evolution of
SNR along the link as

SNRnli,sd(K,Pch) =
Pch − (KPase−ss +K(1+ε)ηP 3

ch)

KPase−ss +K(1+ε)ηP 3
ch

=
Pch

KPase−ss +K(1+ε)ηP 3
ch

− 1, (36)

where, here, Pch is the total launched optical power, includ-
ing contributions of signal, nonlinear interference, and additive
noise. The numerator of (36) finds the actual signal power by
subtracting the components of nonlinear interference and noise.
Equation (36) differs only by a constant offset from (33) and,
therefore, the optimal launch power is still given by (34). Thus,
in the optimal launch power condition

SNRnli,sd(K) =
1

K

Popt

1.5Pase−ss
− 1 =

SNRnli,sd(1) + 1

K(1+ε/3)
− 1.

(37)

APPENDIX D
SNR EVOLUTION IN SYSTEMS LIMITED BY

POWER-FEED CONSTRAINTS

Long-haul transoceanic submarine systems are limited by
power-feed equipment constraints [3], [38], [39], [46], produc-
ing a different scaling rule for the SNR (note again that we are
referring to the SNR at the end of the link, and not the SNR
evolution within a link). In power-limited submarine systems,
the total power P available to feed all amplifiers is limited by
the power-feed voltage V as [47]

P =
V 2

4ρKLspan
, (38)

where Lspan is the span length and ρ is the cable resistance per
unit length. Neglecting the power overhead term that accounts
for electrical power spent in operations not directly related
to optical amplification, and assuming that the total available
electrical power is equally divided among all amplifiers, yields

Pch = γ′ P
K

, (39)

where γ′ is a proportionality constant related to the number
of fibers and the electrical-to-optical power conversion effi-
ciency [47]. Under these assumptions, the SNR at the end of
the link becomes

SNRpf(K) =
Pch

KPase−ss
=

γ/K2

KPase−ss
=

SNRpf(1)

K3
, (40)

where SNRpf(1) is the SNR after the first span, and γ is
another proportionality constant. In practice, as SNRnli(1) �
SNRpf(1), NLI dominates in shorter links, while power-feed
limitations constrain the available power for transoceanic dis-
tances. Therefore, it is reasonable to approximate the SNR at
the end of the link by the minimum of the SNRs computed for
NLI-limited or power-feed-limited systems.
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APPENDIX E
CAPACITY DISTRIBUTION FOR AN SMF CHANNEL

IMPAIRED BY PDG

It is possible to analytically derive the instantaneous capacity
distribution for narrowband SMF channels (D = 2) that have
been impaired by PDG. The following analysis is not valid for
wideband channels with PMD (and therefore those with high fre-
quency diversity). In an SMF channel affected by PDG, the log
power gains follow a two-sided non-central chi distribution [48],
[49]

p(g) = 3

√
3

2π

g sinh g

ξ3
exp

(
−3

2

g2

ξ2
− ξ2

6

)
, (41)

which tends to the well-known two-sided Maxwellian distribu-
tion in the limit of low PDG [1], [11]. Supposing the log power
gains of the overall channel have STD σmdg, the realization of a
certain polarization channel will experience a linear power gain
eg/α2, whereas the other polarization will experience a linear
power gain of e−g/α2. For simplicity, we have directly absorbed
the effect of the normalization factorα (see Appendix A) into the
polarization power gains. By the properties of the distribution
in (41) we can show that

α2 =
(
E{eg}+ E{e−g}) /2

= E {eg}
= exp

(
ξ2/2

)
. (42)

Using (10), the capacity of this channel realization is given by

Cpdg = log2

(
1 +

SNR

2

eg

α2

)
+ log2

(
1 +

SNR

2

e−g

α2

)
,

(43)

which can be simplified to

Cpdg = log2

(
1 +

SNR2

4α4
+

SNR

α2
cosh(g)

)
. (44)

As the cosh(x) function has its minimum equal to 1 whenx = 0,
there is a minimum capacity given by

Cmin
pdg = 2log2

(
1 +

SNR

2α2

)
. (45)

Since (44) is an even function and monotonic when restricted
to either positive or negative real values of g, the capacity CDF
can then be expressed as

F (Cpdg) = 2

∫ g(Cpdg)

0

p(g′)dg′ (46)

= 1−Q3/2

(
ξ√
3
,

√
3

ξ
g(Cpdg)

)
, (47)

where QM (·, ·) is the generalized Marcum Q-function of order
M , and

g(Cpdg) = acosh

[
α2

SNR

(
2Cpdg − 1− SNR2

4α4

)]
. (48)

The capacity PDF is then given by

f(Cpdg) =
p (g(Cpdg)) · 2Cpdg+1 ln 2((

2Cpdg − 1− SNR2

4α4

)2

− SNR2

α4

)1/2
. (49)

Fig. 11 compares the results obtained analytically and using
the multisection model. Note that the capacity distribution is
asymmetric: the maximum capacity is unbounded, whereas the
minimum capacity is given by Cmin

pdg, which depends on the
values of α (equivalently, σmdg) and SNR. For given values
of σmdg and SNR, the outage capacity is equal to Cmin

pdg for
outage probabilities below F (Cmin

pdg). Even though Cpdg is an
increasing function of |g| in (44), its average value is still lower
than that in the case without PDG due to the power normalization
factor α2.

APPENDIX F
MINIMUM CHANNEL CAPACITY

The instantaneous capacity for a given channel realization of
D modes can be written as

Cmdg =

D∑
i=1

log2 (1 + βegi), (50)

where β = SNR/(Dα2). As a function of the log power gains
Cmdg = Cmdg({gi}Di=1), a total differential element of capacity
is written as the sum

dCmdg =

D∑
i=1

(
∂Cmdg

∂gi

)
dgi, (51)

where
(

∂Cmdg

∂gi

)
is the partial derivative of capacity Cmdg with

respect to the ith gain holding the remaining gains constant. We
impose the single constraint that the gains sum to zero,

D∑
i=1

gi = 0 ⇒
D∑
i=1

dgi = 0, (52)

which results in one of the gain variables becoming dependent
on the remaining D − 1 variables. Without loss of generality,
assume gD is the dependent variable, so (51) becomes

dCmdg =
D−1∑
i=1

(
∂Cmdg

∂gi
− ∂Cmdg

∂gD

)
dgi. (53)

dCmdg = 0, i.e., Cmdg attains an extremum with respect to
the gains, only if ∂Cmdg

∂gi
=

∂Cmdg

∂gD
for i = 1, . . . , D − 1.

Now, Cmdg is a convex function of the log power gains, since
its Hessian is a positive semi-definite diagonal matrix whose kth

diagonal entry is

1

ln 2

βegk

(1 + βegk)2
> 0. (54)

Hence, the condition for minimum capacity from (53) is

βegi

1 + βegi
=

βegD

1 + βegD
i = 1, . . . , D − 1 (55)
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Fig. 11. CDF (a) and PDF (b) of the instantaneous capacity of a narrowband channel with D = 2 (SMF). The analytic CDF is given by (47) and the PDF by
(49). The simulations correspond to 100000 realizations of 300 spans, with per-amplifier STD of PDG σg = 0.3 dB. The SNR per mode (SNR/D) at the end of
the link is set to 6.2 dB.

which occurs only when g1 = · · · = gD−1 = gD = 0, i.e., the
gains are equal and sum to zero, hence each gain must be zero.
This gives the minimum channel capacity as

Cmin
mdg = D log2

(
1 +

SNR

Dα2

)
. (56)
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