10828

JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 43, NO. 24, DECEMBER 15, 2025

Closed-Form Statistics and Design of
Mode-Division-Multiplexing Systems Employing
Group-Delay Compensation and Mode Permutation

, Member, IEEE, Nika Zahedi
and Joseph M. Kahn

Anirudh Vijay

Abstract—Excessive accumulation of group-delay spread
increases computational complexity and affects tracking of
receiver-based multi-input multi-output signal processing, posing
challenges to long-haul mode-division multiplexing in multi-mode
fiber. Group-delay compensation, which involves periodically
exchanging propagating signals between modes with lower and
higher group delays, can potentially reduce group-delay spread. In
this work, we investigate two group-delay compensation schemes:
conventional compensation, which alternates fiber types with
opposite group delay orderings, and self-compensation, which em-
ploys a single fiber type with periodically inserted mode permuters.
We provide analytical expressions for group-delay statistics in
compensated systems with arbitrary multi-mode fiber types and
mode permuters, accounting for random inter-group coupling,
mode scrambling, and refractive index errors. To enhance the effec-
tiveness of group-delay compensation over the C-band, we propose
optimized graded-index depressed-cladding multi-mode fibers
with index profiles tailored to control mode-dependent chromatic
dispersion. We also analyze the impact of fiber fabrication errors
and explore mitigation strategies based on group-delay character-
ization and sorting. Design examples and numerical simulations
demonstrate improved system performance, highlighting the
trade-offs between compensation effectiveness, system complexity,
and transmission losses. For a 5000 km multi-mode fiber link, the
design examples achieve a group-delay standard deviation of 438 ps
(effectively 6.2 ps/+/km) and 257 ps (effectively 3.6 ps/+/km) for
conventional and self-compensation schemes, respectively, under
ideal conditions. In the presence of random inter-group coupling
(characteristic coupling length 500km), the group-delay
standard deviation increases to 803 ps (11.4 ps/+v'km) and 575 ps

(8.1 ps/vkm), respectively. Additionally, with refractive-index
errors (error STD = 10~°%), the group-delay standard deviation
further increases to 1.28 ns (18.1 ps/+/km) for both schemes.

Index Terms—Group-delay compensation, long-haul multi
-mode fiber systems, mode-division multiplexing, mode permuta-
tions, self-compensation.
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I. INTRODUCTION

PACE-DIVISION multiplexing (SDM) enhances capacity,
S integration, and power efficiency in long-haul optical coher-
ent communication systems [1], [2], [3]. It can be implemented
using parallel single-mode fibers (SMFs), uncoupled-core or
coupled-core multi-core fibers (MCFs), or multi-mode fibers
(MMFs). Among these options, mode-division multiplexing
(MDM) in MMFs is particularly attractive for achieving the
highest level of integration [4], enabling amplification with
fewer pump modes than signal modes [5].

Graded-index (GI) MMFs are preferred for long-haul trans-
mission when the number of spatial and polarization modes
exceeds six (D > 6) due to their inherently low group-delay
(GD) standard deviation (STD) [6], a key measure of modal
dispersion. Reducing the end-to-end GD STD is desirable as it
decreases the digital signal processing (DSP) complexity at the
receiver.

GD management strategies in the literature can be broadly
subdivided into two classes. The first class focuses on the
design of fibers with favorable intrinsic GD properties. This
includes engineering the refractive index profile to achieve low
uncoupled GDs while promoting mode coupling and optimizing
wavelength-dependent characteristics such as chromatic disper-
sion (CD) [7]. The second class involves system-level techniques
to manage GD accumulation, such as mode scrambling to en-
hance mode coupling [8], [9] or GD compensation by concate-
nating fibers with complementary GD orderings. Recently, mode
permutation to exchange power between slow and fast mode
groups has been shown to reduce end-to-end GD STD, both
theoretically [10] and experimentally [11], [12], [13].

This paper focuses on GD compensation, studying two ap-
proaches: concatenating multiple fiber types (referred to as
conventional compensation) and using a single fiber type with
mode permutation (referred to as self-compensation). Achieving
a sufficiently low end-to-end GD STD requires the design of
special fibers having modal GDs suitable for these compensation
schemes. The systematic design of fibers for compensation in-
volves optimizing the refractive index profile to achieve specific
uncoupled GD values, as proposed in prior research [14], [15],
[16], [17].

Several challenges impact the effectiveness of GD compensa-
tion, necessitating careful consideration in system design. One
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Diagrams of one span of a long-haul MDM transmission link with periodic amplification and GD compensation. Each fiber span can have one or more

compensation periods. (a) Conventional compensation scheme employing two fiber types and mode scramblers; (b) Self-compensation scheme employing one
fiber type, mode permuters and mode scramblers; (c) Generalized compensation scheme employing up to two fiber types, mode permuters and mode scramblers.

MP: Mode Permuter, MS: Mode Scrambler.

key challenge is the wavelength dependence of relevant fiber
GD properties, especially mode-dependent chromatic dispersion
(MDCD). A large MDCD can result in significant variations in
effective GD STD across different wavelength channels. This is
undesirable because receiver DSP complexity is dictated by the
channel with the highest GD STD. Fiber designs should there-
fore aim to minimize MDCD, thus we propose incorporating
pedestal-like features into the refractive index profile, similar to
techniques proposed in the literature [18], [19]. Fiber fabrication
errors also pose a challenge to GD compensation [15]. It is
essential to assess their impact and design fibers with GD prop-
erties that maintain effective compensation despite imperfect
fabrication. During system integration, manufactured fibers can
be characterized, and fibers with compatible GD orderings can
be selected for use in the same span to enhance compensation
efficacy.

An important system-level challenge arises from random dis-
tributed inter-group coupling in MMFs. Since GD compensation
relies on controlled and complete power exchanges between
fiber segments, random coupling can undermine compensation
efficacy [8]. To address this, it is crucial to quantify the impact
of inter-group coupling on the effective GD STD and develop
fiber and system designs that are resilient to this effect. One
proposed mitigation strategy is to shorten the fiber segments
used in GD compensation to reduce the influence of random
inter-group coupling.

In this paper, we present a generalized approach to study-
ing both conventional compensation and self-compensation of
GD. We derive analytical expressions for end-to-end GD STD,
incorporating the effects of mode scrambling and random inter-

group coupling. For both compensation schemes, we provide
design examples of optimized GI-MMFs supporting 12 spatial
and polarization modes and evaluate their GD statistics through
extensive numerical simulations. We propose parameterized
fiber designs and carefully select a cost function that accounts
for the system-level effects of modal GDs and MDCDs. Us-
ing numerical optimization techniques such as particle swarm
optimization, we systematically search for fiber designs that
minimize the effective GD STD after compensation while ensur-
ing low MDCD and robustness to random inter-group coupling
and fabrication errors. Additionally, we analyze the impact of
fabrication errors and introduce a semi-analytic penalty term in
the GD STD expression. Our findings indicate that achieving
GD STD values competitive with coupled-core MCFs requires
stringent fabrication tolerances.

The rest of the paper is organized as follows: Section II
presents the modeling of GD compensation systems, analyti-
cal expressions for GD STD in such systems in the presence
of random inter-group coupling, and numerical simulations to
validate the analytical expressions. Section III presents a fiber
design strategy for MMF links supporting six spatial modes in
the C-band, design examples for both conventional and self-
compensation schemes, and numerical simulations to evaluate
the end-to-end GD STD. Sections IV and V present discussion
and conclusions, respectively.

II. GROUP-DELAY COMPENSATION IN MMF SYSTEMS

GD compensation schemes for long-haul MDM transmission
systems employing MMFs with periodic amplification and mode
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scrambling are shown in Fig. 1. We define a span as a portion
of the link between successive amplifier subsystems, each in-
cluding both an inline amplifier and a mode scrambler. Each
span is of length Lg and has identical statistical properties.
We define a segment as a piece of fiber of a given type. We
define a compensation period as a pair of fiber segments whose
group delays ideally cancel.! A span may contain one or more
compensation periods, with the number of periods per span
denoted by £,,.

The conventional compensation scheme (Fig. 1(a)) uses
two fiber types per span whose modal GDs, relative to the
mode-averaged GD, are ideally equal and opposite. The self-
compensation scheme (Fig. 1(b)) uses one fiber type and a mode
permuter, and ideally, the permuter exchanges power between
the fastest and the slowest mode groups. We study both schemes
within a generalized framework (Fig. 1(c)) that uses up to two
fiber types and an optional mode permuter. In this section,
we provide analytical expressions for the GD STD in systems
employing GD compensation and present simulation results that
validate these expressions.

As shown in Fig. 1(c), in the generalized Jones representation
for D spatial and polarization modes, the matrices My 1 (w),
and My 2 (w) denote the D x D frequency-dependent complex-
baseband random electric field transfer matrices for the two
MMF segments in the kth span (we are assuming k, = 1 com-
pensation periods per span for the time being). Rp and Rg
denote the D x D frequency-independent deterministic transfer
matrix of the mode permuters and scramblers, respectively. The
D modes are grouped into N; mode groups; modes in a mode
group have nearly equal propagation constants. The set of modes
in the 7th mode group is denoted by M and the degeneracy is
given by d; = |M;], where | - | represents the cardinality.

A. Analysis of GD Spread in GD Compensation Systems

Following the analysis in [10], we define mode-group-
averaged NNy-dimensional GD vectors (measured in seconds)
of the two fiber types. For mode groups i = 1,2,..., N,

Ly 1
T = > 8,

v leM;

Ly 2
mi=2 3 670,

v leM;

where Bgm) [[], m = 1,2 is the uncoupled GD (measured in
seconds per meter) of the mode I such that 3/, Bim) (] =0,
and L, and L» are the lengths of the fiber segments in one com-
pensation period. The N, x N, mode-group power coupling
matrices of the mode permuter and mode scrambler are given

by
P[Z?J] = Z Z |RP[Zam]|27
lEMimEM]‘
S[Zv]} = Z Z ‘RS[Zam]|27
leM; meM;

'In Section IV-D, we briefly consider a compensation scheme employing three
fiber segments per compensation period.
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respectively. If mode permuters are not used in the link, P can
be set to D, the diagonal matrix of mode group degeneracies.
The GD STD after K spans is given by

E{ral’}

D

O'GD(K)

; )]

where E{||7|?} denotes the expected squared norm of the
coupled GDs and is given by (2). shown at the bottom of the
next page, For fiber types m = 1,2, Ginra,m,i X \/ Lm Lintra,i 18
the intra-group GD STD of the ith mode group with intra-group
coupling length Ly, ; over length L,,. The factors

Lin T — )
77’!7’7, — 2Lte (1 —e 2Lm/Lm(cr) , (3)
L Liner” ~ ,
VU = %m — ZIZK;r (1 —e 2L'm/Lm(er) (4)
m m

are correction terms inspired by a Stokes-vector analysis incor-
porating finite characteristic length Ljy. of random inter-group
coupling [20]. Liy. is inversely related to the strength of random
inter-group coupling. In graded-index MMFs, there is strong
random intra-group coupling and weak random inter-group cou-
pling: Lingas < Lyt =1,..., Ny, and L,;, < Liper.

While (2) may appear complicated, a well-designed mode
scrambler can make the terms in the square brackets negli-
gible as K increases [10]. Among the remaining terms, the
intra-group GD spread terms o,, | ; + Oja 2 have negligible
contributions as well, since Liy, < Lg. The key terms in (2)
are (1171 DTy + o171 DTy), the GD accumulation term corre-
sponding to the fiber segments individually, and (1117277 P12 +
m n2r"§7>7-1), the GD compensation term due to the correlated
delays of the fiber segments. The sum of these terms corresponds
to the net effective GD accumulation in one span. It is important
to note that, owing to the inclusion of mode scramblers, a multi-
plicative factor K is involved. While the accumulation terms
are inherently positive, the compensation terms may assume
negative values if the fibers and/or mode permuters are designed
intentionally to achieve this effect. Mathematically, we obtain
the following inequalities:

|7'1TD7'1 + 72TD1'2| > \TlT’PTg + 7'2T’P‘rl\,

®)
(6)

Perfect compensation is possible only if both (5) and (6)
are satisfied with equality. The first equality can be achieved
if 71,79 and (if applicable) P are designed together. The
second equality is achieved only if Lie; — o0. This means that
random inter-group coupling from the fiber segments is always
unfavorable to GD compensation.

v+ vo 2> 2mne.

B. Multi-Section Simulations

In this sub-section, we verify the analytical expression for
GD STD through multi-section simulations similar to those
discussed in [21], [22] for systems supporting three mode groups
with a total of six spatial modes. We choose system configura-
tions that achieve perfect GD compensation in the absence of
random inter-group coupling in the fibers. However, we evaluate
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TABLE I

SIMULATION PARAMETERS |
Parameter Symbol Value/Expression
Number of spatial and D 12
polarization modes
Number of mode groups Ny 3
Mode group degeneracy d [2,4,6]T
Number of spans K 100
Compensation periods kp 1
per span
Span length Lg
Characteristic inter-group Linter Linter €

coupling length {2Lg,20Lg5,200Lg}

Ideal Conventional Compensation

Mode-averaged GDs over (T1,72) T1=—T2
one span
Segment lengths (L1, L2) Ly # Lo,

c.g. (0.6Ls, 0.4L5)

Ideal Self-Compensation

Mode-averaged GDs over (t1,72) T = T2,
one span TI1=Ti2=—T13
Segment lengths (L1, L2) (0.5Lg,0.5Lg)

the GD STD when random inter-group coupling is present. The
simulation parameters are provided in Table I and the results are
presented in Fig. 2.
Conventional compensation and self-compensation can
achieve perfect compensation of inter-group GD spread when
Liner — 00 under the following conditions:
® [deal conventional compensation: The delay vectors of the
two fiber types are equal and opposite, 71 = —7T2. A mode
permuter is not required between the two fiber segments
and as a result, P = D, as shown in Fig. 2(a).

® [deal self-compensation: Only one fiber type is used, 7o =
71. For Ny = 3, the average delays of the first two mode
groups are equal in magnitude and sign. The average delay
of the third mode group is equal in magnitude but opposite
in sign to that of the first two mode groups:

T1,1 =T1,2 = —T1,3-

A mode permuter that transfers all the power from
the first two mode groups to the third mode group, and
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vice-versa, is needed between the two segments [10]. It
has a power coupling matrix

'P:

N O O
= O O
O =N

as shown in Fig. 2(d). For this choice of 71 and P, we find
that 77 D7y + 77P7; = 0.1t can be shown that this is the
only configuration that achieves zero GD STD for MDM
systems with mode-group degeneracies d = [2, 4, 6]T.

We investigate the effect of random inter-group coupling
on GD compensation for Ly € {2Lg,20Lg,200Lgs}. Mode
scramblers with dense power coupling matrices, as shown in Fig.
2(b) and (e), are used to reduce the accumulation of residual GD
spread at the end of each span.

The GD STD is evaluated through multisection simulations
after every fiber section and the analytical expression in (1) after
every span. Fig. 2(c) and (f) show the normalized GD STD as a
function of the propagation length normalized to the span length
for ideal conventional compensation and self-compensation,
respectively. The zig-zag pattern illustrates the processes of
GD accumulation and compensation. The plots indicate that
compensation remains effective even with moderate random
inter-group coupling. The estimates obtained from the analytical
expressions agree closely with those derived from numerical
simulations. The overall trend follows a square-root relationship,
which is expected owing to the use of mode scramblers. Notably,
if the ratio Liyer /L g decreases by a factor of 10, the asymptotic
value of the GD STD increases by a factor of V10.

C. System- and Fiber-Design Considerations

From a system design perspective, to mitigate the effects of
random inter-group coupling, the compensation scheme can be
implemented multiple times within a single span. For k,, com-
pensation periods per span, the GD STD will decrease by a factor
of \/@ in the absence of random inter-group coupling. In terms
of fiber design for GD compensation, it is essential to reduce the
magnitudes of the uncoupled delays in the fiber segments. This
is because the residual GD spread caused by random inter-group

Ny

E {||7'tot||2} = Kkp Y (Ot T Oazs) + Ky (7] D71 + 1073 DTy + i m] PTa + mnats PT1)

i=1
Kky—1

+12 Y (mrt (D (D'sD'P)" +D (D*17>D*15)’“) 1T

k=1

+ 7737-; (D (D718D711P>k: + D (Dil,PDilS)k> T2€Limer

2L

2Ly

T
Ty (7’ (D*sD'P)" + (P (D 1sD'P)") ) -

2Lg

T (D (D'sD'P)" D 1S+ (D (D tspp)"! D1$>T> ToeTme || )
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Simulation of GD compensation for three values of inter-group coupling lengths for kj, = 1 compensation period per span. (a — ¢) Conventional

compensation; (d — f) Self-compensation. (a, d) Mode permuter power coupling matrix; (b, €) Mode scrambler power coupling matrix; (c, f) GD STD as a function
of normalized propagation length. The solid lines correspond to numerical estimates from multi-section simulations and the square markers correspond to analytical
estimates from the formula (1) evaluated for propagation length equal to integer multiples of span length. The GD STD is normalized to the one-segment GD STD.

The propagation length is normalized to the span length L g.

coupling is proportional to the GD accumulation terms. If the
uncoupled delays of the fiber segments are reduced by a factor
k, the GD STD will also decrease by the same factor of x. It
is important to note that even when the length of inter-group
coupling is similar to the span length, GD compensation can
still be more effective in managing GD than no compensation at
all for specific GD orderings.

III. DESIGN OF COMPENSATING FIBERS SUPPORTING SIX
SPATIAL MODES

This section presents a design strategy for fibers that support
six spatial modes, which is applicable to both conventional and
self-compensating schemes. We provide design examples and
evaluate system performance across the C-band (1530 nm to
1565 nm). Our primary goal is to minimize GD STD, while
also ensuring that the designs are tolerant to random inter-group
coupling and errors in fiber fabrication. Additionally, the designs
must meet specifications for macro-bending loss and cut-off
wavelength [23]. The design strategy involves selecting a cost
function and a search region that take all these factors into
account. We parameterize the fiber design to facilitate numerical
optimization techniques such as particle swarm optimization
since the cost function is non-convex over the search space.

A. Cost Functions for Optimal GD Compensation

We formulate minimization problems for conventional and
self-compensation. For conventional compensation, we mini-
mize a wavelength-averaged cost function .J(©°™) (1,), which is
a function of n(Y), n(?), the refractive index profiles of the two
fiber types, and f = Ly/(L; + L), the ratio of the length of
the first fiber to the combined length:

1 &
M Z J(conv) ()\
i=1

1/3< f <2/3.

minimize
n() n@ f

subject to

@)

Authorized licensed use limited to: Stanford University Libraries.

We limit the ratio f to avoid large disparities in seg-
ment lengths. Similarly, for self-compensation, we minimize a
wavelength-averaged cost function J)(%;) which is a func-
tion of n, the refractive index profile of the self-compensation
fiber:

minignize Ni,\ 2 J et (As), ®)
The cost functions are given by
sy = 180+ 1 - 0a?|
+ e Hf@(” +(1- e
+e0 (| 1807 +[|787]).  ©

where, for fiber types m = 1,2, ,Bgm) is the vector of un-
coupled modal GDs, B§m>,m

group-averaged uncoupled GDs, and @(m) is the vector of
mode-group-averaged CD parameters, and

= 1,2 is the vector of mode-

JO0 () = {2(51 [01] — B1[11])% + (B1[01] + B1[02])*+

1/2
2B1[01] + f1[21])2 + 281 [02] — By [21]>2}

+ 7o |[CD|
+ Y6D (”gpenalty(ﬁh Bth) ||) )

where (3, is the vector of uncoupled modal GDs and [ [l m]
represents the uncoupled GD of spatial mode LP;,,,, CD is the
vector of mode-group-averaged CD parameters, and gpenalty 1S @
regularization term defined for a threshold [y, as

Gpenalty (T, Btn) = {ﬂthm» x < B

x — Bin, x> Bin.

(10)
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Fig. 3. Refractive index profile of a graded-index, trench-assisted compensat-
ing fiber. The inner and outer parts of the core have (possibly) different a-law
gradations. There is a pedestal/cliff feature at the core-cladding boundary.

Both cost functions (9) and (10) have three components: the
first captures the effective GD spread, the second captures the
effective MDCD spread and is multiplied by a hyperparameter
~cp, and the third captures the STD of the uncoupled GDs and
is multiplied by a hyperparameter vgp.

The CD regularization term in each cost function is in-
cluded in addition to the wavelength averaging in (7) and
(8) to ensure wavelength-flat GD compensation performance.
The GD regularization term in (9) is to ensure low uncoupled
GD STD to reduce the effect of random inter-group coupling.
The GD regularization term in (10) performs a similar func-
tion, except it also penalizes designs with very low uncou-
pled GDs, which can affect fabrication tolerances (discussed in
Section IV-B).

B. Parameterized Fiber Profile

A parametric approach to fiber design facilitates the use of nu-
merical optimization methods, such as particle-swarm optimiza-
tion, which are preferred since the cost function is a non-convex
function of the refractive index profile. Previous research has
suggested parameterized fiber design for GD management and
compensation [15], [17], [24]. Parameters defining the fiber pro-
file, including core-to-cladding index contrast, core radius, and
the a-parameter describing the core’s gradation, significantly
influence propagation constants and modal dispersion.

Fig. 3 plots the refractive index profile highlighting the im-
portant features and parameters. We define a refractive index
profile with nine parameters as follows:

172A1(ﬁ)a1

(nclad + AnQ) 0 S r S aq

I 2A,
i (‘12
— ) (neraa + Ana) % a <r<a
n(r) = clad 2 127, =+ @ <asz
Nelad + Ang, as <r < as
Nelad — ANz, a3 <1 < ay
Nclad, ag <rT

(1)

10833
——Fiber 1 ——Fiber 1
—=-—Fiber 2
(b)
0 10 20 30 0 10 20 30

Radial Position r (pm)

Fig. 4. Design example for compensation. Optimized fiber refractive index
profiles relative to the cladding index for (a) conventional compensation and (b)
self-compensation.

where 7 is the radial position, and

Ay = % 1— (%)2 (12)
N a(r-(2)7) "

- (2) e ((8)7-(2))
as az az

The pedestal/cliff feature at the core-cladding boundary can be

adjusted to control the CD behavior. The different «v parameters

for the inner and outer core provide control of uncoupled GDs
in different mode groups.

C. Design Examples and System Performance

We perform particle-swarm optimization [25] to search for
an optimal pair of fibers for conventional compensation (7)
and an optimal fiber for self-compensation (8). The hyper-
parameters for conventional compensation are chosen to be
Yep = 0.05, v6p = 0.005, and those for self-compensation are
chosen to be ycp = 1,76p = 0.1, By, = 10 ps/km. The param-
eter search space is chosen such that the fibers support six
spatial modes in each polarization, and comply with leaky-
and guided-mode bending loss standards over the C-band. The
refractive index contrast between the center of the core and the
trench is consistent with a germanium-free core, enabling low
transmission loss [26], [27].

1) Fiber Design Examples: Table II provides the parameters
of the optimized fibers. Fig. 4 shows the refractive index profiles
relative to the cladding as a function of the radial position for
the conventional compensation fibers and the self-compensation
fiber. Fig. 5 shows the dispersion performance of the optimized
fibers over the C-band. Here are the key observations.

Conventional Compensation:
® Fig. 5(a) shows the scaled uncoupled GDs of the spatial
modes of the two fibers, f,@gl) and —(1 — f) 52), as a
function of wavelength. The scaled delays align closely,
indicating good optimization over the entire C-band.
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TABLE II
FIBER DESIGN PARAMETERS

(%1 [ Anq Ano

Ang

a1 (pum) az(pm) a3 (pm) a4(pm)  Notes

Conventional Compensation

8.92.1073
7.45-1073

Fiber 1
Fiber 2

1.962
1.989

1.962
1.989

1.21-1073 3.15-1073
1.43-1073 3.11-1073

11.38
11.77

12.52
13.4

5.7
5.89

1941  f=1/3
1954 (1—f)=2/3

Self-Compensation

Fiber 1 1.925 1.994 7.43-1073

1.46-10—3 3.03-1073

1.66 11.77 14.6 19.78

W LPi.
W LPy,

W LPuy
W LPy,

B LPy
m LPg

Self-Compensation

)

Conventional Compensation

0.01

Scaled Group Delay
(ps/m)
(=)

-0.01 6

(3]
w

(b)

|3
Do

(ps/nm.km)

(3]
(=}

—CD

Effective CD Parameter

—— fcD® 4 (1 - £)CcD®

*x1073

()

i
S

=
o

(ps/m)

\/

Effective GD STD

0.5

— B+ (- )p? ——0.56, + 0.557™

0
1530 1540 1550 1560 1530 1540 1550 1560
Wavelength (nm)

Fig.5. Design example for compensation. (a - ¢c) Conventional compensation;
(d - f) Self-compensation. (a, d) Scaled uncoupled GDs as a function of
wavelength over the C-band of the spatial modes of the optimized fiber(s); (b, e)
Effective uncoupled CD parameter as a function of wavelength over the C-band;
(c, f) Effective uncoupled GD STD as a function of wavelength over the C-band.

® Fig. 5(b) shows the effective CD parameters as a function of
wavelength. The effective CD parameter f cp™ + (1-
f)CD(Q) is the same for each mode. Consequently, the
effective uncoupled GD STD exhibits a flat wavelength
trend in the C-band, as seen in Fig. 5(c).

Self-Compensation:

® Fig. 5(d) shows the uncoupled GDs of the spatial modes
of the optimized fiber, 3; as a function of wavelength.
As desired, the delays of the first two mode groups with

spatial modes {LPg; }, {LP114,LP115} are almost equal.
Their average is equal to the negative of the average of
the delays of the third mode group with spatial modes
{LPg2,LP214,LP21;}. We also observe that the mode-
group-averaged GDs are not too close to zero, which would
negatively impact fabrication error tolerances.

® Fig. 5(e) shows the uncoupled CD parameters of the spatial

modes CD as a function of wavelength. The CD is the same
for each mode.

® An effective uncoupled GD STD can be defined as

std(0.58, + 0.58% ™), where BP™ represents the un-
coupled GD vector after mode permutations. In this case,
the mode permutations exchange power between LP; and
LPy> and between LPy; and LPy;. As a result of low
MDCD and effective optimization, the effective GD STD
is small and exhibits a flat wavelength trend in the C-band,
as seen in Fig. 5(f).

Fig. 5 is intended to characterize the uncoupled dispersion
properties of the fibers, and does not take into account random
intra- and inter-group coupling when calculating dispersion per-
formance. The statistics of the coupled GDs are highly relevant
to the complexity of DSP at the receiver, and are studied via
multi-section simulations in the following subsection.

2) Multi-Section Simulations: We perform numerical mul-
tisection simulations to calculate the end-to-end GD STD for
the optimized fibers. We select a span length Lg = 50 km. We
assume strong random intra-group coupling and weak random
inter-group coupling in the fiber segments [21].

Random inter-group coupling is influenced by various factors,
including effective refractive index differences between mode
groups and manufacturing processes involved. The literature re-
ports a wide range of coupling strengths. For instance, one study
reports coupling strengths of less than —20 dB over 10.5 km of
a GD compensation system [17] where the fibers support six
spatial modes and have index contrast similar to the designs
presented in this paper. The reported coupling strength corre-
sponds to a characteristic coupling length exceeding 700 km. In
our simulations, we set the value of the inter-group coupling
length to Liner = 500 km, which is equal to ten span lengths.
Additionally, we compare our results to a scenario with no
random inter-group coupling, represented by Liye = c0. For
the conventional compensation system, we set the lengths of
the fiber segments according to the optimized length fractions:
Ly = fLs/kyp, Ly = (1 — f)Lg/kp. For the self-compensation
system, we set the lengths of the fiber segments to be equal and
assume ideal mode permutations.

Authorized licensed use limited to: Stanford University Libraries. Downloaded on December 23,2025 at 00:23:06 UTC from IEEE Xplore. Restrictions apply.



VIJAY et al.: CLOSED-FORM STATISTICS AND DESIGN OF MODE-DIVISION-MULTIPLEXING SYSTEMS EMPLOYING GROUP-DELAY

Liyter = 500 km

Lipter = 00

10835

K =100, L = 5000 km K =100, L = 5000 km

ps)

s
........ ‘ o
............ OO
AAAAAA S
.......... S,
......... 5
Linger (km) =5
o0 o
500 =

Group Delay STD (

e T

Linter (knl) Linter <km>
S e
500 o500
100 10! 102 103 100 10! 10% 10% 1540 1550 1560 1 2 4 8 16
Length (km) Length (km) Wavelength (nm) Compensation Periods
Per Span k,

Wavelength (nm)

—1530 ——1535 ——1540 1545 1550

1555 ——1560 ——1565

Fig. 6.

Simulation of compensation. (a) - (d) Conventional compensation; (e) - (h) Self-compensation. (a), (¢) GD STD as a function of length for various

wavelengths in the C-band when Liyer = 00 and ky, = 1; (b), (f) GD STD as a function of length for various wavelengths in the C-band when Liper = 500 km
and kp = 1; (c), (g) GD STD as a function of wavelength after propagation over 5000km for Liper = 00,500km and kj, = 1; (d), (h) GD STD as a function of
number of compensation periods per span k, after propagation over 5000 km for Liyer = 00, 500 km.

Fig. 6 shows the GD STD as a function of the length of
the link over K = 100 spans for several wavelength channels
in the C-band. For the conventional compensation system, for
kp = 1, the worst-case GD STD after i = 100 spans is 438 ps,
effectively 6.2 ps/ vkm, when Liye = 00, as seen in Fig. 6(a),
and 803 ps, effectively 11.4ps/ Vkm, when Liyer = 500km,
as seen in Fig. 6(b). For the self-compensation system, for
kp = 1, the worst-case GD STD after K = 100 spans is 257 ps,
effectively 3.6 ps/ vkm, when Liner = 00, as seen in Fig. 6(e),
and 575 ps, effectively 8.1ps/ \/H, when Ly = 500 km, as
seen in Fig. 6(f).

Fig. 6(d) and (h) illustrate the impact of increasing the
number of compensation periods per span k. As discussed in
Section II-C, GD STD decreases with the square root of &,
provided there is no inter-group coupling. This reduction in
GD STD is more pronounced in the presence of inter-group
coupling. For the conventional compensation system, as kj
increases from 1 to 16, the worst-case GD STD reduces from
438ps to 109ps (4.9ps/vkm) when Liye = 0o, and from
803 ps to 115 ps (5.1ps/v/km) when Liyer = 500km. For the
self-compensation system, the worst-case GD STD reduces from
257 psto65ps (2.9 ps/\/kim) when Liyer = 00, and from 575 ps
to 70ps (3.1ps/ M) when Liyer = 500 km. When £k, is very
large, the effect of inter-group coupling becomes negligible.
However, this choice has its drawbacks. The number of splices,
mode scramblers, and permuters required is proportional to k,,
resulting in higher losses. Consequently, the mode-averaged loss
will increase linearly, and the MDL STD will increase with
the square root of k,,. Overall, the results indicate that effective
group delay compensation is achievable over the C-band with

thoughtful fiber and system design; however, there are trade-offs
to consider.

The effective GD STD of the design examples in this paper
is comparable to those reported for coupled MCFs supporting a
similar number of modes [28], [29], [30]. Optimized three-core
coupled MCFs have achieved GD STD as low as 4.2 ps/v/km
[29]. Additionally, four-core coupled MCFs have reported a GD
STD of 3.14 ps/v/km with an optimized fiber bend radius of
31 cm, and 10.6 ps/\/la in loosely bent cables [30]. One im-
portant issue in such coupled MCF systems is their sensitivity to
the bend radius. Tight or excessively loose bends in the deployed
fibers can lead to an increase in GD STD [30]. Additionally,
fabrication errors can impact the core radius and refractive index,
which also affects the GD STD [28]. Fabrication errors are also
an issue in GD-compensating MMF systems, as discussed in
Section I'V-B.

IV. DISCUSSION

In this section, we discuss additional aspects of GD compen-
sation.

A. Realization of Mode Permuters

GD self-compensation requires devices capable of performing
precise mode permutations. One way to achieve these mode per-
mutations is by utilizing a fan-out and fan-in configuration [11],
[31]. In this configuration, a mode demultiplexer directs the
signals from the spatial modes of the multimode fiber (MMF)
into individual single-mode fibers (SMFs). Subsequently, a
mode multiplexer combines the signals back into the MMF
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after executing the desired permutation. However, this approach
presents several challenges, including high mode-averaged and
mode-dependent losses, as well as undesirable modal crosstalk.

An alternative mode permuter design uses a cascade of several
long-period fiber grating (LPFG)-based mode couplers [32].
The design of each LPFG, including its grating period and
symmetry, is intended to execute a subset of the necessary
mode permutations. Undesired couplings by the LPFGs are
suppressed by propagation constant engineering, in which the
transverse refractive index profile is optimized to render the
propagation constant spacings for the undesired couplings sig-
nificantly different from those for the desired couplings. The
LPFG-based permuter design promises to achieve much lower
mode-averaged and mode-dependent losses and modal crosstalk
than designs based on fan-out and fan-in.

B. Sensitivity to Fiber Fabrication Errors

Changes to the designed refractive index profile of fibers can
impact the modal propagation constants, which in turn affect
the modal GDs. Variations in the uncoupled modal GDs of the
compensating fibers can result in an increased effective GD STD.
In extreme cases, these changes can alter the order of the modal
GDs, potentially rendering a compensation scheme completely
ineffective. We study the sensitivity of GD compensation to
fiber fabrication errors by introducing Gaussian random noise
to the refractive index profile of the fiber, similar to previous
studies [9], [33]. Research shows that different pieces of fiber
drawn from the same preform can exhibit different refractive
index errors [15]. Therefore, in our analysis, we assume that
each fiber segment has an independent realization of refractive
index error.

GD STD Penalty: Inthe presence of refractive index errors,
the expression for the effective GD STD can be modified to
include a penalty term:

UGD(K) = \/o-g}D,idezd(K) + U(%D,err(K)>

where oGp jiqeal 1S given by the expression in (2) and ogp e 1S
the contribution of the refractive index errors. Using first-order
perturbation theory, we can estimate the deviation in the GDs re-
sulting from refractive index profile errors. Appendix A provides
the derivation of this relationship. The penalty due to profile
errors is given by:

(14)

L L
O—éD,err(K): <KV1 1231/2 2)

dd”™
X tr <(D — D) En> U2A’n’

where o A, is the STD of the refractive index errors, and 3,05,
is the N, x N, covariance matrix of mode-group-averaged GD
deviations. For the design examples in this paper,

s)

0.40 0.29 0.11
¥, =10""%10.29 0.47 0.33] (s*/m).
0.11 0.33 0.50

(16)
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We observe that 32,, shows minimal variation with wavelength
across the C-band.

Multi-Section Simulations: We perform multisection sim-
ulations for the design examples presented in Section III for
k, = 1. Fig. 7 plots the GD STD for conventional and self-
compensation for inter-group coupling lengths, Ly, = 0o and
Liner = 500 km for the following cases:

® No refractive index error

e With refractive index error of STD o a,, = 1075,

e With refractive index error of STD oA, = 107° and fiber

sorting.

Fiber sorting involves characterizing the fabricated fibers. For
each selected fiber from the set of fabricated fibers, another
one that minimizes the effective GD STD of the combination is
chosen as its pair. This process is repeated without replacement
until all fibers are paired. The plots also include the estimates
from the analytical expression in (14). The expectation in the
GD variance is computed over the realizations of the random
coupling matrices and refractive index errors.

From Fig. 7, we observe that the analytical expression accu-
rately captures the GD STD penalty caused by refractive index
errors. For the conventional compensation system, the worst-
case GD STD after K = 100 spans is 1.33ns (18.8 ps/\/la),
when Liyer = 00, as shown in Fig. 7(a), and increases to 1.50 ns
(21.2 ps/vkm) when Lipe: = 500 km, as seen in Fig. 7(b). Fiber
sorting provides only marginal improvement, resulting in a
GD STD of 1.09ns (15.4ps/\/la) for Liper = o0 and 1.28 ns
(18.1ps/+/km) for Liyer = 500 km.

For the self-compensation system, the worst-case GD STD
after K = 100 spans is 1.20ns (17 ps/v/km) when Liper = 00,
as shown in Fig. 7(c), and 1.28 ns (18.1 ps/v/km) when Liper =
500km, as seen in Fig. 7(d). In this case, fiber sorting proves to be
more effective, reducing the GD STD to 0.76 ns (10.7 ps/ \/15)
for Liner = 00 and 0.94ns (13.3 ps/v/km) for Liper = 500 km.

After just one span, the effective GD STD is significantly
higher when index errors are present compared to when they are
not. Additionally, when comparing scenarios with and without
inter-group coupling, the effective GD STD remains nearly un-
changed in the presence of index errors. These findings indicate
that the GD STD is primarily influenced by the contribution from
the error penalty term. It is crucial for fabrication processes
to maintain tight tolerances in order for GD compensation in
MMF to be effective. Experimental investigations are needed
to improve the refractive index error models and verify the
numerical estimates presented in this paper, making this an
important area of future research.

C. Digital Signal Processing

GD STD is a measure of the memory of the MMF channel,
which in turn affects the DSP complexity of the MIMO equalizer.
Additionally, since the MMF channel is dynamic, the equaliza-
tion process must be adaptive [34]. Submarine SMF channels
have been observed to change on a time scale of seconds [35].
Fibers supporting more modes are expected to be more sensitive
to environmental perturbations [36], [37]. A larger GD STD
makes it more challenging to learn and adapt to a time-varying
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Compensation in the presence of refractive index errors for k, = 1. (a) - (b) Conventional compensation; (c) - (d) Self-compensation. (a), (c) GD STD

as a function of length at 1550nm for Liper = 00; (b), (d) GD STD as a function of length at 1550nm for Liper = 500km; The solid lines correspond to GD
performance with no refractive index errors, oA, = 0; the dashed lines correspond to the GD performance with refractive index errors of STD oA, = 1075;
the dotted-dashed lines correspond to the GD performance with fiber sorting and refractive index errors of STD o a,, = 10~%; and the solid circles correspond to

analytical estimates.

channel in the presence of noise. The number of MIMO equalizer
taps required at the receiver is given by [38]

Nuvip = [oepup (p)rosRs] (17

where up(p) = 4.6 for D = 12 with probability 1 —p =1 —
1076, o is the oversampling ratio and R, is the symbol rate. For
example, for ogp = 1ns, 7, = 17/16, and Rs = 50 GBaud, we
need Nyp = 245 taps. An adaptive 12 x 12 MIMO frequency-
domain equalization using a cyclic prefix (CP) of length Nyp
taps and block length of Ngep = 212 achieves a CP efficiency
NFFT/(NFFT + NMD) = 94%

Adaptive algorithms such as recursive least-squares (RLS)
can train the equalizers using n, = 50 training blocks
corresponding to an adaptation time of tugap = (Nerr +
Nup)/rosRs = 4.09 us. The data-aided training stage can be
followed by decision-directed tracking. For a signal-to-noise
ratio of 20dB at the end of 100 spans and a MDL STD of
0.3 dB per span, the RLS algorithm is found to track a dynamic
channel with a generalized stokes rotation rate of more than
314 krad/s for QPSK signaling and up to 100 krad/s for 16-QAM
signaling. To determine the Stokes rotation rates and select an
appropriate modulation and coding scheme, it is essential to
experimentally measure the dynamics of the fabricated MMFs.
If the observed dynamics are faster than the estimates made
here, then the FFT block length Ngpr can be reduced and the
channel estimates can be computed more frequently, although
with a reduced CP efficiency. Alternatively, pilot symbols can
be periodically transmitted to enable intermittent data-aided
tracking. This method also leads to a reduced information rate.

D. Extension to More Than Three Mode Groups

The analytical expressions presented in Section II are appli-
cable to all GD compensation systems characterized by strong
random intra-group coupling and weak inter-group coupling in
the fiber segments.

Fibers that support more than three mode groups can be
designed using the parameterized refractive index profile (11).
However, additional features may be necessary to control the

GDs and CDs of the mode groups. This is essential to creating
a feature space sufficiently rich to enable numerical design
optimization.

For the self-compensation scheme, the optimal mode per-
mutation and the associated mode-group-averaged GD vector
change as the number of mode groups increases. Combinatori-
ally, there exist several possible ideal permutation schemes for
any number of mode groups N,. It is important to emphasize
that realizing some of these ideal schemes may not be trivial, as
each scheme requires a MMF with mode groups having specific
GDs, as well as a mode permuter realizing a specific permutation
pattern. We discuss two examples here.

The first ideal permutation scheme consists of partitioning
the mode groups into three groups, each with a different mode-
group-averaged GD from the set {—7,0,7}. The number of
mode groups with a GD of 0 is m = N, (mod 4). For odd m,
one of these mode groups has (N, + 1)/2 modes. Form = 2, 3,
there exists one pair of mode groups with a GD of 0 comprising
mode groups MG; and MG, where 4, j are the mode group
indices and i + j = Ny + 1.

The remaining number of mode groups is divisible by 4, so
we can form an even number of pairs of mode groups such that
for every pair comprising MG;, MG;, i +j = N, + 1. If the
transmission fiber is designed so that half of these pairs have a
GD of 7 and the other half have a GD of —7, then permuting
these two groups at the midpoint of each span effects perfect
self-compensation (more generally, if k£, > 1, we permute the
two groups at the midpoint of each compensation period). For
example, when IV, = 5, the ideal GD vector for this scheme is
[1,—7,0, —7, 7]. Midway through each span (or compensation
period), MG; and MGj; are permuted with MG and MG, and
MG3; remains unchanged. For larger values of N, this scheme
can be extended to allow different GD values for different pairs
of mode groups, as long as for each pair of mode groups with
a GD of 7, there exists a corresponding mode group pair with a
GD of —7.

An alternative ideal permutation scheme involves partitioning
the mode groups into four groups, each with a different mode-
group-averaged GD from the set {0, 71, 72, 73 }. The number of
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mode groups with a GD of 0 is m = N, (mod 6). For odd m,
one of these mode groups has (N, + 1)/2 modes. For m > 2,
the other pairs of mode groups with a GD of 0 are comprised of
MG;, MG;, where i + j = Ny + 1.

Since the remaining number of mode groups with nonzero GD
is divisible by 6, we can form M pairs of mode groups such that
for every pair comprised of MG;, MGy, i + j = N4 + 1, where
M is divisible by 3. If the transmission fiber is then designed so
that a third of these pairs have a GD of 74, a third have a GD
of 79, and a third have a GD of 73, cyclically permuting these
three groups twice per span effects perfect self-compensation
(more generally, if £, > 1, we permute these three groups twice
per compensation period). For example, in the case where N, =
6, the ideal GD vector for this scheme is [y, T2, T3, T3, T2, T1]-
We subdivide each span into three equal-length segments (more
generally, when k,, > 1, we subdivide each compensation period
into three segments), and at the two boundaries between the
three segments, we apply an ideal permutation that cycles power
from MG; and MGg to MGy and MGs, from MGy and MGs
to MG3 and MGy, and from MG3; and MG, to MG, and MGg.
Power can also be cycled amongst these three pairs of mode
groups in the reverse direction. For larger values of NV, multiple
such 3-cycles can exist, each with potentially different values of
T1,72,T3.

Although these ideal permutation schemes have been shown
to exist for any IV, their implementation becomes increasingly
difficult as N, increases. Designing a mode permuter for large
N, requires careful consideration, especially when opting for
cascaded LPFG-based devices. The sheer number of necessary
power transfers amongst all modes greatly increases the number
of LPFGs the device requires. In the schemes described here,
potentially one mode would need to be transferred to a mode
group four levels away, and to prevent coupling into unguided
modes, this transfer should take place over several steps, each
requiring an LPFG [32]. There is likely a limit to how many
different LPFGs can be inscribed in the same fiber without
introducing significant undesired coupling, so multiple mode
permutation fibers may be necessary [32]. These are topics for
future research.

V. CONCLUSION

In this paper, we examined GD compensation for MMF
links using two approaches: conventional compensation, which
alternates fiber types with opposite GD orderings, and self-
compensation, which utilizes a single fiber type with periodi-
cally inserted mode permuters. We provided analytical expres-
sions for the GD STD in these systems, taking into account
factors such as random inter-group coupling, mode scrambling,
and refractive index errors. We proposed fiber designs based on
graded-index MMFs with specialized index profiles to control
the MDCD in order to achieve effective compensation over the
entire C-band. We also addressed design strategies for both
systems and fibers to address the challenges of random inter-
group coupling and refractive index errors. These strategies
include increasing the number of compensation periods per
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span, using a regularized cost function in fiber design, and fiber
sorting. The design examples we presented achieved an effective
GD STD of 18.1 ps/v/km with conventional compensation and
13.3ps/ Vkm with self-compensation for Liye, = 500 km and
oAn = 107°. We discussed the implications of GD compensa-
tion for DSP complexity and performance. Finally, we discussed
methods for extending GD compensation to fibers that support
more than three mode groups.

APPENDIX A
IMPACT OF REFRACTIVE INDEX ERRORS ON MODAL GROUP
DELAYS

In this appendix, we derive a semi-analytic expression for the
penalty in GD STD caused by errors in the fiber refractive index
profile. Consider a fiber with a refractive index profile n(r) and
refractive index error An(r) as a function of radial position .
From a first-order perturbation theory analysis, the change in the
propagation constant of the sth mode is

1 [f2k3nAn|y;|*rdrdo
23]i] [[ |i|?rdrdd

where v; is the electric field amplitude of the ith mode. The
error in its GD is

Apli) =

(18)

. d .
Apifi] = @Aﬁ[l]- (19)
Numerically, the integration can be replaced by a summation
and the derivative can be replaced by a finite difference as

follows:
at i a |t
ABy[i] = ;ZJ: ﬁ (51[2.]] - ﬂ][[z'D Anfj],  (20)

where j = 1,..., N, is a radial position index, Aw is a fre-
quency difference, superscripts + and — indicate the values at
+Aw/2 and —Aw/2, respectively, and

ailil = Zkonlilr Ul 1g e

[i

21)

From the above expressions, the errors in the mode-group-
averaged GDs can be obtained:

AB; = AAn, (22)

where An is the N,-dimensional error vector and A is an
Ny x N, matrix describing the mode-group-averaged GD error

coefficients and is given by
a;' [i] B a; [i
s Bl )

Assuming {An[j]} are independent and identically dis-
tributed Gaussian random variables with STD o, results in
Af3; being a zero-mean Gaussian random vector whose second-
order statistics are related to those of An by

_ 1

AlLj =
L] 2d, Aw ;
ieM,

S=E {ABlTAﬁl} =02, AAH. (23)
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