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Abstract—The effects of mode coupling and first-order modal
dispersion in mode-division multiplexed multi-mode fiber systems
are well studied. However, when modal delays become frequency-
dependent, higher-order modal dispersion effects, such as mode-
dependent chromatic dispersion, must be incorporated into prop-
agation models. This work investigates the statistical properties
of first- and second-order group-delay operators under strong
coupling conditions using a multi-section random matrix model,
accounting for both intrinsic (uncoupled) group delays and mode-
dependent chromatic dispersion. We show that the asymptotic
distributions of these operators are determined by the number
of sections, the delay spreads of the uncoupled delays, and mode-
dependent chromatic dispersion. For typical graded-index multi-
mode fibers, the uncoupled group delays have a significantly greater
impact than the mode-dependent chromatic dispersion. As a result,
the complexity of digital signal processing is ultimately dictated by
the statistics of the first-order group-delay operator. Additionally,
we derive analytical expressions for the expected intensity pulse
response to provide a time-domain perspective on the higher-order
effects.

Index Terms—Group-delay operator, higher-order modal
dispersion, intensity pulse response, long-haul multi-mode fiber
systems, modal dispersion, mode-division multiplexing.

I. INTRODUCTION

S PACE-DIVISION multiplexing (SDM) improves capacity,
integration, and power efficiency in long-haul coherent

optical communication systems [1], [2], [3]. SDM can be im-
plemented using various methods, including parallel single-
mode fibers, uncoupled-core or coupled-core multi-core fibers,
or multi-mode fibers (MMFs). Among these options, mode-
division multiplexing (MDM) in MMFs is particularly attrac-
tive for achieving the highest level of integration [4], enabling
amplification using fewer pump modes than signal modes [5].

Practical implementation of long-haul MDM systems over
MMFs is dependent on multiple-input multiple-output (MIMO)
digital signal processing (DSP) to mitigate the effects of mode
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coupling and modal dispersion. Modal dispersion, which arises
from the frequency dependence of the modal propagation con-
stants, necessitates MIMO equalization with memory. This dis-
persion is typically characterized by its first-order frequency
dependence, known as group delay (GD), and its second-order
dependence, known as chromatic dispersion (CD). The average
GD across all modes accumulates linearly with link length and
corresponds to link latency without impacting DSP complexity.
Similarly, the average CD accumulates linearly and can be
effectively compensated using fixed single-input single-output
digital filters for each mode prior to the MIMO equalizer.

The primary challenge for MIMO DSP arises from mode-
dependent modal and chromatic dispersions. The spread in the
uncoupled modal GDs can be substantial, leading to a required
DSP memory length that can be comparable to or even larger
than that needed for average CD compensation [6]. MMF links
need strong random coupling to manage the accumulation of
GD spread. In the strong coupling regime, the GD spread is
calculated using the distribution of the first-order frequency
dependence of the dispersion statistics, showing that the standard
deviation (STD) of the coupled GDs scales favorably with the
square root of the link length, rather than linearly [6]. The
interplay between uncoupled GDs and strong random coupling
can also generate higher-order dispersion effects. In the Jones
matrix representation of the electric field propagation in MMFs,
higher-order modal dispersion refers to a super-linear frequency
dependence of the phase of the Jones matrix. It can result in
depolarization and a nonlinear relationship between the input
and output intensities. These effects have been previously in-
vestigated in the frequency domain using multi-section fiber
field propagation models, but their statistical properties were
not derived analytically [7]. A time-domain perspective, which
inherently incorporates these higher-order effects, has also been
explored through studies of the intensity impulse response [8].
In these prior works, the models for uncoupled propagation are
first-order in frequency and incorporate uncoupled modal group
delays, and higher-order frequency dependence emerges as a
consequence of random coupling between modes. This is a lim-
itation, as the models do not consider the intrinsic higher-order
frequency dependence of the uncoupled modes.

While the intrinsic higher-order frequency dependence of the
uncoupled modes may be weak, a thorough statistical investiga-
tion of the resulting coupled higher-order dispersion is of funda-
mental interest. In particular, it is useful to obtain closed-form
expressions for the variances of the statistical distributions and
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study how they depend on fiber properties and other system at-
tributes. This becomes particularly relevant for next-generation
systems operating with large signal bandwidths (>100 GHz) or
in links where the first-order GD spread has been minimized
through advanced fiber and link design, such as graded-index
fibers with low differential mode delay or links employing GD
compensation techniques. In such systems, where the goal is to
reduce DSP complexity as much as possible, it is important to
quantify the contribution of the intrinsic higher-order frequency
dependence of the uncoupled modes. It is thus far unclear if
the coupled higher-order effects, including those arising from
uncoupled mode-dependent chromatic dispersion (MDCD), di-
rectly influence the required DSP complexity and overall system
feasibility.

In this paper, we conduct a theoretical and numerical inves-
tigation into the statistics of higher-order modal dispersion in
MMFs operating in the strong coupling regime. We analyze the
dispersion effects resulting from the combination of uncoupled
GDs and MDCD. Starting with the first-order and second-order
GD operators, we derive novel analytical expressions for the
statistics of their respective eigenvalues, namely, the coupled
GD and coupled MDCD. We demonstrate how the coupled
MDCD scales with the length of the fiber link. Specifically, we
show that the coupled MDCD variance consists of two additive
components, one that depends on the square of the uncoupled
MDCD variance and scales linearly with the link length, and
the other that depends on the uncoupled GD variance and scales
quadratically with the link length. We validate our analytical
expressions through extensive numerical simulations based on
multi-section propagation models. We show that for typical
values of uncoupled MDCD in practical MMFs, the statistics of
modal dispersion are mainly governed by that of the uncoupled
GDs, and as a result, the required MIMO DSP complexity is not
influenced by uncoupled MDCD. Similar conclusions can be
drawn for coupled-core multi-core fibers (CC-MCFs), as their
uncoupled MDCD is expected to be lower than that in MMFs
owing to the inherent symmetry of the modes. Furthermore, we
provide a time-domain perspective by examining the impact of
these higher-order effects on the intensity pulse response.

The remainder of this paper is organized as follows. Section II
presents a field-coupling multi-section random matrix model
for signal propagation in MMF. Section III defines the first-
and second-order GD operators and provides the analytical
expressions for STDs of the coupled GD and coupled MDCD in
the strong-coupling regime. Section IV provides a brief overview
of the intensity pulse response. Section V presents the discussion
and conclusions of this work.

II. MULTI-SECTION RANDOM MATRIX MODEL FOR

SIGNAL PROPAGATION

Signal propagation in MMFs can be described by Jones matrix
field coupling models [9], [10]. An MMF supporting D spatial
and polarization modes of length L may be divided into K
sections of length ΔL = L/K, each modeled by a D ×D
complex-valued matrix describing electric field transfer. The
section length corresponds to the characteristic coupling length

associated with strong random coupling due to random pertur-
bations in the fiber and deterministic coupling due to devices
like mode scramblers and permuters [10], [11]. Let the transfer
matrices of the sections be denoted by M1(ω0 + ω),M2(ω0 +
ω), . . . ,MK(ω0 + ω). These are frequency-dependent random
matrices at angular frequency ω away from the center frequency
ω0. We are interested in the statistical properties of modal
dispersion and thus, we ignore any mode-dependent loss or
gain. Assuming strong random coupling, the kth section can
be represented by

Mk(ω0 + ω) = VkΛk(ω0 + ω)UH
k (1)

where H denotes Hermitian conjugate, Uk and Vk are
frequency-independent random unitary matrices representing
the input and output mode coupling of the kth section, and
Λk(ω0 + ω) is a diagonal matrix describing uncoupled modal
dispersion:

Λk[i, i](ω0 + ω) = exp
(
jωτk,i(ω0) +

j

2
ω2ηk,i(ω0)

)
, (2)

where j =
√−1, and τk,i(ω0) and ηk,i(ω0) are the uncoupled

GD (measured in seconds) and uncoupled MDCD (measured
in seconds squared) of the ith mode in the kth fiber section,
respectively, at the center frequency ω0. In the strong cou-
pling regime, the section length corresponds to a characteristic
coupling length, and Uk and Vk are modeled by independent
random unitary matrices. While the model is valid whether or
not the uncoupled GDs and MDCDs are the same for different
sections, for mathematical simplicity, we assume the sections
are statistically identical; for k = 1, . . . ,K, τk,i(ω0) = τi and
ηk,i(ω0) = ηi. Without loss of generality, we assume

∑D
i=1 τi =

0 and
∑D

i=1 ηi = 0, i.e., we ignore the mode-averaged GD and
CD.

The end-to-end link transfer matrix can be written as the
product of the transfer matrices of the K sections:

M(ω0 + ω)=MK(ω0+ω)MK−1(ω0+ω) . . .M1(ω0+ω).
(3)

III. STATISTICS OF GROUP-DELAY OPERATORS

Following [7], [12], we can write an exponential expansion
of the end-to-end transfer matrix:

M (ω0 + ω) = M (ω0) e
jωG(1)(ω0)e

1
2 jω

2G(2)(ω0) · · · , (4)

whereM(ω0) is the zeroth-order propagation operator evaluated
atω0, andG(1)(ω0) andG(2)(ω0) are the first- and second-order
GD operators defined as follows:

G(1) = −jMH (ω0)M
′ (ω0) , (5)

G(2) = −j
(
G(1) (ω0)

)2
− jMH (ω0)M

′′ (ω0) , (6)

where M′(ω0) =
d
dωM(ω0 + ω)|ω=0 and M′′(ω0) =

d2

dω2

M(ω0 + ω)|ω=0. The eigenvalues of G(1)(ω0) and G(2)(ω0)
are the coupled GDs (measured in seconds) and coupled MDCDs
(measured in seconds squared) for a narrow-band signal centered
at ω0, respectively. We use (5) and (6) to analytically compute
the statistics of coupled GDs and MDCDs in the strong coupling
regime for large K.

Authorized licensed use limited to: Stanford University Libraries. Downloaded on March 21,2026 at 15:11:43 UTC from IEEE Xplore.  Restrictions apply. 



2376 JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 44, NO. 6, MARCH 15, 2026

A. First-Order Group-Delay Operator

Following the concatenation rules for the GD operator in [10],
[13], (5) can be expanded in terms of the GD operators of the
individual sections. Using (3) and (5), we get

G(1) = G
(1)
1 +MH

1 G
(1)
2 M1 + · · ·

+MH
1 . . .MH

K−1G
(1)
k MK−1 . . .M1

=
K∑

k=1

MH
1 . . .MH

k−1G
(1)
k Mk−1 . . .M1, (7)

where the frequency index ω0 has been omitted for clarity and
G

(1)
k (ω0) = −jMH

k (ω0)M
′
k(ω0), k = 1, . . . ,K. From (1), for

k = 1, . . . ,K, we obtain

G
(1)
k (ω0) = −jUkΛ

′
k(ω0)U

H
k , (8)

where Λ′
k(ω0) = j · diag{τ1, . . . , τD}. As expected, G(1)

k de-
pends on the uncoupled GDs of the section and is independent
of the uncoupled MDCDs.

Prior studies have established that G(1) is a zero-trace Gaus-
sian unitary ensemble (GUE) [6]. Here, we briefly discuss the
reasoning behind this conclusion. Each of the K matrices in
the summation in (7) has statistically identical eigenvalues.
However, their eigenvectors are independent and identically
distributed (IID). AsG(1) is the sum of IID random matrices, and
given that each of these matrices has a zero trace, owing to the
assumptions that

∑D
i=1 τi = 0 and

∑D
i=1 ηi = 0, we can apply

the central limit theorem. Thus, G(1) converges to a zero-trace
GUE. It can be shown that the STD of the eigenvalues is given
by

σGD =

√√√√E

{
trG(1)2

}
D

, (9)

where tr (·) represents the matrix trace, the expectation is over
all random realizations of the channel, and

σ2
GD =

K

D

D∑
i=1

τ2i = Kσ2
τ , (10)

where στ is the STD of uncoupled GDs of one section. The
coupled GD variance scales linearly with the number of sections,
is proportional to the variance of the uncoupled GDs, and is
independent of the uncoupled MDCDs.

B. Second-Order Group-Delay Operator

Similarly, the second-order GD operator in (6) can be ex-
panded in terms of the GD operators of the individual sections.
Using (3) and (6), we get (11) shown at the bottom of this
page, where cc represents the complex conjugate transpose of
the preceding product of matrices.

The expression for G(2) in (11) contains two summations.
The first includes K terms dependent on G

(2)
1 , . . . ,G

(2)
K , and

the second includes K(K − 1)/2 terms dependent on pairwise
combinations of M′

l and M′
k. Invoking arguments similar to

those in Section III-A, we can show that G(2) also converges to
a zero-trace GUE. The STD of the eigenvalues is given by

σMDCD =

√√√√E

{
trG(2)2

}
D

, (12)

where the expectation is over all random realizations of the
channel and

σ2
MDCD =

K

D

D∑
i=1

η2i +
K(K − 1)

D2

(
D∑
i=1

τ2i

)2

= Kσ2
η +K(K − 1)σ4

τ , (13)

where ση is the STD of uncoupled MDCDs of one section.
Detailed derivation is provided in Appendix A.

Equation (13) shows the contributions of both uncoupled GDs
and uncoupled MDCDs to the statistics of coupled MDCDs.
The MDCD variance shows a linear K dependence with the
uncoupled MDCD variance per section σ2

η and a quadratic
K(K − 1) dependence with the square of the uncoupled GD
variance per section σ4

τ . This implies that at longer link lengths,
coupled MDCD statistics will be dominated by the statistics of
the uncoupled GDs.

C. Multi-Section Simulations

In this subsection, we present numerical multisection simula-
tions similar to [14] to verify the analytical expressions for σGD

and σMDCD. We consider a case of D = 12 modes and K = 100
fiber sections. We generate independent random unitary ma-
trices distributed according to the Haar measure to model the
fiber coupling matrices U1, . . . ,UK ,V1, . . . ,VK . We choose
values of τ1, . . . , τD and η1, . . . , ηD such that

∑D
i=1 τi = 0 and∑D

i=1 ηi = 0. Over 10,000 trials, we numerically compute the
end-to-end transfer matrices and the GD operators and record
their eigenvalues.

Figs. 1 and 2 plot the normalized coupled GD STD σGD/στ

and the normalized coupled MDCD STD σMDCD/ση , respec-
tively, as a function of the number of sections K for several
values of ση/σ

2
τ . The plots are on the log-log scale. We see ex-

cellent agreement between the estimates from the multi-section
simulations and the analytical expressions. In Fig. 1, as expected,
the coupled GD STD is proportional to the square root of the
number of sections and is the same for all values of ση/σ

2
τ . The

analytical and simulation curves for the normalized coupled GD
STD for each value of ση/σ

2
τ fall on top of each other.

On the other hand, in Fig. 2, when ση/σ
2
τ � 1, the coupled

MDCD STD is proportional to the number of sections and is
dominated by the statistics of uncoupled GD. Whenση/σ

2
τ � 1,

the coupled MDCD STD is proportional to the square root of
the number of sections and is dominated by the statistics of

G(2) =

K∑
k=1

MH
1 . . .MH

k−1G
(2)
k Mk−1 . . .M1 − j

∑
1≤l<k≤K

(
MH

1 . . .MH
k M′

kMk−1 . . .Ml+1M
′
lMl−1 . . .M1 − cc

)
. (11)
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Fig. 1. Coupled GD STD as a function of the number of sections for various
values of ση/σ

2
τ . The dashed lines correspond to numerical estimates from

multi-section simulations and the solid circles correspond to analytical estimates
from the formula in (9). Coupled GD STD is normalized by the STD of uncoupled
GDs over one section.

Fig. 2. Coupled MDCD STD as a function of the number of sections for
various values of ση/σ

2
τ . The dashed lines correspond to numerical estimates

from multi-section simulations and the solid circles correspond to analytical
estimates from the formula in (12). Coupled MDCD STD is normalized by the
STD of uncoupled MDCDs over one section.

uncoupled MDCD. It is also observed that when ση/σ
2
τ > 1,

for sufficently large K, the coupled MDCD STD accumulates
linearly with K as indicated by the change in the slope of the
log-log plot.

In weakly guiding waveguides such as graded-index MMFs,
CD is primarily determined by the material properties [15].
Uncoupled MDCDs, unlike the GDs, do not exhibit signifi-
cant variations due to refractive index perturbations. In typ-
ical graded-index MMFs that support few mode groups, the
mode-averaged CD parameter is reported to be around 17−
21 ps/nm · km in the C-band, with an uncoupled MDCD of at
most ±1 ps/nm · km [16], [17]. In [16], the uncoupled MDCD

STD is 0.26 ps/nm · km or equivalently, 0.33 ps2/km. The un-
coupled GD STD is reported to be 3.61 ps/km. Assuming a
section length of 25 km, we get ση = 0.26 ps2/km × 25 km =
6.5 ps2 and στ = 3.61 ps/km × 25 km = 90.25 ps, we find that
ση/σ

2
τ = 8× 10−4 � 1. Even if the uncoupled MDCD STD

were higher, at say 1 ps2/km, and the uncoupled GD STD
lower at 1 ps/km due to better fiber design or GD compensa-
tion, for the same section length we obtain ση = 1 ps2/km ×
25 km = 25 ps2 and στ = 1 ps/km × 25 km = 25 ps, resulting
in ση/σ

2
τ = 0.04 which is still much less than 1. In both cases,

the statistics of higher-order modal dispersion are predominantly
governed by those of the uncoupled GDs. Also, the memory
length requirement for the MIMO DSP is dominated by the
effect of the uncoupled GDs, with the effect of the uncoupled
MDCDs being negligible. In CC-MCFs, uncoupled MDCD is
smaller due to the symmetry of the coupled modes, and therefore,
we expect the statistics of higher-order modal dispersion to be
predominantly governed by those of the uncoupled GDs.

IV. INTENSITY PULSE RESPONSE

The GD operator-based approach enables us to understand
the effects of modal dispersion in the frequency domain. By
truncating the exponential expansion of the end-to-end transfer
matrix, we obtain an approximation that is valid for narrow-band
signals that occupy a frequency range less than the “coherence-
bandwidth” of the matrix channel [14], [18]. In the strong
coupling regime, for the first-order approximated model, the
coherence bandwidth is approximately 1/στ . A wide-band sig-
nal with a bandwidth W/2π can be viewed as consisting of
N = �Wστ/2π� sub-bands, each with IID channel realizations.
The coupled GDs of each of these sub-bands will also be IID. The
statistics of the peak-to-peak delay difference for each of these
sub-bands are the same and are well understood [19]. These can
help determine the number of taps required for a MIMO DSP
filter to equalize the matrix channel [20].

An alternative time-domain approach is through the study
of an intensity pulse response (IPR) and has been discussed in
the literature [8]. In this section, we briefly study the IPR in the
strong coupling regime for the cases with and without uncoupled
MDCD. We observe that the pulse spreading due to modal dis-
persion is not significantly affected by the statistics of uncoupled
MDCD for typical values, consistent with observations from the
GD operator-based approach in Section III.

The input-output relationship in the time and frequency do-
mains can be written as follows:

Y(ω) = M(ω0 + ω)X(ω) ↔ yj(t) =

D∑
i=1

mji(t) ∗ xi(t),

(14)
where ∗ represents convolution, X(ω) = [X1(ω), . . . , XD

(ω)]T and Y(ω) = [Y1(ω), . . . , YD(ω)]T are the frequency-
domain complex-baseband input and output vectors of modal
field amplitudes, xi(t) = F−1{Xi(ω)}, yi(t) = F−1{Yi(ω)}
are the respective time-domain waveforms, F−1{·} represents
the inverse Fourier transform, andmji(t) is the impulse response
of the channel between the ith input mode and the jth output
mode.
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The intensity is defined in the time domain and frequency
domain as follows:

iy(t) =
D∑

j=1

|yj(t)|2 ↔

Iy(ω) = 1

2π

∫ ∞

−∞
XH(−ω′)MH(ω0 − ω′)

×M(ω0 + ω − ω′)X(ω − ω′)dω′. (15)

The expected intensity pulse response is given by

E {Iy(ω)} =
1

2π

∫ ∞

−∞
XH(−ω′)H(ω′, ω)X(ω − ω′)dω′,

(16)

where H(ω′, ω) is the autocorrelation of the channel transfer
matrix,

H(ω′, ω) = E
{
MH(ω0 − ω′)M(ω0 + ω − ω′)

}
. (17)

From the multisection model (1) and (3), we obtain

M(ω0 + ω)

= VKΛK(ω0 + ω)UH
KVK−1 . . .Λ1(ω0 + ω)UH

1 , (18)

which yields

H(ω′, ω) = E

{
U1Λ

H
1 (ω0 − ω′)VH

1 . . .ΛH
K(ω0 − ω′)

×ΛK(ω0 + ω − ω′)UH
KVK−1 . . .Λ1(ω0 + ω − ω′)UH

1

}
.

(19)

The expectation can be computed by repeatedly using the prop-
erty of integration with respect to the Haar measure on the unitary
group [21]. We obtain

H(ω′, ω) = f(ω′, ω)ID, (20)

where

f(ω′, ω) =

⎛
⎝ 1

D

D∑
j=1

exp

{
jωτj − jωω′ηj + j

ω2

2
ηj

}⎞⎠
K

.

(21)
We observe thatH(ω′, ω) is a scalar times the identity matrix. In
the expected sense, the frequency autocorrelation of the channel
matrix is identical for all modes in the strong coupling regime.

1) In the Absence of Uncoupled MDCD: When ηj = 0, j =
1, . . . , D, we observe that

f(ω′, ω) = f(0, ω) =

⎛
⎝ 1

D

D∑
j=1

exp jωτj

⎞
⎠

K

is independent of ω′. This means that the frequency autocor-
relation between two different frequencies only depends on the
frequency difference. As a result, we obtain

E {Iy(ω)} =
1

2π
f(0, ω)

∫ ∞

−∞
XH(−ω′)X(ω − ω′)dω′

= f(0, ω)Ix(ω), (22)

where Ix(ω) is the Fourier transform of the intensity of the
input pulse. In (22), f(0, ω) acts like a frequency response of
the channel in transforming the input intensity waveform to the
expected output intensity waveform. Therefore, one can define
an intensity impulse response, h(t) = F−1{f(0, ω)}, similar
to [8].

Here we derive an expression for f(0, ω) for large K. It
is to be noted that (1/D)×∑D

j=1 exp jωτj is the character-
istic function of a multinomial random variable with outcomes
{τ1, . . . , τD}. Further,{(1/D)×∑D

j=1 exp jωτj}K is the char-
acteristic function of the sum of K such IID random variables.
From the central limit theorem, we know that the distribution
of a sum of K IID random variables approaches a Gaussian
distribution. Notably, the characteristic function of a Gaussian
random variable is also Gaussian. Therefore, in the limit of large
K, we obtain

f(0, ω) =

⎛
⎝ 1

D

D∑
j=1

exp jωτj

⎞
⎠

K

≈ exp

{
−Kσ2

τω
2

2

}
, (23)

and the time-domain intensity impulse response is also Gaussian
with a STD of

√
Kστ . This result is consistent with the findings

in [8].
2) In the Presence of Uncoupled MDCD: In the general

case, when ηj 
= 0, j = 1, . . . , D, we do not obtain an intensity
impulse response. However, when ση/σ

2
τ < 1, the frequency

autocorrelation in (21) is well approximated by a Gaussian
function in ω for large K:

f(ω′, ω) ≈ exp

{
−Kσ2

τω
2

2

(
1 +

σ2
η

σ2
τ

ω′2
)}

, (24)

where we assume that the uncoupled GDs {τi} and the uncou-
pled MDCDs {ηi} are uncorrelated. Substituting (24) and (20)
in (16) yields (25) shown at the bottom of this page.

There is no closed-form expression for E{Iy(ω)} for an arbi-
trary input waveform. However, assuming that the input electric
field is a Nyquist sinc pulse of bandwidth W , W

2π sinc(Wt
2π ),

and K(Wστ )
2 � 1, we can further approximate (25) using the

following analytical expression:

E {Iy(ω)} =
1

2
√
π
exp

{−Kσ2
τω

2

2

}erf
(√

K
2

σηWω
2

)
√

K
2 σηω

.

(26)

The time-domain output intensity pulse response can be numer-
ically obtained through an inverse Fourier transform of (26).

3) Multi-Section Simulations: We verify the analytical ex-
pressions through multi-section simulations similar to those
described in Section III-C. The input pulse is chosen to be
x(t) = sinc(2t/στ ), launched in one of the modes and prop-
agated through K = 100 sections of a MMF that supports
D = 12 modes. Figs. 3(a) and 3(b) plot the input intensity
and expected output intensity, respectively, for various values

E {Iy(ω)} ≈ 1

2π
exp

{−K

2
σ2
τω

2

}∫ ∞

−∞
exp

{−K

2
σ2
ηω

′2ω2

}
XH(−ω′)X(ω − ω′)dω′, (25)
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Fig. 3. Intensity pulse response in the presence of strong random mode
coupling. (a) Intensity of the Nyquist input pulse, ix(t) = sinc2(2t/στ );
(b) Expected output intensity after K = 100 sections for various values of
ση/σ

2
τ . The solid lines correspond to multi-section simulations and the x-

markers correspond to the inverse Fourier transform of the analytical expression
in (26).

of ση/σ
2
τ . The estimates from the analytical expression in (26)

are also shown alongside the simulation results in Fig. 3(b). We
observe that the estimates from the analytical expression closely
align with those from the simulations when ση/σ

2
τ < 1. This is

the regime where pulse spreading is primarily influenced by the
statistics of uncoupled GDs and the expected output pulse is
approximately Gaussian with STD of

√
K times the uncoupled

GD STD. However, the analytical estimates diverge from the
simulation results whenση/σ

2
τ = 1, at which point the analytical

expression tends to overestimate the pulse spreading. In this
regime, the expected output pulse is no longer Gaussian, and
the pulse width is greater than

√
Kστ . A key takeaway is that

for typical values of uncoupled MDCD in graded-index MMFs,
i.e., ση/σ

2
τ < 0.04, we observe no significant increase in pulse

spreading.

V. DISCUSSION AND CONCLUSION

Strong random mode coupling in MMFs has been viewed as
beneficial in reducing the accumulation of GD spread and mode-
dependent loss. The frequency decorrelation of the transfer
matrix, resulting from the interaction between modal dispersion
and strong random mode coupling, is not significantly affected
by the intrinsic higher-order frequency dependence of the modal
delays. Although this paper only explicitly derives the statistics
of the first- and second-order GD operators, we can argue that
the statistics of other higher-order GD operators will also be
mainly determined by the statistics of the uncoupled GDs and
the length of propagation. A practical implication of this study
is that the DSP requirements in a long-haul coherent-detection
MMF link are dictated by the accumulated coupled GD STD
and the average CD at the end of the link. From a system model-
ing perspective, numerical multi-section models for the strong
coupling regime only need to incorporate first-order effects in
each section.

In conclusion, we analyzed the phenomenon of coupled modal
dispersion resulting from uncoupled GDs and MDCD. We de-
rived analytical expressions for the statistics of the coupled
GD and coupled MDCD. We showed that the coupled MDCD
variance consists of two additive components: one component
corresponds to the uncoupled MDCD variance and scales lin-
early with the link length, while the other corresponds to the
uncoupled GD variance and scales quadratically with the link
length. We also provided a time-domain perspective through the
intensity pulse response. We found that for typical values of
uncoupled MDCD in practical MMFs, the modal dispersion in
the strong coupling regime is predominantly influenced by the
statistics of uncoupled GD.

APPENDIX A
DISTRIBUTION OF THE SECOND-ORDER GROUP-DELAY

OPERATOR

In this appendix, we derive the distribution of the second-
order GD operator in (11). Using similar arguments to those in
Section III-A, it is straightforward to show that the first sum
converges to a zero-trace GUE. The variance of the eigenvalues
is (K/D) · σ2

η. The second sum has K(K − 1)/2 Hermitian
matrices of the form

AHTBTC+CHTBHTA, (27)

where T = −jΛ′ = diag{τ1, . . . , τD} is a real-valued deter-
ministic diagonal matrix of delays, and

A = UH
k Vk−1U

H
k−1 . . .V1U

H
1 ,

B = UH
k Vk−1U

H
k−1 . . .Vl+1U

H
l+1Vl,

C = UH
l Vl−1U

H
l−1 . . .V1U

H
1 ,

where 1 ≤ l < k ≤ K, and {V1, . . . ,VK ,U1, . . . ,UK} are
IID random unitary matrices, distributed according to the Haar
measure. Noting that A = BC, we can write (27) as

CH
(
BHTBT+TBHTB

)
C.

Using the fact that the unitary coupling matrices are independent,
it can be shown that the second sum in (11) is also a zero-trace
GUE. The variance of the eigenvalues is the sum of the variances
of each of the matrix terms. The variance of the matrix in (27)
is (1/D)2 · 2 · trT2. This yields us the result in (13).
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