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Ultra-Low-Loss Fiber Bragg Grating Mode
Scrambler Design Exploiting Propagation
Constant Engineering

Oleksiy Krutko
and Joseph M. Kahn

Abstract—Periodic insertion of mode scramblers can reduce the
accumulation of group-delay spread and mode-dependent loss in
mode-division-multiplexed links. Past effective mode scramblers,
however, exhibit too much loss, owing to coupling from guided
to unguided modes, specifically cutoff modes. We present a mode
scrambler design based on long-period fiber Bragg gratings for
links employing graded-index transmission fibers with D = 12
guided spatial and polarization modes. In typical graded-index
fibers, the guided and lowest-order cutoff modes have nearly
equally spaced propagation constants. Hence, a grating will induce
coupling not only between all the guided modes but also to the
lowest-order cutoff modes, causing high losses. To remedy this
problem, we design the mode scrambler transverse refractive index
profile to yield equal spacing between the propagation constants of
the guided mode groups and a different and larger propagation
constant spacing between the highest-order guided modes and the
lowest-order cutoff modes. We also ensure that the highest-order
guided modes cannot be phase-matched to any other unguided
modes by a grating. This enables a uniform grating, obtained by
a grid search optimization of the grating parameters, to couple
all the guided mode groups with minimal loss. We obtain a design
with mode-averaged and mode-dependent loss standard deviations
less than 0.027 dB and 0.011 dB, respectively, over the C-band. We
perform numerical simulations to study the effect of fabrication
errors and show that the choice of grating modulation depth in-
volves a tradeoff between mode scrambler loss and sensitivity of
link group-delay spread to fabrication errors.

Index Terms—Bragg gratings, coupling, optical fiber amplifier,
optical fiber dispersion, optical fiber devices.

1. INTRODUCTION

OWER-LIMITED long-haul optical communication sys-
Ptems now employ space-division multiplexing (SDM) to
meet demands for higher data rates. In current SDM systems,
cable capacity is maximized subject to feed-power constraints
by using numerous parallel single-mode fibers (SMFs), each
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carrying a lower power and data rate than in traditional non-SDM
systems [1], [2], [3], [4].

Coupled-core multicore fiber (CC-MCF) or multimode fiber
(MMF) are alternatives to SMF that can potentially enhance
integration and scalability in SDM systems [5], [6] and increase
the capacity per fiber. Long-haul links employing MDM in
MMF are attractive because they can achieve the highest level
of integration [6] and can be efficiently amplified with low
mode-dependent gain, while using fewer pump laser diodes per
signal mode [7].

Practical implementation of MDM in MMF links requires
strong coupling across all signal modes [8]. Strong coupling re-
duces the standard deviation (STD) of link mode-dependent gain
and loss (collectively referred to as MDL), thereby increasing
average capacity and reducing outage probability, and reduces
group-delay (GD) STD (also known as root-mean-squared GD
spread), thereby reducing digital signal processing (DSP) com-
plexity at the receiver. Systems with strong coupling accumulate
GD and MDL STDs in proportion to the square root of the prop-
agation length. Strong mode coupling also improves frequency
diversity, which further reduces the outage probability [9].

High-capacity long-haul MDM links have often used graded-
index (GI) MMFs, owing to their relatively low uncoupled GD
STD[10], [11]. Inthese fibers, the spatial and polarization modes
form mode groups. The propagation constants of modes from the
same mode group are nearly equal, while those from different
mode groups are significantly different. Random perturbations
in these fibers cause strong intra-group mode coupling and weak
inter-group mode coupling [12].

One way to improve inter-group coupling is to periodically
insert mode scramblers in the system [13], [14]. Mode scram-
blers effect random or deterministic coupling between modes
propagating in a fiber. Physical mode scrambler implementa-
tions include photonic lanterns [13], distributed multiple point-
loads [15], long-period fiber Bragg gratings (LPFGs) [14], [16],
and multi-plane light converters (MPLCs) [17]. Fiber-based
options like the LPFG-based mode scramblers are especially
promising as they are integrable, have low device loss, and
can be readily fabricated via ultraviolet laser exposure, COq
laser irradiation, electrical discharge, femtosecond laser expo-
sure, mechanical microbends, or etched corrugations [14], [16],
[18].
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Mode-dependent loss (MDL) and mode-averaged loss (MAL)
requirements are stringent for mode scramblers since a signal
must pass through tens or hundreds of these devices in a long-
haul link [19]. In designing LPFG-based mode scramblers for
GI MMF, one must minimize the power coupling from guided
modes to unguided modes [14] or cladding modes [19] to ensure
low MDL and MAL. There are two main methods reported in
the literature. One method involves designing a longitudinal
LPFG chirp profile intended to minimize power coupled into
the unguided modes [14]. While this approach obtained a mode
scrambler design that induced sufficient inter-group coupling,
the LPFG losses were too high for practical long-haul MDM
links. The other approach minimizes power coupling between
the highest-order guided modes and unguided or cladding modes
by engineering the propagation constants via the design of
the LPFG transverse index proﬁle1 [19]. Prior studies used a
step-index transverse profile [16] or a modified GI transverse
profile [19], with features at the core-cladding boundary, to min-
imize this unwanted power coupling. While the design in [19]
successfully reduced the LPFG loss, it provided inter-group
coupling insufficient to induce a GD STD proportional to the
square root of the number of spans. There is a need for mode
scrambler designs providing both low loss and sufficient inter-
group coupling.

In this work, we propose an LPFG-based mode scrambler
design that jointly optimizes the transverse index profile and
longitudinal grating to minimize the LPFG loss while ensuring
sufficient coupling to induce square-root accumulation of GD
and MDL in multi-span links. As recognized in prior studies,
the design of the transverse index profile and grating are highly
interdependent [14], [19]. For a uniform grating to effectively
couple all the guided modes, the transverse index profile should
ensure that the propagation constants of the guided modes are
equally spaced. Moreover, to incur low losses, this spacing
should significantly differ from the difference between the prop-
agation constants of the highest-order guided modes and any
unguided or cladding modes. Instead of engineering propagation
constants by adding features to the transverse index profile,
we employ the free-form refractive index (RI) optimization
method proposed in [20] to systematically design a transverse
index profile and use grid search optimization to determine an
optimal uniform sinusoidal grating. This design procedure yields
LPFG-based mode scrambler designs exhibiting low loss and
square-root accumulation of link MDL STD and GD STD. We
obtain a design with an MDL STD and MAL less than 0.011 dB
and 0.027 dB, respectively, over the C-band. We also perform
numerical simulations to study the effect of fabrication errors of
the transverse index profile and longitudinal grating on the mode
scrambler MDL STD and MAL and link GD STD. We show
that the choice of grating modulation depth involves a tradeoff
between mode scrambler loss and sensitivity of link GD STD to
fabrication errors.

The remainder of the paper is organized as follows. Section II
describes modeling modal propagation in LPFGs, modeling

'We use “transverse index profile” to denote the dependence of the refractive
index on the transverse coordinates, which is described by n(x, y) or n(r) .
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Fig. 1. Diagram of a long-haul MDM transmission link over K fiber spans
with periodic amplification and mode scrambling. MS: mode scrambler, EDFA:
erbium-doped fiber amplifier.

MDM links with mode scramblers, and the two-step design
methodology based on propagation constant engineering. Sec-
tion III provides the transverse index profile and grating param-
eters of the designed LPFG-based mode scramblers, quantifies
their performance, and evaluates the performance degradation
due to various fabrication errors. Sections IV and V are the
discussion and conclusion, respectively.

II. MODELING AND DESIGN METHODOLOGY

This section describes the modeling of LPFGs and MDM links
with periodic mode scrambling and presents a methodology for
the design of low-loss LPFG-based mode scramblers. The design
methodology will later be used to design LPFG-based mode
scramblers for a long-haul MDM system design [7] supporting
D = 12 guided spatial and polarization modes. The term “mode
scramblers” hereafter refers to LPFG-based mode scramblers
unless noted otherwise.

A. Modeling Methodology

In this subsection, we describe the modeling of propagation in
LPFGs and in long-haul MDM links employing periodic mode
scrambling.

We consider a long-haul MDM transmission link compris-
ing K MMF spans with periodic amplification and mode
scrambling, as shown in Fig. 1. Each MMF span has length
Lgpan. In a generalized Jones vector representation, X (in) (w)
and Y (©"(w) respectively denote the complex baseband in-
put and output electric field vectors in D spatial and polar-
ization guided modes at an angular frequency w. The matri-
ces My (w), Ma(w), ..., Mg (w) denote the D x D frequency-
dependent random transfer matrices for the MMF spans. The
D x D transfer matrix of the link is a product of transfer
matrices:

Mot (w) = Mg (w)AR ... My(w)ARM; (w), (1)

where A isa D x D amplifier transfer matrix and Risa D x D
mode scrambler transfer matrix describing propagation through
the entire mode scrambler. A and R depend on wavelength
over the C-band, but can be considered frequency-independent
over the bandwidth of a typical communication channel. For
simplicity in analysis, we assume that there is negligible MDL
in the fiber and that the MAL of the fiber is absorbed into
A. Therefore, we can model M (w), Ma(w), ..., Mg (w) as
unitary matrices. Loss in R arises from undesired coupling from
guided modes to unguided modes in the scrambling process,
and from modal field mismatches between the modes in the
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Fig. 2. Diagram of a tilted fiber grating. A: grating period, 6: grating tilt.
and z represent the coordinate system of the fiber waveguide, and z’ and 2’
represent the coordinate system of the tilted fiber grating.

transmission fiber and those in the mode scrambler, which are
referred to as splicing losses [21].

Fig. 2 shows a diagram of a tilted fiber grating with grating
period A, tilt angle 0, and length L. The total RI in the mode
scrambler can be written as

= n(r) + Angraning(x> Y, Z) (2)

where n(x,y) = n(r) is the transverse index profile of the mode

scrambler fiber and Angring (2, Y, 2) is the longitudinal index

profile of the mode scrambler grating. n(r) is not necessarily

the same as the transverse index profile of the transmission

fiber niy; (7). We assume the index modulation of the grating

is uniform and present only in the fiber core region, where it is
Angrating ({L‘7 Y, 2)

given by
_ 2T,
=2x (1 + cos <Acos€z )) P(r)

SP% (1 + cos (2/;1-(2 + xtan@))) P(r), 3)

ntot(xa Y, Z)

where y is the modulation depth and P(r) = P(x,y) is the
radial dependence of the index modulation [14], [22]. Here,
P(r) = 1 within the core and P(r) = 0 outside the core.

Coupled-mode propagation equations model the propagation
of guided and unguided modes in the mode scrambler [14], [22],
[23]. Solving these, we can obtain R.. The guided and unguided
mode fields and propagation constants 3 are computed in a radi-
ally resolved cylindrical geometry with a perfectly matched layer
and zero termination boundary condition, as in [14], [22]. We
assume the outer cladding is index-matched to the inner cladding
which can be achieved with an index-matched coating [24].
With an index-matched outer cladding, no discrete cladding
modes are supported [14] and inner-outer cladding reflections
are suppressed [24].

Using the mode scrambler transfer matrix R, we evaluate the
mode scrambler MDL STD and MAL from the eigenvalues of
the modal gain operator (MGO) defined as [25]:

Fus = RRY. 4)

The MGO is Hermitian-symmetric and can be written as Fyg =
VMSA](\,?S)VﬁS, where A9y = diag{e™s1, ... eMsp} is a
diagonal matrix of positive eigenvalues representing the optical
power gains of the eigenvectors of the MGO, and Vs is a

2885

unitary mode scrambler output beam-forming matrix [25]. The
mode scrambler MAL is given by

Z M. i, )

and the mode scrambler MDL STD is given by

aMAL

1
U%%L “A\lD Z (QMS,i - QM/S\L)Q- (6)
i=1

oS, aM3| , and gyis are measured in log-power-gain units, and
can be converted to decibels by multiplying by v = 10/1n 10 ~
4.34,i.e., M3, (dB) = yoMp, (log power gain).

From the total transfer matrix M., we evaluate the overall
link GD STD using the GD operator [26]

aMtOl
ow

where j = /—1. The eigenvectors of G are the principal
modes [26], and the eigenvalue of the mth principal mode, T o ;,
represents its GD. Since we are only interested in the GD STD,
we can remove the average GD from each principal mode so that
Zi’; 1 Tiot,i = 0. Therefore, the link GD STD can be written as

/1
aep(K) = [ HE{ITwl}, ®)

where E{-} denotes the expected value and || - || represents the
Eulidean or /?-norm.

Similarly, we evaluate the overall link MDL STD from the
eigenvalues of the MGO for the entire link [25]:

Flot = thMg- (9)

G= M (w), )

This link MGO is Hermitian-symmetric and can be written as
Fio = VAPV where A@), = diag{eo1, ... edan}
is a diagonal matrix of positive eigenvalues representing the
optical power gains of the eigenvectors of the link MGO, and
Vot is a unitary matrix describing the link output beam-forming
matrix [25]. Assuming the amplifiers precisely compensate for
MAL, the real-valued log power gains ot = [giot.15 - - - » Gtot, D] *
sum to zero, i.e., gior,1 + - + Giot,p = 0. The standard devia-
tion of the link MDL oypy. is a useful quantity for characterizing
MDL [25], and is given by

ompL(K) = %E{”gthz}

ompL and g are also measured in log-power-gain units.

(10)

B. Transverse Index Profile and Longitudinal
Propagation Constants

In this subsection, we first explain key objectives for the modal
propagation constants in the mode scrambler fiber: equal spacing
between the guided mode groups and a larger spacing between
the highest-order guided modes and the unguided modes. We
then explain how transverse RI optimization can be used to

Authorized licensed use limited to: Stanford University Libraries. Downloaded on March 13,2025 at 01:44:43 UTC from |IEEE Xplore. Restrictions apply.



2886

1.45¢

1.445

Refractive Index njp;(r)

1.44

Fig. 3. Transverse index profile niyi(r) of the D = 12 trench-assisted GI
transmission fiber with 12.5 pum core radius, 5 pm trench width and 125 pym
outer diameter used in [7]. The real parts of the mode-group-averaged effective

indices Ein“ /ko are indicated by dashed lines, where kg = 27 /A. The mode
groups and effective index spacings between mode groups are labeled.

systematically obtain transverse index profiles satisfying these
objectives.

Mode coupling by an LPFG is a coherent, phase-matched
process [14], [19], [23]. A grating couples two modes most
efficiently when

2m
A )
where AfS is the difference between the modal propagation
constants and A is the grating period. Considering a simple case
in which an MMF supports only two modes, we can evaluate the
maximum coupling efficiency 7 between the modes achievable
by a grating:

Ap = )

1
2
1+ (Aﬁ—czﬂ//\)

where C' is the coupling coefficient between the two modes
induced by the grating and the self-coupling coefficients are
assumed to be negligible [23].

A Gl transverse index profile, similar to the transmission fiber
in [7], is often proposed for mode scramblers because its modes
form mode groups with nearly equally spaced propagation con-
stants, which can therefore all be coupled efficiently by a single
uniform grating [14], [19]. For analyzing GI and other similar
profiles, we define the real part of the average propagation
constant of the ith mode group as 3, and the propagation constant
difference between mode groups ¢ and j as ABM =B - Bj.

Fig. 3 shows the transverse index profile n;y;(r) and the real

0 (12)

part of the mode-group-averaged effective indices ﬁmn /Ko of the
transmission fiber in [7]. The effective indices are obtained by
dividing the propagation constants by kg = 27 /A, where 1 is the
free-space wavelength. For this index profile, the guided modes
are {LPOLam LPOl,y}a {Lplla,x, LP11a,y, Lpllb,x, LP11b,y},
{LPo2,2, LPo2,y, LP21a,z, LP214a,y, LP21po, LP213y}, and
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the lowest-order cutoff modes are {LP12a,x, LP124,y, LP12p 4,
LPi2p 4, LP314,2, LP314.y. LP31p 2, LP315 4 }.

The guided modes are grouped into N, = 3 mode groups
whose propagation constants are nearly equally spaced, i.e.,
ABT; ~ AB;‘;, enabling a single uniform grating to couple all
the modes. While this is beneficial, a mode scrambler using this
transverse index profile will have high loss, since the highest-
order guided modes will be coupled efficiently into unguided
modes [19]. The most problematic unguided modes are part
of the lowest-order cutoff mode group, since AfBs, ~ ABjy ~
AFQH;, the highest-order guided modes are efficiently coupled
to them by the grating.

The coupling coefficients between the highest-order guided
modes and the lowest-order cutoff modes are larger in magnitude
than those between the highest-order guided modes and any
other unguided modes. These lowest-order cutoff modes are very
nearly linearly polarized, transverse modes similar to the guided
modes since their effective indices are close to the cladding
index [27]. These modes have significant power in the core
and overlap substantially with the guided modes, resulting in
efficient coupling [28], [29]. The highest-order guided modes
will also couple to other unguided modes, causing additional
loss.

To ensure efficient coupling between guided modes by a
single grating while minimizing coupling from the highest-order
guided modes to unguided modes, we would like to design a
transverse index profile that yields propagation constants satis-
fying the following conditions:

C.1 The propagation-constant spacings between all the guided
mode groups should be approximately equal:

AB= APy m AByy -+ & ABNQA Ngy-

C.2 The propagation-constant spacing between the highest-order
guided mode group and the lowest-order cutoff mode group
should not equal the spacing between guided mode groups:

|AB — ABNQ Ny+1l >0,

where | - | denotes absolute value.

C.3 The highest-order guided mode group should not be effi-
ciently coupled to other unguided modes by a uniform grating
that efficiently couples the guided modes:

B, — AB > nedko.

It should be noted that simply increasing the core-cladding RI
contrast or core radius of a GI fiber will not yield a good design.
With this change, the lowest-order cutoff mode group would
become guided but still provide a pathway for power coupling
out of the original guided modes used to transmit data.

Fig. 4 illustrates how an initial transverse index profile and its
propagation constants can be modified to yield desired propa-
gation constants that satisfy conditions C.1-C.3. For clarity, the
diagrams in Fig. 4 are not drawn to scale. Fig. 4(a) shows the
initial transverse index profile (1) of a trench-assisted GI
fiber supporting N, = 3 guided mode groups, while Fig. 4(b)
shows the corresponding set of initial mode-group-averaged
propagation constants 8™, Fig. 4(c) shows a set of desired

Authorized licensed use limited to: Stanford University Libraries. Downloaded on March 13,2025 at 01:44:43 UTC from |IEEE Xplore. Restrictions apply.
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Propagation constant engineering of LPFG-based mode scramblers: (a) initial transverse index profile of the trench-assisted GI transmission fiber, (b)

initial mode-group-averaged propagation constants, and (c) an exemplary set of propagation constants satisfying conditions C.1-3.

mode-group-averaged propagation constants 3%, In order to

satisfy conditions C.1-C.3, Aﬁgzs is set larger than Aﬁdes, while

—d —d —d o
AJ5 and Ay, are set equal to A3, which is smaller than
AB1y and ABys . We have defined an important design parame-

‘d
ter related to C.2: the cutoff mode offset parameter A C:O =

AB;ZQ — Aﬁdes. We should emphasize that many choices of

the desired propagation constants 3% can satisfy conditions
C.1-C.3.

After choosing the desired propagation constants 8%, we
use the transverse RI optimization method from [20] to find
an axially symmetric transverse index profile ng.s(r) yielding
the desired propagation constants 3%°. We define an objective
function based on the squared differences between the actual

propagation constants 3 and desired propagation constants 3%

J = Z (ﬁi—ﬁfes)2+wo Z (Re{ﬁz‘—ﬁfes})2a

iEMguided Z46-/\/tcutoff

13)

where wy is a weighting factor, M gyideq is the set of guided mode
indices, and M .o i the set of mode indices of the lowest-
order cutoff mode group. The modes are indexed in decreasing
order of the real part of the propagation constant. We take the real
part of the propagation constants of the cutoff modes to remove
the imaginary component corresponding to mode attenuation.
We use gradient descent to iteratively update the transverse index
profile at each radial coordinate r as

n(r) < n(r) — uaij

an(r)’ 14

where s a step-size parameter that is chosen sufficiently small
that perturbative modeling is valid. Details on computing the
derivative ag—JT can be found in [20].

Owing to the high dimensionality of the transverse RI op-
timization, the desired propagation constants 3% may not be
achievable by a smooth transverse index profile given a particular
initial transverse index profile niy(r). Therefore, while our
choice of the desired propagation constants 3% establishes a

goal for the optimization, after convergence, the actual propa-
gation constants 8 may differ from 3%

C. Longitudinal Grating Design

This subsection formulates the grid search optimization algo-
rithm used to design the uniform grating. We restrict ourselves
to uniform, sinusoidal gratings described by (3). We therefore
only need to find a combination of modulation depth y, grating
period A, grating length L, and grating tilt angle 6 that minimizes
the mode scrambler MDL STD oMp; and MAL o3, while
ensuring a scaling of the link MDL STD owpr(K) and GD
STD ogps(K) with the square root of the number of spans K:

owpL(K) = VEoupi(1),
o6p(K) = VEKogp(1),

We take oypr(1), the MDL STD of a single span, to be the
combined MDL STD of a mode scrambler and amplifier pair.

Instead of searching over all possible combinations of the
modulation depth, grating period, grating length, and tilt angle,
we make several simplifications based on prior studies. We
choose a large tilt angle 6§ = 85°, as in [14], [19], to ensure
coupling between modes of different rotational symmetries. We
also restrict ourselves to a coarse set of modulation depths. We
do not allow the modulation depth to vary freely, because the
optimization would tend to minimize the modulation depth,
yielding low loss, but making the design overly sensitive to
fabrication errors, as discussed below. In summary, our search
space comprises a fixed tilt angle, a coarse grid of modulation
depths and a fine grid of grating periods and grating lengths.

To evaluate each grating design, we use the following objec-
tive function:

; e VEKogp, (1)

(15a)
(15b)

UMDL,A(K)

VKo (1)

oepa(K)

+ ’U)Q(I)

+ wSO—l\]\//{lS)L,A + w4O‘MiL,A> ) (16)
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where ®(x) is defined as

0,
() = {50(x —1)2,

the w; are weighting parameters, and the A are the wavelengths
at which the grating design is evaluated. The terms with ®(x)
penalize designs that do not yield link MDL STD and GD STD
accumulation with the square root of the number of spans K.
We find that evaluating the objective function at only three
wavelengths, 1530, 1550, and 1565 nm, is sufficient to obtain
good performance over the entire C-band.

r<1

r 1 a7

III. RESULTS

In this section, we use our proposed design strategy to design
LPFG-based mode scramblers for the long-haul MDM link
architecture proposed in [7], which supports D = 12 guided
spatial and polarization modes.

A. Transverse Index Profile

In this subsection, we use the transverse RI optimization
scheme described in Section II-B to obtain multiple designs and
provide intuitive explanation of the resulting transverse index
profiles.

The trench-assisted GI transmission fiber in [7] is used as
the initial transverse index profile nj,(r) in our optimization.
This profile is a good starting point because the guided mode
groups have equal propagation constant spacing and the resulting
optimized profiles will remain similar to the initial transmission

fiber, leading to low splicing loss. We set Fll = Bllmt, Aﬂdes =
ABS = ABy = AB — ko x 10 *and wo = 0.05,and vary
—des —des

the cutoff mode offset parameter Aﬂcmo = Afy, — AL from
0.4k x 10~* to 4ky x 10~*. The weight parameter wy is small
to ensure the optimization prioritizes equal spacing between the
guided mode group propagation constants (condition C.1). In
each gradient descent iteration, the transverse index profile is
only allowed to vary within the core region, » < 12.5 pm, andis
smoothed by a Gaussian smoothing filter. About 400 iterations
are needed to achieve convergence with a step size p =5 X
1076.

Fig. 5 shows multiple transverse index profiles obtained by
transverse RI optimization for various normalized cutoff mode
offset values. Since the guided mode group spacings are not
precisely equal for the optimized transverse profiles, the cutoff
mode offset is taken as the difference between the propagation
constant spacing of the highest-order guided mode group and the
lowest-order cutoff mode group with the average propagation
constant spacing of the guided mode groups:

B =By~ Ba— 205 — B, - (18)
The cutoff mode offsets are normalized by kg to be expressed
in terms of effective indices. The larger the cutoff mode offset
is chosen to be, the more the optimized RI profile differs from
the initial profile. Compared to the initial profile, the optimized
profiles have higher RI for 5.2 ym < r < 8.5 pm. Depending on
the cutoff mode offset parameter, the optimized profiles have a
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assisted GI fiber shown in Fig. 3. The optimization only varies n(r) in the core
region, r < 12.5 pm.

higher RI for 0 yum < r < 2.4 ym and a lower RI for 8.5 ym <
r < 12.5 um or vice versa. The optimized profiles take this form
because, in each optimization step, the RI update at a specific
spatial coordinate is a weighted linear combination of the modal
intensities at that coordinate, where the weights are the relative
errors between the actual and desired propagation constants [20].

We use this insight to study the optimized transverse index
profile with normalized cutoff mode offset equal to 14.7 x 1075
marked by the pure blue line in Fig. 5. Fig. 6(a) and (c) show,
respectively, the combined intensities of the mode groups” and
the RI update in the 20-th iteration. Fig. 6(b) and (d) show,
respectively, the combined intensities of the mode groups and
the RI update in the 100-th iteration. Owing to the small

weight value wg = 0.05, the optimization initially prioritizes ob-

taining By = By and ABY = ARy = ARy — ko x 1074,

This first stage takes approximately 60 iterations to complete.

To keep Bcll = 511111[, the RI update overlaps minimally with the

combined modal intensity of the first mode group. To obtain

ABL = ABse = ABS — ko x 1074, the RI update overlaps

maximally with the combined modal intensities of the second
and third mode groups. In the second stage, the optimization
attempts to obtain a larger cutoff mode offset while maintaining
the desired guided mode propagation constants. Therefore, the
RIupdate is typically negative at radii where the overall intensity
of the cutoff mode group is largest, and is typically positive at
radii where the overall intensity of the cutoff mode group is
smallest.

As mentioned at the end of Section II-B, the optimized
transverse index profiles may not achieve the set of desired
propagation constant 8. For each of the optimized transverse
index profiles, we evaluate the cutoff mode offset and the guided
mode difference, given by:

ABgmd = |A312 - A323|' (19)

2The combined intensity of a mode group is obtained by incoherently sum-
ming the intensities of its constituent modes.
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A transverse index profile with a large guided mode difference
ABgmd could prevent a grating from achieving sufficient inter-
group coupling.

Fig. 7 shows the normalized guided mode difference and
normalized cutoff mode offset as a function of the normalized
cutoff mode offset parameter. Each of the quantities is normal-
ized by kg. As the cutoff mode offset parameter increases, the

cutoff mode offset and the guided mode spacing difference also
increase. These optimized transverse index profiles trade off
between conditions C.1 and C.2; profiles with larger cutoff mode
offsets yield larger guided mode propagation constant spacing
differences. As a result, the cutoff mode offset obtained is not
equal to the cutoff mode offset parameter. In the optimized
designs, their ratio is approximately 0.45. The optimized profiles
satisfy condition C.3: BNQ — AB & ngaako + 2ko x 1074 >
NeladKo-

B. Longitudinal Grating and Mode Scrambler Performance

In this subsection, we obtain mode scrambler designs by using
the grid search optimization algorithm described in Section II-C
to find a combination of grating parameters for each of the
optimized transverse index profiles found in Section III-A. We
compute the losses of these mode scramblers to find the design
with the lowest loss. We evaluate the link GD STD and MDL
STD for a link using the design with the lowest loss.

We use the numerical mode solver described in Section II-A
to compute the electric field profiles and propagation constants
of the guided and unguided modes. We use Sellmeier equation
fitting parameters to capture the material dispersion for fused
silica in the core and cladding [30]. We find that to accurately
model the mode scrambler losses, it is sufficient for the coupled-
mode propagation equations to use the 50 unguided modes with
the closest phase match and largest coupling coefficients to the
highest-order guided modes. We also evaluate the group delays

Authorized licensed use limited to: Stanford University Libraries. Downloaded on March 13,2025 at 01:44:43 UTC from |IEEE Xplore. Restrictions apply.



2890

50.25 T T T T
= ——y =5 x 107°
3 ——y = 10 x 107°
22 gof ey = 15 % 1075 ]
[ X =20x107°
a
E
@ 0.15F
=
a
=
E 0.1F
Q
g
<
5 0.05F
wn
<
S L@ | | P .. e
0 4 8 12 16

Normalized Cutoff Mode Offset AB.po/ko (x107°)

Fig. 8.

JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 43, NO. 6, MARCH 15, 2025

0.25 - — - T T T

2 FO S Y

5 0.2F % b % ]

a3 H 3 k

= . . %

S H H %

=2 015} 1 5 X .

= K Y

' . * *.

ks B A .

.Jé 0.1F 0 % *, === b

g .0’. '. ----- o, . L T uanmann "'l i

ﬁ e, ’~‘ |"-.|.__.

- 0.05}F “., N, !

= R ALLLLD - -1---'

é . e guans P ...t i" *
o . . R
0 4 8 12 16

Normalized Cutoff Mode Offset A, /ko (x107°)

(a) Maximum mode scrambler MDL STD UMBL (solid) over the C-band and (b) maximum mode scrambler MAL aMSAL (dashed) over the C-band as a

function of the normalized cutoff mode offset. The cutoff mode offset Agcmo is normalized by kg to be expressed in terms of effective index. The mode scrambler
design with the lowest MDL STD is marked on the plots by stars. The mode scrambler designs enclosed by the dashed black rectangles are studied for fabrication

sensitivity. The legend in (a) also applies to (b).

per unit length of the guided modes for use in the multisection
model of the link.

The link MDL STD and GD STD are evaluated for a 100-span
link with identical mode scramblers and amplifiers after every
span. Each span is of length Lgp,, = 50 km and is modeled as a
concatenation of 50 shorter sections with random block unitary
coupling matrices to simulate strong intra-group coupling and no
inter-group coupling. The assumption of no inter-group coupling
is pessimistic, as it places the burden of inter-group coupling on
the mode scrambler. The frequency dependence of each shorter
section is captured to first order by the uncoupled modal GDs.
The amplifier transfer matrix A is assumed to be diagonal with
an MDL STD of 0.1 dB and wavelength variation taken from [7].

Using a grid search, we find optimal grating parameters for
values of the modulation depth y equal to 5 X 107°,10 x 1075,
15 x 107, or 20 x 10~ and tilt angle § = 85° for each op-
timized transverse index profile in Section III-A. In the grid
search, the grating period A is varied between 743 pm and
749 pm, while the grating length L is varied between Ocm and
10cm. Each design is evaluated using the objective function in
(16) with weights set to 1 and evaluation wavelengths 1530,
1550 and 1565 nm.

Fig. 8(a) and (b) show, respectively, the maximum mode
scrambler MDL STD oMs; and mode scrambler MAL o3,
over the C-band, as a function of the normalized cutoff mode
offset. Stars mark the mode scrambler with the lowest MDL
STD. In these figures, dashed black rectangles enclose four mode
scrambler designs with the same transverse index profile but
different grating parameters. These will be used in studying the
sensitivity of mode scrambler performance to fabrication errors
in Section III-C.

As the cutoff mode offset is increased, the mode scrambler
MDL STD and MAL decrease rapidly before leveling off. Once
the cutoff mode offset value becomes sufficiently high, splicing
loss and coupling to unguided modes other than the lowest-order
cutoff modes become the dominant losses. Further increasing the
cutoff mode offset beyond this threshold leads to an increase
in MAL. For designs with modulation depths 5 x 10~° and
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Fig. 9. Mode scrambler MDL STD O'M]S)L and MAL aMiL over the C-band
of the mode scrambler with the lowest MDL STD, indicated by stars in Fig. 8.

10 x 1072, the normalized cutoff mode offset threshold value
is about 13.4 x 10~°. For each optimized transverse index pro-
file, the MDL and MAL reach minimum values at the lowest
modulation depth value of y = 5 x 10~°. The minimum MDL
STD of 0.011 dB is achieved by the transverse index profile
with normalized cutoff mode offset value equal to 14.7 x 107°,
indicated by a star. The minimum MAL value of 0.026 dB is
achieved by the transverse index profile with normalized cutoff
mode offset equal to 13.4 x 107°.

Fig. 9 shows the wavelength dependence of the mode scram-
bler MDL STD oM3; and mode scrambler MAL o3, for the
design with the least loss, which is indicated by stars in Fig. 8.
The MDL STD and MAL weakly vary with wavelength, trending
to slightly lower loss at longer wavelengths. Fig. 10(a) and (b)
plot, respectively, the link MDL STD oypr, and link GD STD
ogp as a function of the number of spans. The black dashed
line corresponds to a link without mode scrambling and only
intra-group coupling. Without mode scrambling, the GD STD
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TABLE I
OPTIMAL GRATING PARAMETERS FOR THE OPTIMIZED TRANSVERSE REFRACTIVE INDEX PROFILE

Modulation depth x | Grating period A (um)  Grating length L (cm)

Mode scrambler MAL a3, (dB)!

Mode scrambler MDL STD oM2 | (dB)!

5x 1075 743.1 4.42
10 x 10~° 746.0 2.12
15 x 107° 749.0 1.98
20 x 10~° 747.8 1.01

0.011 0.026
0.026 0.039
0.068 0.066
0.082 0.076

The grating parameters of the mode scrambler designs enclosed by the dashed rectangular boxes in Fig. 8. The transverse index profile has a normalized cutoff

mode offset of 14.7 x 10~° and the grating has a tilt angle of 85 .
"Maximum over C-band.

and MDL STD are proportional to the number of spans. The blue
dashed line corresponds to a link with strong random coupling.
The plots in Fig. 10(a) and (b) verify that the mode scrambler
design results in the link MDL STD and the link GD STD
scaling with the square root of the number of spans over the
entire C-band.

Table I provides optimal values of the grating period A and
grating length L, and maximum values of the mode scram-
bler MDL STD o3, and MAL o}, over the C-band, for
mode scramblers with normalized cutoff mode offset value
14.7 x 10~?, for several different values of the grating modula-
tion depth x. As the modulation depth x is increased, the grid
search selects designs with longer grating periods and shorter
grating lengths. The preference for longer grating periods at
higher modulation depths can be understood from (12). A larger
modulation depth results in larger coupling coefficients between
modes, thereby increasing the maximum coupling efficiencies
between the modes, including unguided modes. Since sufficient
inter-group coupling is already achievable for a modulation
depth x equal to 5 x 107°, any further increase in coupling
efficiency only results in more loss to unguided modes [23].
The grid search reduces loss by using longer grating peri-
ods to increase the phase mismatch between the highest-order
guided modes and unguided modes. Also, the grid search prefers

shorter grating lengths L for higher modulation depths because
the necessary inter-group coupling can occur within a shorter
distance.

In Section III-A, we noted that the optimized transverse index
profiles with larger cutoff mode offsets yield larger propagation
constant spacing differences between the guided mode groups.
While it was initially unclear if profiles with large cutoff mode
offsets would provide net performance benefits, Figs. 8 and 10
clearly demonstrate the benefits of this approach since mode
scramblers using these profiles can achieve the lowest losses
and obtain sufficient inter-group coupling to meet the link MDL
STD and GD STD targets.

C. Sensitivity to Fabrication Errors

In this subsection, we analyze the impact of fabrication errors
on mode scrambler performance.

Deviations in the transverse or longitudinal index profiles
impact the power coupling between modes. In an extreme case,
these deviations can lead to insufficient inter-group coupling
and/or increased coupling to unguided modes. From (12), we can
see that the sensitivity of coupling efficiency to phase mismatch
can be reduced by increasing the coupling coefficient. Therefore,
we anticipate that the inter-group coupling in mode scramblers
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with higher modulation depths will be less affected by transverse
and longitudinal index profile errors.

We study the mode scramblers enclosed in dashed rectangles
in Fig. 8. These mode scrambler designs all use the same trans-
verse index profile but use different grating parameters, as given
in Table I. We first analyze the sensitivity of mode scrambler
loss to transverse index profile perturbations while keeping the
grating parameters unchanged. As in [20], we generate random
perturbations of the form

N
on(r) = Z A; cos (2m fir + ¢;) + By sin (2w fir + 6,),
i=1

(20)

where N is the number of sinusoids used in the expansion of the
random deviation, f; are the spatial frequencies, 4; and B; are
the amplitudes of the spatial frequencies, and ¢; and 6; are ran-
dom phase offsets. Random deviations are produced with N = 5
and f; linearly spaced from 5 x 10* m™" to 25 x 10*m~". ¢;
and 0; are uniformly distributed from 0 to 27 radians and A;
and B; are taken from a zero-mean Gaussian distribution with
unit variance, A;, B; ~ N(0,1). A; and B; are then scaled
so that dn(r) has a desired RI error STD. For each RI error
STD, we simulate 1000 deviated transverse index profiles with
independently generated dn(r).

Fig. 11 plots the average mode scrambler MDL STD and
average mode scrambler MAL as a function of the RI error
STD at 1550 nm. The mode scrambler MDL STD and MAL
increase with increasing RI error STD. Even with an RI error
STD of 10 x 102, all mode scramblers maintain MDL STDs
and MALs below 0.1 dB. We attribute this robustness to the
large cutoff mode offset value of 14.7 x 10~°. We expect that
only an improbable perturbation with that STD can significantly
increase the loss.

While the losses of the optimized mode scramblers are robust
to errors in the transverse index profile, these errors can also
impact the inter-group coupling which, in turn, can affect the link

GD STD and MDL STD. Errors in the longitudinal index profile
can similarly impact the link GD STD and MDL STD. Here, we
analyze how random or systematic errors in six fabrication error
scenarios impact the link GD STD of an MDM link comprising
K =100 spans. We show that mode scramblers with higher
modulation depths are substantially more robust to both random
and systematic errors, as expected from (12). The six fabrication
error scenarios are:

1) Random transverse index profile errors: each mode scram-
bler’s index profile n(r) is subject to an independent
realization of an error én(r) computed from (20) using
the same parameters as in the error study above.

2) Random grating period errors: each mode scrambler’s
grating period A is subject to an independent realization
of anerror SA ~ N'(0,03), where o is the grating period
error STD.

3) Random modulation depth errors: each mode scrambler’s
grating modulation depth x is subject to an independent
realization of an error dy ~ N(0, oi), where o, is the
modulation depth error STD.

4) Systematic transverse index profile errors: the index pro-
file n(r) in all mode scramblers is subject to an identical
realization of an error én(r) computed from (20) using
the same parameters as in the error study above.

5) Systematic grating period errors: the grating period A in
all mode scramblers is subject to an identical error JA,
which is swept through the range [—d, d5], where 0, is
the maximum grating period error.

6) Systematic modulation depth errors: the modulation depth
x in all mode scramblers is subject to an identical error
dx, which is swept through the range [—d,, 0, ], where d,
is the maximum modulation depth error.

For each scenario with random errors, we simulate 1000
random realizations of the K = 100 span link and evaluate
the average link GD STD. For the scenario with systematic
transverse index errors, we simulate 1000 random realizations
of the index error on(r) and evaluate the worst-case link GD
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has a normalized cutoff mode offset of 14.7 x 10~°. The grating parameters are from Table I.

STD. For the scenarios with systematic errors in either modu-
lation depth or grating period, we evaluate the worst-case link
GD STD within the studied range. We use o(p, to represent
either the average link GD STD or the worst-case link GD
STD.

We first consider the fabrication error scenarios with random
errors shown in Fig. 12(a) to (c). Fig. 12(a) shows the average
normalized link GD STD o (100)/06p (1) due to random RI
errors as a function of the RI error STD at 1550 nm. The dashed
blue line indicates the link GD STD after K = 100 spans of a
link with GD STD proportional to the square root of the number
of spans. As expected from (12), the link GD STD of mode
scramblers with higher modulation depths are more robust to
transverse index profile errors. At the highest RI error STD, the
average link GD STD increases by 110% for the design with
modulation depth y = 5 x 10~°, while only increasing by 13%
for the design with modulation depth y = 20 x 1075,

Fig. 12(b) shows the average normalized link GD STD
06p(100) /o6p (1) due to random grating period errors as a func-
tion of the grating period error STD o at 1550 nm. Similarly,
mode scramblers with higher modulation depths are more robust
to grating period errors. At the highest grating error STD, the
average link GD STD increases by 90% for the design with mod-
ulation depth y = 5 x 10~°, while only increasing by 10% for
the design with modulation depth y = 20 x 10~°. We believe
that the grating period errors considered here are pessimistic,
since short-period fiber gratings with grating periods on the order
of I pum are commercially available.

Fig. 12(c) shows the average normalized link GD STD
06p(100)/op(1) due to random modulation depth errors as
a function of the modulation depth error STD o, at 1550 nm.
All the studied mode scramblers retain normalized link GD
STDs lower than 10, even for the highest modulation depth
error STD. The robustness of the mode scramblers to modulation
depth errors can be understood by considering the effect of an
increase or a decrease in the modulation depth. Deviated mode
scramblers with higher modulation depths have larger coupling
coefficients between all modes, which enhances inter-group
coupling. These mode scramblers compensate for the deviated
mode scramblers that have smaller modulation depths, which
have smaller coupling coefficients and therefore less inter-group
coupling. Fabricating a grating with a particular modulation
depth is difficult since measurement of the modulation depth
involves inversion from transmission and reflection spectra [31]
or advanced optical probing techniques [32]. Therefore, it is
helpful that modulation depth errors do not increase link GD
STD substantially.

Next, we consider the fabrication error scenarios with system-
atic errors shown in Fig. 12(d) to (f). Systematic errors increase
link GD STD more than random errors since the same error is
repeated 100 times along the link.

Fig. 12(d) shows the worst-case normalized link GD STD
06p(100)/o6p(1) due to systematic RI errors as a function of
the RI error STD at 1550 nm. At a RI error STD of 10 x 1075,
the worst-case link GD STD increases by almost 80% for the
X = 20 x 107° design. Other designs have much larger link GD
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STDs, indicating that the worst-case deviated mode scramblers
provide weak inter-group coupling. We note that the link GD
STD increases more for the y = 15 x 107° design than the
X = 10 x 10° design. This occurs because the y = 15 x 10~°
design uses a longer grating period, which is suboptimal for
inter-group coupling, to decrease the mode scrambler loss. If
both designs shared the same grating period, fabrication errors
would increase the link GD STD of the y = 15 x 10~° design
less than that of the y = 10 x 10> design.

Fig. 12(e) shows the worst-case normalized link GD STD
o6p(100)/06p(1) due to systematic grating period errors as a
function of the maximum grating period error §, at 1550 nm.
The impact of systematic grating period errors on link GD STD
is also severe. At the highest grating period error, the y = 20 x
10~® design has at most a 25% increase in link GD STD, while
other designs degrade by over 80%.

Fig. 12(f) shows the worst-case normalized link GD STD
06p(100)/o6p(1) due to systematic modulation depth errors
as a function of the maximum modulation depth error J,
at 1550 nm. Systematic errors in the modulation depth are
not as problematic as other systematic errors, just as random
modulation depth errors are not as problematic as other ran-
dom errors. At the highest systematic modulation depth error,
the link GD STD increases by 30% for the y =5 x 107°
design.

Fig. 12, in the context of Fig. 8, clearly shows that the
choice of modulation depth involves a tradeoff between mode
scrambler loss and sensitivity of link GD STD to fabrication
errors. While designs with lower modulation depths have lower
MDL STDs and MALs, the link GD STD is more sensitive to
fabrication errors. Depending on fabrication tolerances, mode
scramblers with higher modulation depths may be preferred
despite having higher losses. We also observe that system-
atic errors are more problematic than random errors and, in
particular, systematic errors in the transverse index profile or
grating period cause substantial increases in link GD STD.
One should develop grating period and transverse index pro-
file calibration procedures to minimize systematic error. If a
systematic error in the transverse index profile is found, one
can redesign the longitudinal grating to minimize the increase
of the link GD STD. In general, mode scramblers should be
designed with higher modulation depths if systematic errors are
unavoidable.

IV. DISCUSSION

We have shown that optimization-based joint design of the
transverse index profile and longitudinal grating can yield very
low-loss mode scrambler designs that induce sufficient inter-
group power coupling to reduce link MDL STD and GD STD
over the entire C-band. Here, we comment on extensions that
may be addressed in future research and the limitations of our
work.

‘We can use our approach to design mode scramblers for MDM
links supporting more mode groups by appropriately changing
the set of guided mode indices Myiged, cutoff mode indices
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M eutoft, and desired propagation constants 8% in the trans-
verse RI optimization objective (13). A uniform grating directly
couples modes in adjacent mode groups. As N, increases, it
is more important to have equal propagation constant spacings
between mode groups for efficient coupling. Especially for a
large N,, the tradeoff between cutoff mode offset and equal
propagation constant spacings, as shown in Fig. 7, may limit
performance.

Some mode scrambler designs cause the link GD STD to
accumulate more slowly than in a strongly coupled link with
a coupling length equal to the span length. For example, all
the scrambler designs in Fig. 12, in the absence of errors,
achieve a normalized GD STD less than 10 for a K = 100
span link, with one design achieving a normalized GD STD of
8.1. An important research direction is to study the mechanism
behind this reduced GD STD and the design of LPFG-based
mode scramblers with this property. Our optimization-based
design method can numerically search for mode scramblers that
yield ogp(K) < vV Kogp(1) by multiplying the denominator
of the argument in the first term of (16) by a constant less than
one. These devices are most effective when random inter-group
coupling is weak [33]. Understanding the effect of random
inter-group coupling on the design and performance of these
devices is another potential research direction.

Control of the LPFG-based mode scrambler transfer matrix
to induce sufficient inter-group power exchange is important
in achieving link MDL STD and GD STD reduction. Due to
complicated coupling interactions, designing a specific transfer
matrix is challenging. Another important research direction is
to study the subspace of transfer matrices achievable by a single
LPFG or multiple concatenated LPFGs.

Since the designed mode scramblers have low loss, it is
possible to use multiple mode scramblers per span. By using
Ky mode scramblers per span, we can reduce the link GD STD
and MDL STD by approximately an additional factor of \/Kj.

LPFGs are also frequently used as refractometers for biomed-
ical and chemical applications [34]. In these applications, the
surrounding refractive index (SRI) is modified by the presence
of chemical or biological material, causing detectable changes in
the transmission spectrum of the LPFG. Enhancing sensitivity
to changes in the SRI is critical for sensor applications [34].
An interesting research direction is to use the transverse RI
optimization techniques employed here [20] to design sensors
with improved SRI sensitivity.

While allowing for free-form optimization of the transverse
index profile, we restricted ourselves to a uniform, sinusoidal
grating with no chirp. This restriction simplifies fabrication and
still yields low-loss designs. Including a grating chirp profile
as in reference [14] or apodizing the grating may result in
performance benefits.

Fabrication of the optimized transverse index profile is an im-
portant challenge. Trench-assisted GI fibers supporting various
numbers of modes can be manufactured precisely by employing
plasma vapor chemical deposition [35], [36], [37], [38]. Obtain-
ing specialized transverse index profiles as described here may
be challenging with existing techniques. Recent developments
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in fused silica optical fiber fabrication using nanostructured
cores show significant promise in overcoming limitations in
fabricating free-form GI fibers [39].

V. CONCLUSION

We proposed a design strategy for LPFG-based mode scram-
blers involving joint optimization of the transverse index profile
and longitudinal grating. First, optimization of the transverse
index profile yields equal spacing between the propagation
constants of the guided mode groups and significantly different
propagation constant spacings between the highest-order guided
modes and the unguided modes. Then, grid search optimization
is employed to find a grating design with minimal mode scram-
bler MDL STD and MAL while ensuring sufficient inter-group
coupling so the link MDL STD and GD STD accumulate with
the square root of the number of spans.

We used this design strategy to find efficient mode scrambler
designs for MDM links supporting D = 12 modes, as proposed
by Srinivas et al. [7]. We obtained a design with an MDL STD
and MAL less than 0.011 dB and 0.027 dB, respectively, over
the C-band.

We performed numerical simulations to study the effect of
fabrication errors on mode scrambler performance. Random
errors in the transverse index profile do not significantly impact
the mode scrambler MDL STD and MAL. The link GD STD
is robust to modulation depth deviations but is sensitive to
grating period deviations and random errors in the transverse
index profile. The choice of modulation depth involves a tradeoff
between mode scrambler losses and sensitivity of link GD STD
to fabrication errors.
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